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1 Ehrhart theory review

vertices in 2

P C IR a latticepolytope

Pi
P

ms Ehrhart function

iplm In MP
for m 0 1,2
































































EXAMPLE

P ip o 1

1 P ip1 4

ipla 7
2 P

3 P ip3 10

ipfm 73m
1
i dimensional
Lebesguevolume ofP
































































EXAMPLE OP i P 2 P 3 P

1 4 10 19
iplo ipa ip2 ip3

Guess iplm area ofMP m areaott

quadratic in m
































































SURPRISE

It's on the nose quadratic for polygons
o.P i P 2 P 3 P

1 4 10 19
ipso ipa ip2 ipc

iplm 7 m 132m

Ingeneral iplm 1 am Am
area off
































































It is also convenient to encode iplm
via the Ehrhart series

Eplt Ift Ipm fit Emp
EXAMPLES p

Eplt IIM13m

ipfm 143m

OP i P 2 P 3P

pH 1 at not 19ft 3m
































































Classical EhrhartTheory's Greatest Hits

THEOREM
Ehrhart 1962 2p m K nmP is a polynomial in m

of degree d dim P

or equivalently

phit hit
Eplt mÉt iplm

1 7 1

EXAMPLE

P i ip m 7 3m 3m

Ep t 1,5
d 2
































































THEOREM
Stanley1980

In the numeratorof

Ep t mÉtmipim
thitt hit

4 7 1

the h _vector entries hihi h

are nonnegative

EXAMPLE

H.hi.hI t.inP Eplt
































































One can also count interior lattice points

Ip m 2h interiorMP
interiorsP interiora.P interiors.P

Ép t III Itm
1 4 10

THEOREM ÉhYñaiÉMaciotald reciprocity
1959 1971

Tplm 1
ᵈ
ipfm form12,3

or equivalently

1918 8
Éplt cDd Ep
































































AMPLE

P
interiorlyP 1 I

P

P
interior2 P 1 I

3 P interior3 P I

iplm 713m Tpm 73m eDiplm

Ep t 112 Ép t j c1 EpA
































































AMPLE

Ipo 1 OP

interiorsP
i P Ip 1 11pA 4

interiorb.P Ip 2 4ip2 10 2 P

ip3 9 3P interiora.P Ip3 70

iplm 713m3m ip m 7 3m3m tD ipfm

Eplt 1,5 EPH HP H
































































A traditional COROLLARY GeorgPick

Pick's Theorem 1899

2 dimensional

Any lattice polygon P has

area interior boggles 1
A

EXAMPLE

32 1 3 2 1
P

A
































































DROOF

want I iE
ifeng.fi yiplm n am

Am2TplmfBipl m 1 amxAm

ms
ypiiie.fi

iinvip

n 1 a A
solvefor

711 rata Its
a ipn In 2

2a ipa Tp n
































































Two proofmethods for theGreatestHits

Method 1 Effertz Reduceto simplices via triangulations

triangulate

P runs

Ep t is avaluativefunctionofP

Epf Ep t Epact Ep t ftp.np t ftp.np t

i

P P P PNP PNP
































































andsimplices have very explicitformulas

PROPOSITION Fora lattice dsimplex PC.IR with

vertices v1 v1 Vidt

Eph
wherehe i nTI

parakiieief.net

T1 ICD 4 in R

EXAMPLE cm TIC1R Epf

ii m
p

m

III
I
































































Method 2 Stanley Commutativealgebra

of the affinesemigroup ring y
spies

got
2752

yf Px i

1k Ap spankly y y a In mP mesia

c 1k yo y yÉ

whichhas Hilbert series equal to the Ehrhart series

Hilb 1kAp t It dim 1k111m Ep t
































































EXAMPLES

PP 0 23

9
Px 3 y ys

Px3

2Pp i e Pxas
y g

Pxin

go.lk1p3 1k yo yoyr you you

clk yoy 1kAp 1kYoJoy.y YoIY2Yoyy

c 1kyo y
































































lk 1p is Noetherian

Gordan1873

lk 1p has a linear Eph ifL
systemofparameters

Noether1926

lk 1p is Cohen
Macaulay h so for512 id

Hochster1972

Rlk Ap 1kAinteriorp
carried Ep E C1 Ep Yt

Danilov1978
































































2 g analogues

o.P i P 2 P 3 P

1 4t 101 19ft Ept

ganalogue

1 42992 t Eg E f t Eptq

i
































































Thoseg analogues comefromusing thepoint
orbitmethod

todeform the coordinateringof Z IMP R

l affinecoordinateringofZas o
dimensionalvariety

I um R Z RE.MIL idsfexiyvanisningonZZKhmP
2 4 RIx.TT G y7nCxiY

DnG 2 n1x2YD

RIxD 1Fm
Macaulay2 1 3y 2ycomputation
































































affinecoordinatering

v1 I R Z IRLx.TT I Z

Z 2hmP IRLX.TT 12yy2 2x y x2y2 3x y 3 3y2 2y

2 4
Italians pdegreecomponentsofalfcx.ysin.IE

associated
gradedring

grIR Z R xy opIZ
2xy y x2y

fatpointat18

ofmultiplicity4 HilbgRZ g 1 28 82 why 4 Z
theganalogueof Z
































































MOTIVATINGEXAMPLE Kostant1963

Z regularorbitofavectorv under aWeylgroupW

IR Z IRE in f x f v fu x flu

um whereirlxsx.bg fili f
wall

deformwith

an
us

gIRZ IR xm in f _f x H G B ftp.ihfoidtthe

an

Hilb ofIRIZ q d Id duty a qanalogueof

W didadu
where d

q nqtqt.iq
































































REMARK InsteadofHilbertseries forthe
fatpointcoordinatering R xn int opIZ
couldhaveused its Macaulay inversesystem

Vz g g cRlyn yn flfy by9G 0 VfG topIE

since HilbVz g Hilb RLx.in opIZ q

EXAMPLE

Z I g R Z REX 12 42 2 91 3 1,1 33 2 2

ofR Z R x X 2 12 7 3

Vz spank 1 ye ya ypyyzy 1121919

HilbVz q 1 2g q his 4 Z
































































MAINDEFINITION
For a latticepolytopeP R define its g Ehrhart

function

ipm g Hilb opR
2nmP q

Hilb Vampig his iplm ZⁿnmP

andthenits g Ehrhart series in IR q Ct

Eptq E t.iemiq 8ifEpH Itiplm
XAMPLEo.P i P 2 P 3P

1 4t 101 19ft Ept 1,5

Hardt.tl gf E f f E EpGq i
































































MORE EXAMPLES of Ep tq for latticepolygons

SinceEp tq is an

Aff 2n invariantofP
can use databaseoflattice

polytopesbyBalletti2021
































































EXAMPLE V Kurylenko I

Reeve tetrahedron P

of volume 3

seems to have 1 I

1

Eplfg
1 954 Hgt qt 294 3 4 2qt q q6t4

1 t i qt 1 aft f q't 1 get
































































g Ehrhart theory
CONJECTURE

First recallthe
CLASSICALEhrhartTheorems Forddimensional latticepolytopesP

Ept
ᵗ

RATIONALITY

1 t
da

RECIPROCITY
Epf GD Épt

for latticesimplices ÉÉÉATNiTY

hi K i nTI

h o foreland oÑÉÉÉATixity
































































ClassicalEhrhart CONJECTURES R Rhoades2024
THEOREMS

Npctq

Ept It Npctqthzst.gg

1
d RATIONALITY

1,4 faith anda d

Ep1 Dd Eplt reciprocity EpE f 419qᵈEptq

Forlatticesimplices Forlatticedsimpliceswith 2 1 1

hi 2 i nTI
EnEoatmty Nptiq liesin IN tq

EXAMPLE P

20 friend greetan
Ept8 ii itÉj iq
































































EXAMPLES Theseconjectures areprovenfor
antiblocking polytopes P inside
polytopes with z z and Z EP ZEP

Hyatt
P

PROPOSITION ForPantiblocking everyidealopIZ for Z 2nmP

is a monomialideal ofICZ span a 2

and Eptg tmafznmpqat.tn

Hilb Ap YoYn it yet
affinesemigroupringforP figs fig
































































3 Harmonic algebra CONJECTURE

Method1 ofEhrharttheory reduletosimplices viatriangulation
seems elusive because

ip m q
Hilb opR Imp g is notvaluative as afunctionofP

EXAMPLE

P P UP
i

iph ip 1 ipad ipnp
12 7 7 2

But ipliq ip.lig ip.ltq ip.nl4i8
1 qq2 1888 1228 139293 8
1 293 382885
































































Recall

hi iÉÉÑ
fffffff 4k It at 2ham

g
2P

ring clkfyo.fi In
PCR yo

Px913

DEFINITION

Hp YiYamp CREyo.yn.in
algebra

whereV2 harmonicspaceMacaulayinversesystem
for RLY IT opI Z
































































EXAMPLE
PcIR has harmonicalgebra

Hp
m
Yo Vanmp CR yoynYa

112.1 YoVEmp Yo n2p

spanp 1 Yo y
4091,9042 YiynYiya
y.ly y.yiY2 yiy yiy.ysyiY

yiyiy lyiy y42 yy
y y.byy 3yy 2y.Y yI
































































Why is Hp m Y Yamp
even an algebra

For IMAP QIspayfy.myJgeznnmp it
came from

InmP 2hm'P c In mtm P

ÉTÉRÉM Forfinitepointsets Z and Z clk
R RL Vz Vz VEZ

2 Z
Z Z i Minkowski

sum
































































By construction Hp m Y Yamp

has Hilb Xp t q Eft ipeng Ep tg
Classical THEOREMS CONJECTURES R Rhoades202

lkAp is Noetherian
Hp is NoetherianGordan1873

1kAp is Cohen Macaulay
Hp is CohenMacaulayHochster1972

1lk Ap lkAnteriorp Itp HinteriorP
Danilov1978
































































CONJECTURES onHp CONJECTURES onEptq

RATIONALITY

Np tq npctiqthnkt.gg

Hp is Noetherian EP 8
gaiti Eda

Hp is CohenMacaulay
almost simpliceswith w d i

Nptq
liesin IN tq

Hp Hinteriorp ÉÉÉ a9qᵈ Epltg

Evenwithout CONJECTURES onHp various classicalEhrharttheorem

have qanalogues
that are explainedbyHp
































































4 Ehrharttidbits my q
tidbits

THEOREM Stanley1986 For a poset Q on 1,2 in

its orderpolytope UQ
chain polytope a

ix if icp

Feel
chainsc Q

have the same Ehrhartfunction series

io m ie
o Eft Eqt

EXAMPLE order chain
polytope 1 p

polytope

a s a a 1jan1
Eog Ecott
































































THEOREM Rhoades R 24 For a poset Q on 1,2 in

its orderpolytope UQ
and chain polytope QQ

have the same gEhrhartfunction
series

io mg g
o Efiq Etf

and in fact same harmonicalgebras

Ho He inside Rly you
































































PROPOSITION For latticespolytopesPn Pa
C R 1122

their free join Pn P2 convexhullof
P fan 50 w 49,1 12413

P h Ipa iii ii2 PNP

has Ip palm Eyygmip.cm
ipscs

37 12

or equivalently Eppct tp.lt Ept
































































THEOREM
Rhoades R24 For

latticespolytopesPa Pa

Ep pit g ftp.t g Epactg

m Eppact ftp.tEpt

proof
idea 1 81 Ep pactg 1 t EpCtg Epactg

followsfrom a ringisomorphism

ff if
































































Thanks

for your

attention


