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More ways to prove sequences converge without

resorting to E 's and N 's . ...  as much
.

Cotnepts :

RDA I
. Monotone Convergence Thm ( MCT )

* 2.
. . . Applications to certain recursive seq's

.

RD 3
. Cauchy Sequences



Det Sn is increasing if Sn E Sn + ,
Yn

or dying if Sn 2 Sn+ ,
Fn

With C
,

> instead of I
,

2
,

we'd say

strictly incr 'g , decry

Allowing for equality gives us monotonically

incig ,
deer 'g .

( default )

( Sn )monotone( ⇒ (monotonically) incr 'g or decig

.



Extirpate'swh÷ha¥

Strictly Increasing An=n Cn=n+1

bn=2 "

Strictly Decreasing an=
- n bn=2

"

Mon
.

(not strictly)Incrg : ( an)=( 1,1/2,345,6 . . )
( bn) :( 1,1/2,358,13 ,

. . )
( cn )=(LYaD=( 0,112,2 ,

-3,3
,

. . .
)

BothInv1gandDecrb@nj.a.l

, 1,1/1,1
,

. .
)

Not monotone an= Sinn

(bt=( -1,0/1,0 , -1,0/1,0 ,
-1

,
. ... )



How can we show ( an ) is increasing?

I
. Directly with Algebra : Show an e anti V n

Ex ¥ is incrg : 01 ain't = . . .  = . .z| ( if an > o )

exigent
" nano .

Better anti -

an = ⇒ - if = YEAH = Fn 20 th



2
. By induction

.

Show as >_ a
, .

Assume akzak . , ,
use that to

prove 91<+12 an .

3
.

Calculus

= for ) = h3
,

which is
"

really
"

just g
: IR - ' IR

, gan=x3
where we 've restricted domain to IN instead of R .

gkxl = 3×2>0 ⇒ g is (strictly) increasing ,
i.e.

they
, gcx) < gcy) .

In particular,

true for ×=n
, y=nH . . . .

(Probably best to ask before using this in 3283W . . . )



Monotone Convergence Thm (4.3.31

A monotone
sequence is convergent iff it's bounded

.

PI Let Sn be monotone . It Sn converges ,
then  it's

bounded
. ( Thm  at end of 4.1

.

True for ad come . seq 's )
.

In other dirh
, suppose sn bold and show  it converges .

We 'll do case with sn inter's and bold
.

( deer'g and bold similar )
.



Suppose snincig and bold above
SN.IN

"

s•
, Gsogji . . .

"( • I ) >

By completeness axiom
, s . e S

{ Sn } has a least upper
bound ; write s= sup } Sn }

I claim sn→S .
Let e > o

.

Need to show F N sit .

n > N ⇒ Isn - Sl ( E
.

Since ⇐ suplsn]
,

S - E NOI upper bound ⇒ F N st .

SN > S - E
.

Because Sn incrlg ,
for all n > N

S - [ < SN E Sn I S

.

⇒ Isn - SI < [
,

as desired



MCT VERT useful -

we can often prove an→a who C's
,

N 's
.

Elanhlttnt ( ¥140 , 's , 25,24 ,
... )

We 've shown this is bold below by 0 : an 20

and bold above by 1 : an el
.

$3.3

Last time : an incr 'g .

=) an Converges .



EI s
,

't
,

Sn+i=Fn

( snit ( l
,

Ft
,

#
,

FE
, ... )

1 1.414
. . .

1.5537
. . .

1
.

59805
. . .

Claim Sn incr 'g . Sa =p
? 1=5

,
.

Now assume SKZSK . , .

Then

su ,=jFzF .
= sir

Claim Sn bold below by s ,=1 bk Sn is ihcr 'g .

Now
prove

Sn is bounded above : show sn±2 for all n .

S
,

= 1<-2
.

Now suppose She 2
.

Then

Sn+ ,
=Fti< { Fta = Tea

.

⇒ s . converges by MCT
.



Ok
, great - set

,
sn+i=Fn converges

- but to what ?

key for
any sequence hirxysn = ntimxsnti .

Et ( l
, 's , tsetst , ! ,

. . )
l 's ' 's 't , 's , :} ,

. )
} converge

to same #
.

thus lim Sn = tin Sn + ,

tin Sn = limits
.

( Assume sn→s )
s = As

5¥2
s -1=0 Solve ( get 4)


