
team/Explanationo¥igy
Countable sets can be

" listed in order
.

"

Sf¥t : write S={ s , , sa
,

s
] ,

. . . , Sn }

Sdereibe : write S={ s , ,
sa

, 5 ,
. . . . }

6 No canonical " Ft elements 2nd
, ek -

many orders possible .

+ > s
EI In ~ S

. In
, .

,

- •
- to ) = s }

2 . =p •
- fl 2) = Ss3N • - fat = S ,:-# :

• - •

n • - • - fcnl = Sn



EI For our example IN → 2
,

2 = { o
,

1
,

-1
, 2

, -2
,

3
,

-3
,

4
,

-4
,

. . . }



thm ( Ex 2.4.11) Let S
,

T be countable
.

Then SUT is too
.

PI F three cases :O Both Stare finite
�2� One is finite

,
one is denumerwbk

�3� Both are denumowble .

D. Left to you :  what the sets overlap ?

Cased S ~ In ,
T - In F bijns h : In → S

We want : bijn from Ian to sut
.

S :±h→T



thm ( Ex 2.4.11) Lets ,T be countable
.

Then SUT is too
.

PI 7 three cases : OST both finite
�2� One is finite

, one is denumerabk
�3� Both are denumerabk

.

Left for
you : What if there's overlap, SnT±0 ?

¥ S ~ In , T~Ik ,
so F bijns h : In ' ' S

We want a bijn f :In+n→ gut
S : ±h→T

Intk / •

'=•h-
• s

2. - 2.. - •

: : : fcp, = { hips , Pen

. .

n
. .•=- •

g( p - n ) , p >n
ntl •

- 9 T
n+2 -1•=p•

: %
:ntk

-k•->&



Case 2 WLOG ( Without Loss of Generality)
,

assume
-

S is finite
,

Tdenumerabk .

Construct bijn f : IN → SUT as follows :

SuT={ si
, sa , ... .sn ,

t
, , ta ,

t
} , ty ,

...
}

ftp.fc2 ,
, . . .HN

,
flinty

,
faith

, . ...

Cast Suppose f :lN→S
, g :lN→T are bijns .

Define h :lN→SuT by

hcn) = ( f( ¥ ) ,
n odd

g( I ) , n even



lorolary Q is countable
.

PI Q = Qtu Q ?

IN ~ Qtr ( Qtu Q
' )

thy Any subset of a countable set S is countable

" Proof by Example ! let P={ set of primes } E IN
.

IN = { 1,2, 3,4,
5

,
6

, 7,8 , 9,10,
11

, 12,13 ,
14

,
. ... }

bijn f : IN → P given by : fm
- (21 =3

f ( n ) = nth prime on list
.



thy IR is uncountable

( part of your intellectual heritage ! )

Pf : Using CP of previous thm
,

we 'll show ( QD is uncountable
,

which implies IR is uncountable
.

Assume ( 0,1) is countable
, so we can list itself in order :

× ,
= 0 . Xii Xiz Xi } Xiy Xls . "

Xz = 0 . Xz , Xzz Xzz Xzy Xzs
. . .

X } = O . Xz, Xzz XD Xzy X 35
. . .

×4= D . × 41×42×43×44 × 45 . "

X 's
= 0 . Xg,

X 52 X 53×54 X 55
. "

D. To  make decimal expansion unique,
write

0.4599 as 0.5
, and so on .



× ,
= 0 . Xii Xiz Xlz Xiy Xls . "

Xz = 0 . Xz , Xzz Xzz Xzy Xzs
. . .

X } = O . Xz, Xzz XD Xzy X 35
. . .

×4= D . × 41×42×43×44 × 45 . "

X 's
= 0 . Xg,

X 52 X5 3×54 X55 . "

Goat : find a number b=O
. b.b.bg by ... which is not on list

.

( ⇒ ( 0,1) not et 'bk ⇒ IR uncountable )

Define b by bn = { 2
,

×nnF2
3

,

Xnn=2By construction
,

b cannot be on list
.

( its nth digit is different than Xm ,
so btxn )



EI if our list looked like this :

X
,
= 0 . 123123123 . . .

xa = 0 . 333333333
. . .

× ]
= 0 .222.22. . .

xy = 0.98765
. . .

b =

0.2232


