Math 5335: Geometry Fall 2010 Homework 1 Solutions

The following is a non-comprehensive list of solutions to homework problems. In some cases I may
give an answer with just a few words of explanation. On other problems the stated solution may be
complete. As always, feel free to ask if you are unsure of the appropriate level of details to include
in your own work.

Please let me know if you spot any typos and I’ll update things as soon as possible.

1.6.5: This problem can be done with a bit of relabeling. Start with {P + ¢(Q — P)}, which
——

represents the Ine ?Q (We discussed it in class, but if you don’t remember why PQ =
{P+t(Q — P) | t € R}, you should talk to me soon, because we’ll use that equation over
and over this semester.)

PQ={P+t(Q~P)|t<cR}
={P+tQ —tP|teR}
={(1-t)P+tQ |t R}
={aP+bQ |a,beRand a+b=1}

Where the last line just comes from relabeling (1 —¢) and ¢ as a and b, respectively, which
means a+b=1—-t+4+t=1.

1.6.22: Recall from class that a parametric equation for a line has the form P + sU; special
means that the direction vector U is a unit vector, ||U|| = 1. Similarly, a normal equation
of aline, (A, X —Y) =0 (or (A, X) = ¢) is special if the coefficient vector A is a unit vector.

I've listed answers below; talk to me if it’s not clear to you why they’re correct. Remember
that there are many possible correct answers to each question. (And many possible incorrect
answers t00...)

(1) (3,4) + s(1,2). This line contains the point (3,4) and goes in the direction of (1,2).
To create the special parametric form, we need to “normalize” the vector (1,2), which
is a fancy term for making it a unit vector:

2 _ 12 (12 _ (1 2)
w29 vi+4 Vb V5 V5
So a special parametric form is:
{(3,4) +5(1/V5,2/V5)}.
The vector (—2/4/5,1/+/5) is perpendicular to the line and unit length. (Think about
why these facts are true!) Hence a special normal form is:
{{(=2/V5,1/v5), X — (3,4)) = 0}

(iii) ¢(—7,24). (Let t = 0 to see that this line contains the origin (0,0).) You can check

that ||(—7,24)|| = 25. Special parametric and normal forms are

{(0,0) +t(—=7/25,24/25) |t € R}

(v) ((—=3,—5),X) = v/68 You can check that (—3,—5) has length v/34. We need to know

a point on the line. One way to find one is to guess that there might be a point
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X = (z1,72) on the line for which 1 = 0. So plug X = (0, x3) into the equation and
solve for x9 = —1/68/5. Hence the point (0, —/68 /5) is on the line. Special parametric
and normal forms are:
{(0, —V/68/5) + t(5/V34, —3/V/34) |t € R}
1.6.30: We defined lines to be parallel if they have direction vectors which are multiples of

each other. So if [ = {Q+ sU}, then it’s certainly true that the line k = { P+ sU} is parallel
to [ (since it has the same direction indicator) and is incident with P.

It remains to prove that this is the unique such line. So let
m={P+ sV}

be any line through P which is parallel to I. By definition of parallel lines, that means V'
(m’s direction indicator) must be a multiple of U (I’s direction indicator),

V = cU, some c € R.

But U is also the direction indicator of k, meaning m has a direction indicator which is
a multiple of k’s. Hence m||k and, since they share the point P, they must be the same line.

If you wish, you can use the third part of Proposition 3 to prove the lines are identical.

1.6.36: We're given the segment {(4,3) + s(—1,—-2) : =5 < s < —2}. We can find the
endpoints by plugging in the smallest and largest possible values of our parameter s. We’ll
call those points P and @, respectively:

s=-5:P=(4,3) —5(-1,-2)=(4+5,3+10) = (9,13)
s=-2:Q=(4,3)-2(-1,-2)=(4+2,3+4)=(6,7)
Ifweuse U =Q—P =(6,7) —(9,13) = (—3,—6) as a direction indicator for the line, we
may write
{(P+tQ—-P):0<t<1}={(9,13)+t(-3,—6): 0 <t <1}
The other possibility is to start at () and use P — () as the direction indicator:
{Q+t(P-Q):0<t<1}={(6,7)+t(3,6):0<t <1}

1.6.42: This problem is an extension of #5, so we can re-use our work from there:
P+ s(Q—P)=aP+bQ,

with a = (1 — s) and b = s, so a+ b = 1. The only difference here is that for a line (P_>Q we
let s be any real number, but for the ray P—Cj, s > 0. For the line segment PQ the range
on s is even more restrictive, 0 < s < 1. (We discussed this in class and you can find it in
section 1.2 of the textbook.) What remains is to discuss how these restrictions on s affect
the possible values of a and b:

0<s:0<b,at+tb=1
0<s<1:0<b<1,anda=1-—sranges from 1 downto0,s00<a<1l,a+b=1

Hn other words, we're looking for the ‘y-intercept’ of the line, which will always exist unless a line is vertical, like
T =2
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1.6.49: Here is one possible approach, which avoids any calculations with the components of
U and V. First, assume (U, V) = 1. To prove U = V it suffices to show ||[U — V|| = 0 or,
equivalently, ||[U — V||?> = 0. Using Lemma 33,

U= VIP=[UIP+IVI* = 20U, V) =1+1-2(1) =0

To prove the second assertation when (U, V) = —1 you would use the alternate equation
in Lemma 33:

WU+ VIP=|UIP+|IVIP+2(U,V)=14+1+2(-1)=0

Hence ||U + V|| = 0 or, equivalently, U + V =0 and U = —V.
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