
Cheapto- Flythrough

This will be a fast review I into - You're

responsible for reading Chapter I ( and 2)
and talking to  me if there's something you
don't follow

.

( Think : big ideas I terms
,

like " set
,

"
not the

intricacies of
, say , proof of Proposition 1.30 . . . )

* I'll post  a review of solving systems
of linear egns using subs t '

n
,

elimination
or matrix multiplication .



Fundamentals / Vocabulary

tf : for all
,

for every

F : there exists ( 7 ! i there exists a uneigue)
iff : if and only iff

,
⇒

We won't use sets in much depth . Mostly :

IR = I real # '
s } = f x : x E IR} =/ x I x EIR}

1132=1 Lx , ys : x
, y E IR }

and esp .
subsets of those



Recall ' '
Abstract

"

Function Notation
-

f : A  → B A : domain
, inputs

* to fix ) B : codomain ( range , image)
x → fix , set of possible outputs

Ex f : IR → IR or I x EIR : xzo }
-

× text

[ Axs -
- xD

Det f  is injective ( or one - to - one
,

lil ) if any two different

inputs are sent to diff
.  outputs : x ty ⇒ fast f Lys .

f-  is surjective ( onto ) if every ett of codomain  is actual output :

tf be B F a such that feat b
.



Functions Sheet
-

InjectiveInjective

I
.

X ful -

- fly -
. 4 ✓

2
.

r X
3

.

V X

4
.

V ✓

5
.

V x

6
.

V x

7
.

V x

8 .
x x

9 .
X X

to .

Not a Function



Vectors
,

Points and Lines
- -

A ( 2b ) Vector is an ordered pair of real # '
s

, la ,
b)

.

Common notations : Sa ,
b )

,
Laid

'

= it

Our book : U = ( u , , us ) X = ( x
, , Xa )

Graphically
,

U is an arrow : / u

!
here u , , us > o )

- - - - - - -

U
I

Virtuallyevery vector concept has an algebraic defy
interpretation

and a geometric / axiomatic one .

Vi

int



Utv -_ ( u
, ,uaHlv

.is/=lu,tVigUztV2)

Ig geo

→

Addition UtV=lu , ,udtlv .is )
=L u.tv , , Uztva )

I scalar) cU=c( u , ,ud
mutt 'm =L cu , ,

cuz )

⇒
"

.

Subtraction U - V -
- UH - IN

£ "

linearly U=cVorV=cU

%
(parallel)

dependent Fa ,b such that
aUtbV=O

,

a ! not both O
.

U=cVwV=cU
cU=c( u

, ,ud I a ,b such that

= ( cu
, , cus ) aUtbV=O f- to ,o , )

a. b not both O
.



Ig gee

,
U .V=( u ,v )

dot product : UV -
- Lu, .us ) .lv , is )

( inner product,
= UN ,tunascalar product) .

-

t ( un , ,
and

length U.lt/u.,us ) . ( u , .us)
magnitude = uit up /

U

= Hull ' Hull
Hull -_ Fu



① If you learned vectors from Stewart's book . . .

Stewart make huge distinctions between points and
vectors :

tuneef¥
a

P = ( 3,2 )

( 3
, 2) = OI

'

We won 't For us
,

Vector and point are synonyms .

=
.

It's clear from context
,

and it makes
life easier to do  it this way .

To wit :



Def Given a point P and non - zero vector U
,

the set

f- I Pts U : se IR } is a
line

.

U
)

u.pt?TUu
• # • • So • Soo

p , u P Pt 's U Ptu Pt 's U pt2U

U is direction indicator (dish vector )
.

Points on l are

incident with l
,

and are collinear
.

EI H
, 2) ts ( 3

,
-4 ) ( tho) is on line ( s=

'

z )

I5,61 is not
. II??E) no solin



① importantExample what's U ?

H Q
I= QI

• L
want Pt U -

- QP
U = Q - p



Pts (Q - P) a - P -
- U

f %

µ
•

-

sit POT -

- QI
P

•Mstto . " gptsof.pl/YQtslP-QB
✓ 5-0

so 'pot = IT

Hxttixx
Poi

'

# apt

length of POT is HQ - pH -
-

ftp.QH-GQ-P.Q-P#=TQpIlQ-pT

day I



-

l I I

Karmenem (

9/12/181
Recall : U . V -

- lui , U2) . ( v , , vz ) = U
, Vi t Uzvz

Proves : The dot product is commutative : U . V=V. U

U ' V =Uiv, t Uzvz =Vill,
t Valla = V . U

Prove : The dot product is distributive : U . ( Vt w ) -
- U.HU . W

U . ( Vt W) = ( ai, Ua ) . ( Vit w , , Vat wa )

= a , ( v.tw ,) Us ( Vat Wa)=
U , V ,

t U
, wit U2 Va thaw 2

= ( u
,

v , t Uavs ) t ( u
, w

, tuzwa )

= U . V t U . W



Does the def " I Pts U} cover everything we expect?

• Can get segments
, rays using restricted values of s .

• Two points farm  a line ? Yes ( wk sheet

Prep two non - zero vectors are DI 's of same line

iff they 're scalar mutt's of each other
.

Let Pt Q .
Then I unique line

'POT incident
with both

, U -

- Q - P is a DI of
'POT

,
and

every DI of
'
POT is difference of two pts

on the line .

• slope of Pts U is ¥ ,
if u

, to .

P
" 2

•

U ,



Other Forms
-

Exe H
, 2) t s ( 3,4) =L - I , 2) t ( 3s

, 44 = I -1¥,2+41
y

x =3 s - I

y
=

- 4s +2
}⇒ 5=51×+1

s =
- Fly - 2)

tlxtt ) = - fly -2 )

( y
- 2) =

- Izfxti) ( Pt slope)

y
-

- 2 - Ix - I

y=
- 45×-13 ( slope int

. )



Def Two lines l
,

m are parallel ,
l Hm

,
if their DI 's are It

.

Peopled Lines f- IP tsu } ,
m =/ Qt TV)

Us
• A in one pt  if U

,
V linearly

p /
independent l net It ) •

.

•

empty n' n if UHV and U HQ - P •

a
V

. same line if UHV and Ulla - P

rt
;

-
EE- → get



Quickstatuscheck : which of Euclid 's Axioms
work so far ?

① Given two pts,
7 line containing them yes

② Lines can be extended indefinitely yes

③ Given A
,

B
, I circle cent 'd at A A. →  B r -

- HB - All
with radius AT

. C -
- I X : DX - Alter}

④ Right angles are all equal X

⑤ Il postulate ( yes ,
Hw )



Perependicwwty/orthogonality

Def U I V if U . V -
- o

.

Two lines are perpendicular if
their DI 's are I

.

It and I play important roles
. . .

⇐cry If l is a line and P is a point
,

7 exactly one

line incident with P and It to l
.

Prep If l is a line and P is a point
,

7 exactly one

line incident with P and I to l
.



Corollary16 The set of vectors I to U -

- tu , ,

unto
consists

( Lemma ) of all multiples of ( - Ua ,
u ,)

PI : First
,

we see that ( u
, , b) a t Us

,
U

, ) =
- U

, Ust hail,
=o

.

Now suppose VI U
, so that u ,v , tuna -

- O
. We want

to show V -
- C ( - Us

,
u , ) for some c .

Cased U
,

to
,

so UN , tuna -
- O ⇒ V ,

=

-

U2u÷

Thus V -
- Luis ) -

- ( - HIT ,
" ¥

,
) -

- IIn) I - us ,
u ,)



Prep If l is a line and P is a point
,

7 exactly one

line incident with P and I to l .

Vfp l

Pf Suppose l : Qts U
,

U to•u
Them m : Pts tus ,

u) is I l
.

.

Suppose F another such line Pts W
, so ULW

By pre v
.

slide W = c V far some c
,

so WHV.

By Prop 1.6
, they are same line

.



Remember A
,

Y fixed ; X - ( x . ,xa ) ( = L x. y ,)
is variable

. If HAH =L
,

this is " special
"

nlegn .

Normatform Given lined
,

choose Yet and Atl

e
( i.e

.
ALU

,
U any DI  off ) .

Then

A
pin

l -
. fx :A. l x - y) -

-of↳x tnlegnof line
' •

y
- H " "

① A Y are constants ; X Yy;)

EI Y= C3,1 )
,

A  =L - 1,2) ( - 1,2) a ( X -

13,111=0
1- 1,2) . ( I x , ,xz) - 13,111=0

I - I
, 2) ' ( x ,

-3
, Xa - D =o

- ( X ,
- 3) +21×2-11=0

a. " . Ii . six . 's



F alternate version of normal farm : l

A
A. l x - y ) -

- o #A X - A . y -

- O •

-1

A X -

- A. y
-

=L

A X -
- c

EI A- I-421 ,
4=13,1)

( -1,2) . ( l x ,y ) -

13,111=0
-4,2) . ( x ,y ) - I -1,2) . (3,11=0

I -1,2 )alx,D -11=0 ( -1,2) . X= - I



.

Second Warmup Question :

Prove
: (CU ) . V -

- c ( UN ) f- V. ( cu) etc
. . . )

PI : du ) . V = ( cu
, , cud .lv , ,vd

= C UN ,
t C U2V2

= C I u .v ,
tUsual

= c ( U . V )

Prove : ht U
,

It - UH -
. HUH It - uhh full - ul

ruT=Fu
-

- Hsu ] .fi - su ]

oi avoid ) =L - if u . U

= U . U

= Hull
'



Between ess
-

,
Bt SU

DIHPIP
Let tis , be egn of line

,
fest =P

, fess) -
- Q . Then

R is between P
, Q if 7 Sz ,

s
,

s Szasz , fcsz) -

- R

R -
-
f CSz)=L

P .

. fu,)

•

Q! f- Lsd

Corollary 1.222 Given 3 pts on  a line
,

'

one must be b/w other two
.

•

•

,

•

See book for further corollaries with 4T points



Rt l
between them

. Otherwise
, they're on the same

side
.

A line separates 1122 into two
" half planes !

'

7

(

Clever Def P
,

Q El on opposite sides of l if 7 Rel
-

which is between them

l
P

P Q l •§Q
l

¥too
.



Prep let l : A . ( x - YI -

. O ( Yet
,

Atl ) and P
, Q

fl
.

Then
P and Q are on same I opposite side of l if
A. ( P - Y)

,
A . ( Q - Y) have same signs .

① Book uses A . X = C
, compares AP- c

, A. Q - c
.

Would be "

simple
"

I well
, simpler) if we had

E. I = Hell . HEH cos A > O for o eco
,
Dad

< o for At Ma
,

it ]

NA
. P

Q
.

P - Y
l•

y



Prep Let l : A . ( x - YHO I Yet
,

ALL ) and P
, Qtl

.
Then

P and Q are on same / opposite side of l if
A a (P - Y)

,
Aa I Q - Y) have same I opposite sign .

• P

PI Let gas
-

-

A.ftp.tsnQ-P
) -

Y
] for

Osset-9µLline Seg .

POT

got -
- o for some s iff POT intersects I at pt R

° Q

( ⇒ P
, Q opposite sides )

gist -

- A. ¥- Y) t s A¥ - P) = . . .  = b t s c ( I t2s )
That's linear ! minimax 's at end pts,

can be 0 if H - ( or - It )
at endpts

g lol = A . (P . yl

g ( I ) = A.(Q - Y ) days



Movingontokapter2

You read § 2
.
I on

"
Matrix Concepts .

Other than
-

matrix multiplication .
all we 'll need for now :

Lemonade Let U
,
V c- R2 be linearly independent .

Then
✓ Xt IR } I unique a

,
b EIR such that

X = a Utb V
-

linear comb '
n

( see lemma for formulas for a
,
b

.  in particular. . .

)



Lemma2 Let U
,
V to in IR? with ULV

. Let X EIR? Then

x -

- Yifu tfpV
C =3 at 2V

CorollaryGame conditions ) llxll ? lYf÷tYYa



Distancesqualities

We defined Hxltxx -

- Cx ,
x >

"
⇒ ( 11×112 = X. X)

Also
,

HQ - PH = dish from P to Q = It P - Q It -
- I Fat =/ QI I

-

tf U
,

Hulk It - UH ← warmup

Def POT - RJ are Engment if I POT. I = Its I
.

PepCongruence of line segments is equivalence relation .



Quickaside: Equivalence Relations

Examples of Relations

I
,

L : 3 c 4
,

443
, 543 .

7L
,

R : AR b iff of -
. ba

IR
,

= : 3 =3
, 3=14 I - DR 3

,
2 not rel'd

to 3

A rel '
n is an equivalence rel '

n if it is . . .

① reflexive : V x
,

xnx

② symmetric : I x
, y ,

if xny then ynx

③ transitive : I x , y ,
't

,
if xny and ynz ,

then x it .



You try I I didn't type this up . . .
I

-

:

Which of the following are equivalence relations ?

people,

"
have same birthday

"

yes

lines
,

H
yes integers ,

E not symm .

( K2
, 241 )

lines
,

I not  reft
,

trans

IR
,

apb if a
'

-
. b? yes

IR
,

I probably not [ not trans ? ]
L

appx equal to
.



Cauchy - Schwarz I - Bungakov sky) Inequality ( Lemma 2. Ill

I U . V I I Hull . HVH with equality iff u Hv
.

① Standard Pf

( done on board )

② Quicker Pf  using tin .  alg . concepts from Chapter 2
.

( done on board )

(These were done on board )



ten ( 0 inequality) :

( done on board )

( Restated in Prop 2.13 4 line segments)



thm.SI (Pythagorean) Let A
,

B
,

CEIR
2 be distinct points .

( done on board )
• 13

A
• • C


