Math 5335 Name (Print): \(6\{
Fall 2017

Exam 2

12/5/18

Time Limit: 80 Minutes

This exam contains 8 pages (including this cover page) and 13 problems. Check to see if any pages are missing. Enter all
requested information on the top of this page, and put your initials on the top of every page, in case the pages become
separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e If you are applying a theorem, you should indicate

this fact, and explain why the theorem may be applied. Page | Points | Score

e Do not trivialize a problem. If you are asked to prove 2 14
a theorem, you cannot just cite that theorem.

e Organize your work in a reasonable, tidy, and coherent
way. Work that is disorganized and jumbled that lacks 4 19
clear reasoning will receive little or no credit.

e Unsupported answers will not receive full credit. 5 15
An answer must be supported by calculations, explana-
tion, and/or algebraic work to receive full credit. Partial 6 21
credit may be given to well-argued incorrect answers as
well. 7 10
e [f you need more space, use the back of the pages. Clearly 8 13
indicate when you have done this.
Total: 100

Do not write in the table to the right.

You may use the following results on the exam without defining or proving them.
The distance between points (a,b) and (a, d) in the Poincaré Half Plane is | In(d/b)].
The distance between points P; and P, on the line (z — w)? + y? = p?, with angles t; = [Z(w + p,0)(w, 0) Py]

and to = |Z(w + p,0)(w, 0) Py is
In [(cscto — cotta) / (csct; — cotty)]
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1. (8 points) Let ABCD be a convex quadrilateral which is not necessarily a parallelogram, trapezoid, or other familiar
shape. Let W, X, Y and Z be the midpoints of the sides, as shown in the generic diagram below. Prove that W XY Z
is a parallelogram.

_ AR _BC cd . A
U‘T x= > \/= Y 2-' Y

MM5 apprmri\e.s Possiae,, in.r.lu.alinﬁ:

W4Y = S{A+BrC+d)

X+2= 5 (A4Becen)

Since W#Y=X+2, LXYZ is o u:amm

2. (6 points) Suppose a parallelogram ABCD and triangle AABP are constructed on the same base AB, and C, D and P
>
are all on the same line ¢, which is parallel to AB. Prove the area of ABCD is twice the area of AABP.

Y (N ¢ ¢
U
{Wﬂ‘j a,meaJ\Ls possilie,\
h N h
‘]‘L‘_ ll]srm comn be SPM' inke 2 NS
S i - 2 __________ [ > wln\ Same LASQ (A-—g‘ﬁt_b LIC

ARCD is & ll'smé. Al NNs
Wove some \wisu' h.

Thus [|asen]| = asen||={argel]

——

|| ABeall
Hence ll48cn]= 2llanece|-
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3. (3 points) Let A =(1,1), B = (6,3) and C = (2,8). Find the centroid of AABC, in rectangular coordinates.

¢

(o (bt Lasmel 5 (40) = (3

A

4. (6 points) Prove that the perpendicular bisectors of (the sides of) AABC all intersect in a point J which is equidistant
to all three vertices. (You can use the diagram below for convenience but your argument must apply to all triangles.)

Nt b sides of AAC we || —hence C
Yhaie bisechrs ore not “, nd. must inkersech

Lel k= pecp. biseche of AR

S — E—C

ms w—— Ac

Lt T=hnd. B‘d pop . .L\o'sse,dcus, T
Teks |18l
Jed »|c7=|78]

Howce |74 =|T821Tc] so T equidistent o A,8,C.

T pacticuar, |58l =|Tcl= Tém, 50 all 3 L Lisedws oce concwrent oF T.

5. (6 points) Given AABC, let D and E be the midpoints of AC and BC as shown. Using any appropriate methods from
o 1
the course, prove DE || AB and |DE| = §|AB|

c

Multiple opprosches possible.

E ARCR & ADCE by SAS Similasity.
D @:L =) [Eél L
RS Also, LLAR® L(OE.
B

By cowesponcding angles, DE || 28.

0R b:&;_c', E:‘},;E ) E’D"B -A D E- bllB‘A

ond. “E—Dll = %_u g-All
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6. (6 points) Let ABCD be a rhombus. Prove the diagonals are perpendicular.

D

A hombous is o u‘amm,» the diagonals
bisech each other. Al Bour A's oce

Conﬁm.u& by SSS. Hence Yhere are

B 4 %M Mﬁb‘s of E whidh combine
b messuce 2. Taus eacd of thoe

A c

Ms\z.StS%-M '“ne'seﬂme,u}sore,.l_.

7. (6 points) Let m = {||X|| = 2} = {(z,y) : #* + y*> = 4}. Find the coordinates of the reflection of each of the following
points across m. Graph the original points P, Q and R, and their reflections P’, Q’, and R’. Note that the gridlines are
drawn every half unit in this picture.

.P:(Oal) & Yo

[ ]
b(p)= ﬁgﬂo,_'ou‘ (o)=Y (o) = (o))

-
- -

e Q=(-3,4) | f m': %O‘. f ‘ll f e
L ST 2T S
L[ (&X “(’3:"\“1 ( 3,‘!\ -95( 3, .ol R- El ;
o[-, N
as! as
e R=(0,-2) a

M(O,Q) = (0,-3.3 (i‘f‘s on the miror)
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8. In each part below, sketch ¢/, the reflection (i.e. inversion) of £ across the mirror m. Also give the equation for ¢'.
(a) (5 points) m:a?+y?*=1and £:(x —1)? +y? =1.
Y

m amd { inkrsed of (%,.‘:% ; 5o those pls

¢
//6\ e in A 4 conbins condec of m> w0l > 4

\ o line. Thos L' is x=5

(b) (5 points) m: (z —2)>+y* =4 and £ : z = 4.
Ya
1

mad=(40) is bixed, o (40064’
foed = cenker (3,062

o AVEL o codd' 51 o creley ack o line

(Also, (4,33€Q refledz H (3,0)

1
\ h
-
\
\
N /
\ 7
N ’
A Ve
N 7z
N -
~

(x-3V+4* =

(c) (5 points) m:a?+y?>=6and £: 2% +y? =9.
y

Al points X €L have [xI[=3.
M’re senk fo peints X’ s.b.
(I Ix'l]=p*

xll =6
lIx]| =

T

Heue 46' 1$ X+ lf:'-l
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‘ On this page, all points, lines, segments and distances are in the Poincaré Half Plane. ‘

9. Let A=(1,1), B=(1,2) and C = (-3,1).
— >
(a) (10 points) Sketch the (Poincaré) lines AB and AC. Find the equation for each line.

Yy
€0 x=l
2 »B
€4 A
> an ot F—

(b) (3 points) Find the length of segment AB.

l,)/ bomula on Mok 4(48 = \h(% =l (0" \\“"51\

10. Let ¢ be the line directed by 20 = (2,0) and B = (o0, 0).
(a) (5 points) Sketch ¢ on the grid below. Then sketch and give an equation for a line m which contains the point

(—1,3) and is asymptotically parallel to £.

L3) . . e\ ey = 9

3,1)

= -1 1 YoYU, €T

-’

(b) (3 points) Give an equation for a line k containing (3,1) which is ultra parallel to ¢, or explain why none exists.

(M"'“.‘S amswers possible)

(x-4)+ y*= 2 (3,1) sakisfies he eqn, and PBLs

ore (4£4%,0). Note thud
Y2 & Y-|4lg> 4-15=35 >
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‘ On this page, all points, lines, segments, triangles and areas are in the Poincaré Half Plane. ‘

11. (a) (5 points) The area of any triply asymptotic triangle with Poincaré Direction Indicators ¢ = (p,0), Q = (¢,0) and
R = (00,0), as shown on the left, is 7. Use this fact to prove the area of the triply asymptotic triangle AJABE on
the right is also 7.

Let R = (00,0)

lane|=|anen|lazer]-[aner]

=T +T-
=T

(b) (5 points) The picture below shows a singly asymptotic triangle AABC formed by the lines 2 +y? = 4, x = 0 and
x = /3 in the Poincaré Half Plane. Find the area of the triangle using any valid method.
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12. (5 points) Recall the incidence axioms from Chapter 10:

1.1 For any two distinct points P and @, there exists a unique line that is incident with both P and Q.
1.2 Every line is incident with at least two points.

1.3 There exist three points such that no line is incident with all three.

Define a 4 point geometry as follows. The points are the ordered triples (0,0,0), (1,0,0), (0,1,0), and (0,0,1). As it
happens those are the four vertices of a unit tetrahedron, as shown in the picture below. A line is defined to be a set
of three points which from the vertices of a triangle in the tetrahedron; for example, {(0,0,0),(1,0,0),(0,1,0)} is a line
because those points are the vertices of the triangle on the bottom of the tetrahedron.

Does this 4 point geometry satisfy the incidence axioms? Justify your answer.

No_ it doeset sodisly T3.

AAQZ 65 B o line

13. For each of the following statements, indicate whether it is True or False by circling the corresponding answer. Briefly

justify your answer.
False

(a) (4 points) Lines x = A and « = p in the Poincaré Half Plane can never be ultra parallel.

M.ﬁ oluaﬂs share POT (000)

(b) (4 points) Conformal affinities preserve the area of quadrilaterals.

True
Confoomal affiakies sale , uhida affeds orea.



