Math 5335 Name (Print): K EY
Fall 2018

Exam 2

12/9/19

Time Limit: 90 Minutes

This exam contains 9 pages (including this cover page) and 13 problems. Check to see if any pages are missing. Enter all
requested information on the top of this page, and put your initials on the top of every page, in case the pages become
separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e If you are applying a theorem, you should indicate

this fact, and explain why the theorem may be applied. Page | Points | Score

e Do not trivialize a problem. If you are asked to prove 2 10
a theorem, you cannot just cite that theorem.

e Organize your work in a reasonable, tidy, and coherent
way. Work that is disorganized and jumbled that lacks 4 9
clear reasoning will receive little or no credit.

e Unsupported answers will not receive full credit. 5 9
An answer must be supported by calculations, explana-
tion, and/or algebraic work to receive full credit. Partial 6 15
credit may be given to well-argued incorrect answers as
well. 7 22
e [f you need more space, use the back of the pages. Clearly 8 10
indicate when you have done this.
9 13
Do not write in the table to the right.
Total: 100

You may use the following results on the exam without defining or proving them.
The distance between points (a,b) and (a, d) in the Poincaré Half Plane is |In(d/b)].
The distance between points P; and P on the line (z — w)? + y? = p?, with angles t; = |Z(w + p,0)(w,0) P |

and to = |£(w + p,0)(w,0)Ps| is
In [(escte — cotta) / (cscty — cotty)]
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1. Let ABCD be a convex, simple quadrilateral.

(a) (4 points) Suppose A+ C = B + D. Prove the opposite sides of ABCD are parallel (which means ABCD is a
parallelogram).

A+C=B+B 2 B-A—:C-[;, $o ')"Lm b( 'ndto?fasih &L.s (qm.su*n/ LS same (b\uwe, “)
veche. Thus AZ||@

Stmlocly: A*C:BEND V-A=C-8, 5 4B || &

(b) (6 points) Let W, X, Y and Z be the midpoints of the sides of ABCD, as shown in the generic diagram below.
Prove that W XY Z is a parallelogram.

ey= 418CD - x4z

D
Thus 1%¥2 is & Wignam (by above)
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2. (6 points) Let ABCD be a parallelogram with perpendicular diagonals. Prove ABCD is a rthombus (i.e. all four side of
the quadrilateral are congruent).

biaﬁ'sd‘\ a “' o~ Lnsecl' eadk other

Honce. AAED * AAER & ACERYACED (by SAS) A

» Ab= A8=Ch=(E

wE—w——w—— 5
Q

3. (6 points) Given AABC, let D and E be the midpoints of AC' and BC' as shown. Using any appropriate methods from
_ 1
the course, prove DE || AB and |DE| = §|AB|

C

Thus BE (|28 od | 52[= 548\
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4. (3 points) Let A = @&@), B = and C = (BgM). Find the centroid of AABC), in rectangular coordinates.

c

G= %(AfB*C\= (0—*7';*—“-a 3%1}\ : ("3"*3

5. (6 points) Recall that the angle bisector of ZPQR is the set of all points which are equidistant to both sides of the angle;
see the picture below on the left, where X is on the bisector of ZPQR; the dotted lines from X are perpendicular to the

sides, and are congruent.

Prove that the three angle bisectors of AABC' all intersect in a point I which is equidistant to all three sides. (You can
use the picture below on the right for your conenience but your argument must apply to all triangles.)

R C

A B

Lot T be infersection of angle. bisechors of L84c oud LAGe. Thus

. Iexiu.iiisla& b A8 and AC. (Tapic, dze)
.I —_— A—é J B—(: LJ:F“

By tausdividy, deest ood T equidistond b all 3 sides.
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6. (3 points) Let A and B be distinct points in R2. Describe all points C' € R? for which there exists a circle through A,

B and C.
>
Céas.

( bl then ABC ot colliness, o cam coastuuet circwm cinete. of AACC.X

(Also, (=A « CB dloas B civle Haouglh A8, but fus cuse
Wasn'# wfw?w[-)

G

3
7. (6 points) Let m = {||X|| = &} = {(z,v) : 22 + y* = 3}. Find the coordinates of the reflection of each of the following
points across m. Graph the original points P, Q and R, and their reflections P’, Q’, and R’. Note that the gridlines are
drawn every half unit in this picture.

e P=(0,—3)= (D,—E\. 0a Mol $» t-w.ai

"
e Q=(1,1) | |
Waud 156l 58]= 43 - |5ar|= p%=3
vy - }_—
v = =
/1 3 (33
0=(ws '1"‘{'( 2
« R=(-3,1) |

S
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8. In each part below, sketch ¢/, the reflection (i.e. inversion) of £ across the mirror m. Also give the equation for ¢'.

(a) (5 points) m:a?+y? =2and £: (z—1)? +y> =1.

Loms= zl,l,tl\i ore (—uxaf, Y

/\  06ds wed, so L is o e Homugh (1)

(b) (5 points) m: a2 +y*=4and £: 2% +y? = 1.

(c) (5 points) m: 2?2+ (y—2)2=4and (:y=4.

(I:le

04-‘( o oo‘ff':b 1' & circle.
ootl»0 él ) 1' o ciele AJ"HMWGL o)

Can cefled 3 pts (eg- (£1,2), (o))
b fad thek £ Xt g?= b,

entes of m

foed 2 b)ed '
044 > Méf’ so L a cinle %\rblﬁ('\ on'ﬁ}a.

(0,4) 6m , hence. Fived. Sagment fown (42 +o (O4)
lbecomes the diasmeler

£ < (3-33'1 =\
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‘ On this page, all points, lines, segments and distances are in the Poincaré Half Plane. ‘

9. Let % = (—3,0), B=(—3,3), and C = (3,3).
>
(a) (10 points) Sketch the line £ through B directed by 2, and the line BC. Find the equations of both lines.

54
,(3 X=-3 £
OC : el A =34 (%428 isk) ¢ 3 o
x°'+\f= (3
5 IL? - 1 3 .
0l
(b) (3 points) Find the length of segment BC. Sin “m_/'l s J‘/_'z:
1 lese3q - oot 3%\
From o+ (80 = \m
{7z ¢l '
. \"\ {’{—-T& (= \,\(3 + &ﬁs. Lot o equi. muuss

10. Let ¢ be the line directed by 2 = (—3,0), B = (1,0), and k be the line directed by 2 and € = (0, 0).
(a) (6 points) Sketch ¢ and k on the grid below.

N
]
)
O ; O ;
;m -1 % 3 €
(b) (3 points) Give an equation for a line ¥ containing (1,2) which is asymptotically parallel to both ¢ and k, or explain
why none exists. m

m: x=| uu\u) shaes o PRI u/ lootle.

(b%«u anSUers \voss.tUc, ege dir'd \»3 6] ad (AJ 0\, d>l. )



Exam 2 - Page 8 of 9 12/9/19

Math 5335

‘ On this page, all points, lines, segments, triangles and areas are in the Poincaré Half Plane. ‘

11. (a) (5 points) The area of any triply asymptotic triangle with Poincaré Direction Indicators ¢ = (p,0), Q = (¢,0) and
R = (00,0), as shown on the left, is 7. Use this fact to prove the area of the triply asymptotic triangle AJABE on

the right is also .

et oL (0°/'°\'
\|soreel= Lsonal c||aBER]- s nend

=+ -
=T

(b) (5 points) The picture below shows a singly asymptotic triangle AABC formed by the lines 2 +y? = 4, x = 0 and
x = /3 in the Poincaré Half Plane. Find the area of the triangle using any valid method.
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12. For each of the following statements, indicate whether it is True or False by circling the corresponding answer. Briefly

justify your answer.

(a) (4 points) Lines x = A and = = p in the Poincaré Half Plane are always ultra parallel.

feesr uhtmell. Alsags shere (a0,0).

(b) (4 points) D(z,y) = (4x,4y) is a conformal affinity.

False
oU[x,n\ =4 b([xl@

oty (asm isome o)

13. (5 points) Recall the incidence axioms from Chapter 10:

1.1 For any two distinct points P and @, there exists a unique line that is incident with both P and Q.

1.2 Every line is incident with at least two points.

1.3 There exist three points such that no line is incident with all three.

Define an 8 point geometry as follows. The points are the vertices of a unit cube in R?, as shown below. A line is defined to

be a set of four points which form the vertices of a square face of the cube. For example, {(0,0,0),(1,0,0),(1,1,0),(0,1,0)}
is a line because those points are the vertices of the square on the bottom of the cube.

Does this 8 point geometry satisfy the incidence axioms? Justify your answer.

),
N_l’)‘ — 1 |ine Wnadent o (0,00 ond (LL1), $uc ©,0,1)

0,1, 1)
(1,0, 1)

exandle, so fils Tl (1,1, 1)

0,0,0

(1,0,0)
1,1,0



