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1. (20 points) (4 points each) For each of the following five statements, determine whether the
statement is true or false. Circle your answer. No justification necessary.

ALl 0. NoTHING

(a) A conditional statement is logically equivalent to its contrapositive.
FALSE

(b) The set of rational numbers, together with the operations of addition and multiplication,
is a complete ordered field.

TRUE @ wot Comep var}

(c) There exists a rearrangement of the terms of the alternating harmonic series that converges
to zero.

FALSE
ant1

(d) For every sequence (a,) of nonzero numbers, we have limsup |a,|/" < limsup |22£L],

an
FALSE

(e) Every member of the set S = {% : n € N} is an isolated point of S.

FALSE
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2. (20 points) (5 points each) Statements.

a. State the Principle of Mathematical Induction. (In your answer, let P(n) denote a statement
about the natural number n, and write your statement in the form “If ...and ..., then ....”)

£ PO s "!V'u/Q,) —D
pd PR = Ple+1) fcal T, —D

«}@a_w (PCVLB i% Frue ;Y-Na/(/\ LA _—@

b. State the Intermediate Value Theorem. /@

l«F —f[.o”)b:}”"&Q Vo CA\»/%‘N\,WD\A.S ,
ot % T w any jorbor betwean Fean & fLL)

‘}e-wv /l’e-af& L@s‘ts c  such Hoad a< c< b & {CQ):Q

O 0

c. State the Heine-Borel Theorem.

C R 1 compacd 1} and on S8 e olasaoﬁ
S < i lA/ ? | L @ ba { ) QéM_J\UL/@
O - 2 e

d. State the Completeness Axiom. /@ /®

L]ﬁ SQR,MVWM MJDWG-SOO\)Q/)
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3. (20 points) (5 points each) Definitions. Complete each sentence.

A (an) foaif ...
a. A sequence (ay) converges to a i | /
Ye>o, N <.t of w=N Hzn

D) 0 (2. —a| < & .

b. A series Y ;2 ; an convergesto s if ...

c. A number z is a boundary point of aset SC R if ...

OH— Meso,
@D— Nix,eYn S F d a~d
S— Nlx,e)yn S =+# & .

d. Suppose that S C R is nonempty and bounded below. The real number m is the infimum
of theset Sif ...

. me=g , WseS. —®
amd_ - VFM/QS)VSGQJM m/ém‘——-@
waﬁfas'z—‘t@>
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4. (20 points) (5 points each) Calculations. No justification necessary.

a. Find the limit of the convergent, recursively-defined sequence given by a; = 5 and ap4; =

Vv8a, — 3. o .
#L //Mtt a 54‘//797445 a = )/34"'3 . @

B = a=HVE @ Ao solofims.
s [ L —\/I3 (5 anm axvewesus pool, becawse fhe S%W
il imereages ‘ffm s )

b. Find the set S of subsequential limits and find lim sup a, and liminf a,, for the sequence

¢. Find the sum of the convergent series
Z (1 )n
n=3 3

(Note the index of the first term of the series. Write your answer in the form 7%, where m and
n are natural numbers.) P

= v / 3
Z__(”i’-> :}—_BL:Z @

n=o
£ - _L_ :
2(3)=-%-1"%"7 = 5] —®

b

]

3

d. Write the boundary and interior of the set of rational numbers, as a subset of the real

numbers. oo - R j
=g @
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5. (20 points) (5 points each) Examples. No justification necessary. A LL OR MOTHUING

a. Give an example of a series Zz‘;l an that is convergent and has terms a, that are constant.
. —=> O l',S a :«e/AQ.SSCL:iL combid e ﬁ\/
W af 2__ Qn.—
_ZLZ, M-[fz W—/MN cams—ﬁzﬂ—f& CMVZV?,Q,s f]LaC)

—

oo

b. Give an example of a sequence (a,,) whose terms are all distinct and positive, and limsup a, =
400 and liminfa, = 0.

/ s
(Qﬂ«):/zJ—éJz)?)qJ L"J'”)

c. Give an example of a function f : R —» R and a subset S C R with the property that

FHF(S) # 8. .
77"()6)= *Ko
S= 315
£UH8)) = 5013 #S

d. Give an example of an infinite collection Cy, Cs, ... of closed subsets of R with the property
that
o0
U ¢
n=1
is not closed. . \
Cn, :[’;6) 3’—*_( clogad

O
() Cn = (0,3 not aloged |
=4
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6. (20 points) Let A and B be sets, and let f : A — B be a function. Suppose that A; and A
are subsets of A. Prove that

F(A1N A2) € f(A1) N f(A2).

mr—n.

PE Lot yeflAnAL). &
Thece erists xeA DA, vk fzm:é(. &
ne A = yellh) . @)
Xeh, = yeflh, ) &)

= Yy & HA)VNLCA, ) )
T eIt
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7. (20 points) a. (15 points) Prove that for all n, we have

@(6/10)(14) - (4n - 2) = E22
/ f:
WW VL‘:‘——/ Lé Aéue, 2 = /Z, ‘ 8

/
5)“13/»:0. —fl«ﬂ-a.t [Z-)Cé> [4# 2.)-— (Zk> MJ@
s flo $tatem ot 1a 74’%7’%\/ Vc-—é+f.
(2Y(L) - [Hfer1)—2) = (2)(&) ' (¥k-2 ) 4F+2)

By by by (D

= (28)! (2&»/)/
- c2-(Zk+)) = 72 @
CZ/c,+/7/' (_Ua‘;./) (2E+2)! |aleghn
! sl CK+1) {
/
(k1) ‘/
Theg, +2 stoatovmsnd ca
b. (5 points) Let us say that the infinite product //’}’u.e, /ﬁ\/ 4,1/{, ve |
0 é —%Z,_, sl g
l];ll:ai CY / (,de

has value P if the sequence (sp) of partial products

n
sn =Ha‘i=al'a2""'an
converges to P. Find the value of the infinite product

i O

By Ca we hace s
J ) S = cz)l /@ reaser
% . O

el Nl o B S ,
S (2t | dq;f: 747%:1/_ e —®
' G- T '
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8. (20 points) a. (5 points) Complete the following definition: f: R — R is continuous at = = a
if ... (Note: this definition contains nested quantifiers. Also note that R is the domain of f.)

Yoo, Fd>0 sk it
iq‘ﬁ [ — a\/<g ALen /f(&) ——f(a)/<8
AN @/ O
b. (5 points) Write the<ne9gatlon of your definition in (a). Y D N
qHL£>0 sawele fal ‘kzaﬂ>o) 3 % geeb 4ot

c. (10 points) Show, directly from the definition of continuity, that the function f(z) = 2? -3z
is continuous at x = 2.

= xfole ol M(//SJ,W'& Lo /%*//<Z.

Lot e>o0 be guew. Choose §=mecd 2, 55

&)
T i (x=2/=<d =

| Fexy—Fe2) | = | x*=3x —(-2)| D) elban
=) (x=2)(x~1) ¢

S = [x—2] [x—1] |
< 2 (x-2] , see S<
< 2§ € 2- % =¢.

/[ | I
@




Math 3283W Spring 2011 Final Exam - Page 10 of 11 May 13, 2011

9. (20 points) Find the set of all real numbers z for which the following series converges:

Show your work.

—

g == (55 © tepy ;‘;&/’“’"T

@ Mo series o a hacmonic cories Fladf JM'U?MI
—ZU/-LW o= "8 B \ | ’

Tke, TDVW ga/r;ad C,chmw_(}o,g e P Y E [—g)——z) .

A /%wﬂf»( :

s YN [+ &
23 I S

& 0—/3/06 yool 7[£§7L\
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10. (20 points) (10 points each) Determine whether each of the following series converges abso-
lutely, converges conditionally, or diverges. Justify your answers. In the case of convergence,

do not find the sum.

a.

2LV

Vi )
- > YA )
(QW I w2 e w? \rg

.

: ) Lo a Adecrers .
{’ However , see 57 (1) weriom.

S of n (o gosrfeodion necdad ),
Ta. omncype by Hor Oozhg sl

b 1,1 NS S
2.3 22.3 22.32° 23.32

)

éL S 'Lé n ;,S Dflc‘g\



