Math 5335 Name (Print): SO\U}\"\DV\S

Fall 2018

Exam 1

10/24/18

Time Limit: 75 Minutes

This exam contains 7 pages (including this cover page) and 8 problems. Check to see if any pages are missing.
Enter all requested information on the top of this page, and put your initials on the top of every page, in case
the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e If you are applying a theorem, you should P Points | S
indicate this fact, and explain why the theorem ase orits | score
may be applied. 5 .

e Do not trivialize a problem. If you are asked to
prove a theorem, you cannot just cite that theorem. 3 18

e Organize your work in a reasonable, tidy, and 4 18
coherent way. Work that is disorganized and jum-
bled that lacks clear reasoning will receive little or 5 95
no credit.

e Unsupported answers will not receive full 6 16
credit. An answer must be supported by calcu-
lations, explanation, and/or algebraic work to re- 7 12
ceive full credit. Partial credit may be given to well-
argued incorrect answers as well. Total: | 100

e If you need more space, use the back of the pages.
Clearly indicate when you have done this.

Do not write in the table to the right.

You may use the following matrices and computations on the exam without defining or proving them.

Ry,Rg = Ry1g, FoFyg = Ry(p—g)

[COSH —sin 6] [cos(29) sin(20)
Ry = ; =

sinf  cosf o7 Isin(20) —cos(20)]’
cos (260) = cos? () — sin? (6), sin (20) = 2sin(#) cos(0)

Suppose ¢ forms an angle of § with the horizontal. If U || £, then FpU =U. If V' L £, then FyV = V.
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1. Let U =(2,3) and V = (1,4).
(a) (1 point) Compute U - V.

UeVzlt 34 =2x\2= 4

(b) (1 point) Compute U + V.

UtV= (o, 344)= (3,

(¢) (1 point) Compute ||U||.
lull={ wu = {44 =R

2. Let £ be the line in the picture below.

(a) (4 points) Find a parametric equation for /.

(OH\U Ownswers PossiLlex

P= (0-2) e4
Q-P= (.31 0)- LW”X‘ C’na\

1$ o Dir'n Trdicadac b( -0

Prt(B-P) = (0,-3) + £(3,3)

(b) (4 points) Find a normal equation for /.

(OH\&( Oumswers ?ossiLle\)
3L, s A (AL

(3,3)- (x- (0,-33)=0.
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Lo |
3. Recall that arccos z = / dt and we define m = / dt.
z V].—t2 _11/1_t2
(a) (6 points) Let rays p and ¢ emanate from a common vertex, with direction indicators (-3,4) and (2, 3).
Find |Z(p, q)|. An answer with an integral is fine.

We need wnit dichn veckors = (L= é’i’i\ - (-3,4)
“('\Jq\“ S

CTO R CHY Uv = ds{’ﬁ*z |2
NeA iz
|
t
|Llegp] = f r?= - [

C’/Sﬂ’z

(b) (6 points) Use calculus to prove that arccos (0) = m/2.
(S

N N e
orecos (0}23\0 -t EY -t *

1 v3
(¢) (6 points) In the picture below, U = (1,0), V = ( \[), w

|ZUOV| = /3 using the methods of this course.

3
_ (_27\2[) and X = (—1,0). Prove

o = m“s(u.v) = occcos (%:\
ﬂ= “u,‘(v.w} = ofccos (%:X
Y= orecos (U'X\ = ofccos (J;’.'X

Thus d=p=¥. Siace A+p+¥=m; ve have

At frY =341 2 d=T/q
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4. (8 points) In the diagram below, j || k. Prove |[ZPQR| = |£ZSRT| using the definitions and methods of this
course.

14

Let u—r“ ond V= \ls—al\ Thew U.“ﬁ hence

- /iR e ik inditor f [2TRS| - and of [ 2Pag).

Similarly, VI3 (hence olso R ond is e other
M b ench amgle.  Thus

| 2paRr|= occcos(uv)=| ¢ se]

5. Prove the following facts about vectors using methods from this class.

(a) (5 points) Given two vectors U and V, prove ||[U + V||? = ||U|]? + ||V|]? +2U - V.

luvll®= ev)e (Wev) = Ul s V-V & UV e Ve lk
= “lku';*' IvI® + auv

(b) (5 points) If U and V are unit vectors and U - V = —1, then U = —V.

wl=|vl[=). ¢ UV=-1, them \ob past (&)

lusvl]*= 1412 = 0.

Thus [utvil=0 o Usv=0 = Y=-V
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6. (a) (3 points) Complete the definition: ¢(X) is an isometry of R? if...

lu-way v eaeR?

(b) (4 points) Let 7(X) = X + V be translation by the vector V. Prove T is an isometry.

¢ Rael®: TR - J(Q)]= ] pev-(ael
={|ps+v-a-vll

= r-al

(c) (6 points) Let U and V be isometries of R?. Prove that the composition U o V is an isometry.

¥peeR>: [ uvd)- vl =|ve- v

= | r-al|

(d) (12 points) Let ¢ = {(1,3) + t(4,2)}, where t € R. Find the matrix formula M;(X) for the reflection

across the line £. Your answer should include exact values in the matrix, not trig functions, but you do
not need to multiply out your entire formula.

Y

M= Rl ep- o6 -1 5]
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7. In this problem we’ll consider the composition of reflections, e.g. M., o My(X) = M,,(My(X)). If you use
any angles which are not in the digrams, make sure to define and label them.

(a) (8 points) In the diagram below, lines £ and m intersect at C', with angles o and (3 as shown below. The
dotted line is horizontal, i.e. parallel to the x-axis. Use the methods of this course to prove M, o M;(X)
is a rotation about C' by an angle of 2.

(.K:} Covel poge, F.,up E.(.J.-rp-&\ 3

(b) (8 points) In the diagram below, j || k, and points P € j and @ € k are chosen so that the vector Q — P is
perpendicular to both j and [. The dotted line is horizontal, i.e. parallel to the z-axis. Use the methods
of this course to prove My o M, is a translation by V = 2(Q — P).

T, (11,00 = My 7 e

[ oenee]-a)e

=F9F9(X'P\* Fe(?’& “'&
]
=T = - (P-8)
< (cover pege)
= X-P-Pratad
= X taR-2P
= X+2(@-P)
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8. (12 points) Indicate whether each statement is True or False by circling the appropriate answer. Justify your
answer with definitions, theorems and methods from this course. (If false, be specific with your explanation;

e.g. tell me what part of a definition or theorem is not satisfied, or give an example to show the statement is

false, etc.)

(a) For any A, B and C, the barycentric coordinates of the origin (0,0) are always (0, 0,0)>45C.

N True

(OIO/D Val'w( EC’.;,’ 0+0+0 +\

(b) It AABC = NA’B'C, there exist two different isometries which send A to A’, B to B, and C to C".

Tre (R

-_-] \Me Sudh '\some'k\_g, ‘03 Cl«qy‘l'ef q.
(ﬂ\ms L[.l"l', LH?)

(c) Any isometry can be constructed as the composition of two or fewer reflections.

True ‘ab
Theee m'cs\»:\' ke realu.icecﬂ. ( Lab 3, fx exommple - -
or Oy S\Qo\e. ceklechion)



