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1 Four counts a easier

k elementsubsetsof in on k fufu
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2 harder

k cyclepermutations in iink fignless
Stirling
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Triangles recurrences PASCAL's
TRIANGLE
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n is m isnot
keycle asingleton
permutations asingleton

ftjjj
cycle 2 017cycleof 1,2 in in
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Generating functions
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2 Algebras Hilbertfunctions series

A A A A Azt with Ai AjaAig
a gradedassociative 1kalgebra

LikafieldhasHilbert series

Hilbert Édm ÉtcalledHibiya
Hills Arlen in t

Vahere spanix.IT
iCi E at

exterioralgebra xixj xjxi.TO

Hills keys Yul t

Syria whereVI
spanking Iid t Ign

polynomialalgebra
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Chik are also aHilbertfunction

fortwoalgebras A with HillsA Eican i t atleast lith it

A TITI.FI jIn xijxin Xijxjktxiktjk ieicjsken
configuration

b
K Zi a EQ Zi Ejforit spaceof n

I Angad
contd

in a
labeledpoints
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A
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H Conf Rd k for d 3,57 odd
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Whydotheyhave HillsA t atleast Attnit Einenist

FCohen'sproofshows thesepresentations

Ak xijlieicj.sn xijXik XijXjktXiktjk kicjsken

KE i is jen x xijxik Xijxjktxiktjklkicjsk.sn

are Grabnerbasispresentations forcertainmonomialorders
exteriorcommutative

withinitialtermsunderlinedingreen

givingstandardmonomial lk
bases for A

squarefreeproducts of atmostonevariablefromthesesets
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Are the Stk also a Hilbertfunction

Yes
p.tk g nyt IiSG

Dti n i ti Hilb Ait

where At is the Koszuldualalgebra

toeitherof thequadraticalgebras

A H Conf Rd 1

I
A xijlieicjenfxijxik Xijxjktxik.tk ieikken d

44
6
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3 Koszul algebras theirKoszulduals

DEFINITION A A Ao A At

a standardgraded
itinectedassociative 1kalgebra

means

A Gig I for a two sidedideal
I c ka xnfreeas It algebra which is homogeneous

tensoralgebraTV I IIIon V span x xn

where I TUMI
































































Pitman A is a Kosalalgebra if thereexists a
free A resolution of k A

Ita Aso

havingall linearmaps

am a

A ka Xu I Kosal 7 I is quadratic

I Is
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THEOREM
Priddy1970

A is Kosal y

itsquadraticdualalgebra
defined by

At Iggy
J where J Ja

for spanLyn ign
and I IFC TV

with Yi X Sig V VX

gives rise
to anexplicit linearfreeAresolutionofIk

built on AXA

AXA 3 s Ao f Aye A A k o

now called Priddy's complex
































































ExactnessofPriddy'scomplex AAA resolving It

COROLLARY Hilb A t Hills A t 1

i e Hilbl A t Hit
Moregenerally agroupGofgradedsymmetriesofA alsoacts on A

andhas ftiatftcharacteridentities recurrences
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EXAMPLE

Aifgxn lkx.mn
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Howtoprove some A is Kosal

THEOREM When A is commutative or anticommutative
Ikari XI Aila xn I

Coffferg1975
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case and I has aquadraticGrabner
basis forsome

monomial order on lklxy.tn or diff son thenA is Koszul
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COROLLARY A H Confuted 1k fordevenorodd have

till At t hitbft g txi att Am
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4 Supersolvable hyperplane
arrangements

DEFINITION AnarrangementH Hi Ita Hm CR of

linearhyperplanes is supersolvable if itsposetofflats f
intersections

Hin nitin
contains amaximalflag ofcxpcxzc.n.cxn.FR
of naff Xi
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Foranyhyperplanearrangement A
34 Hm CIR

the cohomologyalgebrasfortheir
Rdthickenedcomplements
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L
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simplecombinatorial presentations
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standardmonomial lkbasesCalledNBC
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but supersolvable It are even better

THEOREMBjorner Ziegler
1991 Peera2003DopalenBarry2023

Forsupersolvable71withmodular
flats he x exec oh cry

theGrabnerbasispresentationsforboth A 8 1 arequadratic
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coronary For
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Sundaram
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EXAMPLES

H A A His'd.FIisia D
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5 Representationtheory results

H coordinateBooleanarrangements
braidarrangements Bra

bothcarry
actionsofthesymmetricgroupG on 12 in

What dothe G representations onthegraded
componentsof

A 05121 VGH

4 OSHIVGH

looklike

Canonedecomposethem
intothe

G irreduciblerepresentations

indexedbypartitions A AF 27e
of n
































































For tf coordinateBooleanarrangement

both A OS7 Y
arealreadywell

understoodclassically

A Osh

Osa NV NY H É II ÉÉ tÉÉ

II MV NV to NV toNV toNV toNV

87 8D sit
STI tÉ IF g
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Ontheotherhand classical invarianttheoryresultsshow

Ostia Sym v Alyn syn

asgradedwww.t7 i
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Gu actiononAfn 8 353 Stirlingrepsof istkind

are well studied but not completely understood

n 4 at at at

Ao A Az A
Hm

ungraded

sp sp sp sp
SASA sp
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VGBry Sta sp regularrep
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THEOREM OnehassymmetricfunctionformulasforAff VGBrn
Sundaram Osborn

Welker
1997 É EI chain t
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QCanweunderstand me as y
shik

Stirlingrepsof2ndkind 1 dimAlnlfSl iti.n iAfn OSBrr 3 is a

VGBrn 4 1 76 1
5 1 15 25 10 1

05 I 2 3 4 5 VG 1 2 3 4 5
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A É FIE's
s EIFÉ FI
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Data computedvia myrecurrences
































































THEOREM
CARSazz

Foranysupersolvable
H with symmetrygroup G

Hilb OSH t isdivisibleby net

because multiplication 05124 Osh

gives a Gequivariant
exact cochaincomplex

on Os Of Of Effing p

Hib 08121 t isdivisibleby atte It
8 becausemultiplication 05120 Osh

givesGequivariantinjectivemaps

0s 90s 40s 05 as
































































THEOREM ThetriangularStirlingrecurrences
CARS2023 can ah ki t ni dn lik

Sink Scat kn t k Slutsk

lift toshortexactsequencesofgradedG representations

describinghow AfD qBy
and Acn restrictfromGtoG

defining
peyep.mgg

o Alan AG Ea XIE AGDH o
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REMARKThisgeneralizes
tosupersolvable H

withmodularflats o x exec c Xu c IR

VGA
here xp hyperplanes

relating A EI to B oscax
wht x

uu
symmetriesG symmetriesHtgeG g lx

againgivingshort
exactsequences ofgraded H representations

o B Atf AftAx BH o
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DEFINITION
Churchgoing

AsequenceofG representations Vn
are calledrepresentation

stable if

some N andpartitions A 714 X
an'dmultiplicities Ca Ca Ct

suchthat then one has ye f'ii
too

THEOREM Fixing i20 fi'd conf A niggepresentation
stable

Chartres

devenostbrdilm.in
VGBrniJn a

dodd
































































OREM If AM n z
are Koselalgebras andfor

Boss
fixedizo one has Acn

a
representationstable

then Aln na are alsorepresentation stable

coronary OSH
nap arereprentationstablefor

ABS each fixed i20

in
in

Nh n in

95 I 2
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3 4 552 52
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3 D TI I
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REMARK For supersolvable H and A Off
the Kosaldual At is alwaystheuniversalenvelopingalgebra

At UCL for L Ld which is either a

graded Liealgebra for0514
superLiealgebra for very

A EPoincaré

ago

Smh
Bw4Éfhms

grepresentation
synth Ahora Synikeren

THEOREM If AG are Kosal and Aldi z representation

ABS 8 1 then LCD up are alsorepresentation
stable
































































REMARK Verymysteriously we find that

for supersolvable It with symmetries G Ant H
some ofthese G representations

are permutationrepresentation

For OSH VGH it happens rarely

For VG H ithappenssomewhat more o ten

For OS H ithappens a lot but notalways

We really donot understandwhy
































































Thanks for your attention
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