
§
±4IopdogyoflRIn

this context
,

"
topology

" refers to open and closed sets
in IR

.
We 'll also discuss various

' ' parts " of any S c- IR
.

With sequences, we talk about "

points close to x .

" This section

lays groundwork for putting " close to "
on a rigorous footing :

A & a neighborhoods
& e interior (pts)

, boundary ( pts)
& RR •

open , closed set in R .

[ . accumulation pts,

closure
]



Foreshadowing: we'll learn the following parts of a set SER :

[ o
, DEIR

0 I

:- a
boundary

points  of [ 0,1 )

=  interior of [ 0,1 )

= exterior of [ 0,1 )



Det let XHR
,

e >o
.

Then  

=p
Mx ; D= fg : /y . ×k{ }

''

'

' e
! × 't

is the neighborhood ( nbhd ) centered at x with radius [ .

Also
,

F punctured nbhd : N*lx ; el = lylocly - xke }

mex.IR
X - E

Equivalently
;D = ( x - [

, xt EJ

NHX; e) = ( x - e
,

x ) U ( x
, xte )



Nix ;a={ lyxke }
. N*lx;a={o< ly - xke 3

EI Nk ; l ) = ( 1,3 ) Nxtlo ; 4) = ( 6,10 )u( 10,14)
Nlo ;421=1 . ' la

,
YD

Det XESEIR is an interimpoint ofs if Fe >o

such that Nlx ; e) c- S
.

±
EI 10.3)gog¥÷

1=1 is int pt of S : N ( l ; Yak ( '12,312 ) E S

X =3 is  not int pt  of S : He >o
, NH ; D= ( 3 - e

,
3 to)

includes # 's 23
,

hence Nl 3 ;D 45 .



Det Conversely
,

if eeeynbhd of x contains pts ins ( Nntol )
and points It ins ( Nn s 't 0 ) then × is a

boundary pointo÷inEI Argument from prev slide says 3 is bob pt of ( 0,3 ;

Any N ( 3; E ) will contain # 's less than 3 and in 5
,

but also # 's 23 and not in 5
.

N (4 ; 2) = ( 2,6 ) contains pts in (0,31
, pts not in ( 0.3 )

,
but

4 not bdy pt because this doesn't happen for
every

nbhd . ( N 14 ;
'

bln
10,33=0 )



EI Find int and bd for these sets :

S={ 0 , 2.4 }

¥+7,7int S = set of int
. pts = 0

bd S = set of bound pts = { 92 ,
4 }

F- [ 1,3 )¥03147
isis

:ii¥



Qpen
/Uosed÷¢ Our approach will be slightly different than the book's

.

Everything will work out the same in the end
,

but
Our def 's are the books Arms

,
and vice versa .

Beef SIR is o# in R if every XES is an  interior point .

• equivalently ,
5 e  int S

.

• since int S E S always
,

could also say S =  int S
.



EEm÷
0 Any inverual ( a ,bI={a<x< b }

is open set ( hence name
-0¥

,
"

open  interval " ) . Nlx ; e )

let d
, =/ × - al

,
da=I× - b/

.
If c= min { d.

,
da}

,

then Nlx :c) E ( a , b)
�2� NC x ; c) = la - e

,
xte )

this is an open set by �1� -
"

open
" nbhds

.

�3� IR open

Let XEIR
. He >o ( not just one )

,
Nlx ;D ER

.



�4� OEIR open for trivial reasons .

if xe0 ,
then xe  int 0

ATH F
,

so impln true ⇒ 0 open

�5� 5=(0 ,
Du( 2,3)

€+040,47Let xe (0,11 v (2,3J .
Then

XE ( 0,1) or x e ( 2,3 )
.

If XECQD
,

which is an open set
,

then F Nlx ;HE (0,1) ES

If

xEC2
,
3)

,
which is an open set

,
then 7 Nlx ; s ) E ( 2,3 ) ES



�6�

Sill
,3)n ( 2,4 )

¥1,447
€ ( 2,3 )

, open ]

gifstestxLet XE (1,3 )n( 2,4 )
,

so xc. ( 1,3) and xe (2,41

Because xt l 1,3) F ci >0 sit . Nlx ; E
, ) c- ( 1,3 )

Because XE (2,45
,

7 { 2>0 sit . N ( x ; ed E ( 2,4 )

key if we choose E- min { 9
,

Es }
,

then NG ; e) is

guaranteed to be  in both ( 1.3 ) and C2,43 ,
hence

( 1,3 )n( 2,4 )



More generally ,

Thm_3t÷
a) Andy union of open sets is open .

↳ finitely or infinitely many !

(b) An  intersection  of finitely many open sets is open .

E± he ( 0,4=10,1 ) ulo ,2)u( 0,3 ) v. . . = ( o
,

x ) open

naff ftnilttn ) = H , Hntkttnftistn . . . =[±]
not open

the
,

R ( 0 and I not
int

.  pts )



DEI SER is closet if Ihs = 5 is open

¢ open ,
closed not opposites ! !

[ 0,1 ) is neither :

no±pen_ bk 0 not int pt .

notdosedbk [ 0,1 )
'

= to
,

o ) u [ 1
,

x )

not open - 1 not an

int pt !



A Topologist as Storekeeper

:



Examples

�1�

S=[o:
- ( - x , 0) U ( l

,
no ) union  of two  open sets is open .

5 open ⇒ S closed .

�2�

%- Ri 0 = R open
⇒ 0 closed !

�3� %
'

= R ' IR = 0 open ⇒ R closed !

0 ,
R are both open and closed ( !!) : Cl0PEN_ .





F different characterization :

thm SEN is closed iff it contains all its bdy pts

( bd S e S )

EI [ a ,b] : [ a
,
D

'
= C- x , a) u ( b

,
x ) open ⇒ [ aid closed

.

o±

bd [ a
,
D= { a

,
b } c- [ a ,b] ⇒ [ a

,
D closed

.

{ 0,2 , 43 : bd { 0,2 , 43={0/2,4} E { 92,43 ⇒ closed



thm (a) Any ( finite or infinite intersection of closed sets
is closed

.

(b) Any finite union of closed sets is closed
.

PE (b) Suppose Ai
,
Aa

,
. . . ,

An are closed
,

so AKIRA ; is open .

To check if A , n . . . n An is closed
, see  itits compl 't  is open :

( Air . . rank AiuAsu . . a Ai

which is a union of
open sets

,
hence open .



Testannouncement
.

* Study guide to be posted

* Harder than Exam 1 (by nature of the material )

* You can expect a bit tom § 3.4 and § 4.1 -

but  in some reasonably expected way .

¢ Many problems involve the same alg .

EI A- I n÷i: new 3=1 's , I , ¥ , ... }
Heart of pf that sup A-= I amounts to showing "

F n '
⇒ , m

. me is



That's similar to showing lebd A
,

or ÷n,→l .

Not in course
,

but you can read about accumulation

pts , dost of a set .

Also
,

§ 3.8 (compact sets ) not in course . . . .
but :

Det A set SEIR is qmpa± if  it  is closed
and bounded ( both above and below )

( not actual def - Heine - Borel Thm )


