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section of time - saving tools
.

Goal : Recover what we
' ' know

" about seq's and
limits from calculus - i.e. show that they

follow from our rigorous E - N def ?
. .



thm4.tl Suppose sn→s ,
th - st

,

KEIR
.

Then

(a) lim ( snttn ) = st t = tins
.

+ limtn [ snttn →s⇒

(b) lim ( ksn ) = k . s = k . lim sn

lim ( ktsn ) = kts = ktlimsn

( c ) lim (sntn ) = sit = ( lim sn ) . (1in th

(d) linen ) = s-
=

limsnt
1in tn

provided t.to andtntottf
can work around a bit

.

These are



Thm 42.1 Makes life much easier

÷
I Prove IHI - o

tin YET =/li;nnnn¥fn ( bk these limits due
.)

(algebra

)V
4.21

him Ynt4I Ed' lin¥Y
1- %3 lim I - 51ns

4.21 = ¥442
14 him 1 - lin%3

tw : Eto
= 0¥ =g=o



pfotca [

sn→s
, tat ] ⇒ ( snttnhstt

Let E so
.

We need to make ksnttn) - ( stt )|< {
.

Using sing , ksn.

Dtftntililsnilitltn .tl

Because sons , the 't
,

there exist :

N
,

sit . n > N
, ,

ISNTI < 42

Na sit . n > Na ,
Itn - tl ( 42

If n >N=max{ N , ,
ND

,
then both tines are true

,
and

1 ( snttn ) - ( stttl = 1 ( sntltltn - tjl I Isn - SI + Itn - t I
<  42  +  42i.



What if
,

instead of tnnk ' 2¥t6 we have sequences with

factorials: n ! = n ( n - I) ( n - 2) . . . 3 . 2.1

or exponentials : en
,

an
,

39 etc
. an = Snl

Thm4=7
" Ratio Test for Sequences

"

Suppose snzo
,

ratios ( 5¥ ) → L
.

If L< 1
,

then sn→o .

think positive terms
, getting smaller

.

si5¥ < I



If snzo , sn¥→L< I
,

then sn→o .

E arian

ana÷=j¥
.tn#F=tasi=san-so.bn=Ite=,2nntQ.gI=2Tnen

! bn 2T. (n+Hnk-ht
=] → 0<1 ⇒ bn ' ' 0

.

Cntlcn=tn

t=n÷.±=n÷
- ' 1

D. Thm 4.27 tells us nothing about convergence
of Cn .

We knot Cn→o ,
but we must show

a different way .



F other thins in this section - you read
.

Thml# ( Another
"

Squeeze
" Thm )

Suppose sn→s , tn → t . If Sn Itn Un
,

then Set
.

Coday1 with same setup and oesnetn , tn→o ⇒ so

Coty2- 1 set all sn=o
,

so s=o ) ⇒tzo



Infinite Limits

÷n diverges but for other reasons than tntfl ,
I

, -5 ... )
It's useful to be able to describe this behavior

.

V. M£113 F N sit
. n > N ⇒ Sn

>N÷
T.jo mike,e

Similarly
,

Sn → . x ( diverges !)

V. MEIRF N s :b
. n > N ⇒ Snc M

Sn diverges to +6 ( limsn = to
, S - to ) if : instead

of getting close to a limit s
,

the numbers Sn eventually
get lodger than any given # .



Sn - six if : FMHRFN st .
n >N ⇒ Sn >M

EI Prove Sind diverges to to

T : Want to find ns.t .
n2 > M for any M

.

So n >F ifMzo .
/ So  use N=TM )

If M < 0
,

then n2 > M always ( so can use No )

P : F MEIR
,

choose NFM if Nzo
,

or else N=o if M< 0
.

then n > N ⇒ n3>N2= M if M positive .

or n2 > M (always ) if M< o
.



You Read
.

thm4.2.= Suppose Sn Itn the IN

(a) Sn →+x ⇒ tn→+x

(b) tn → - x ⇒ Sn - - no

Thm4Jls Sn >o
, sn→+x ⇒ s÷ → 0

(You read )


