
Cheap

tested
- Flythrough

This will be a fast review I into - You're

responsible for reading Chapter I ( and 2)
and talking to  me if there's something you
don't follow

.

( Think : big ideas I terms
,

like
"

line
,

" nottheintricacies of
, say , proof of Proposition 1.30 . .

* I'll post  a review of solving systems
of linear egns using subs t '

n
,

elimination
or matrix multiplication .



( 7 ! : there exists a unique)

Fundamentals / Vocabulary

tf : for all
,

for every

F : there exists

iff : if and only iff
,

⇒

We won't use sets in much depth . Mostly :

IR = real # '

s

1122=1 C x. y ) : x , y EIR } = f Lx . y) I x , y t IR }

and esp .
subsets of those



x I - s f Cx)

× x fix ,

Recall ' '
Abstract

"

Function Notation
-

f : A  → B A : domain
, inputs

x tf C x) B : codomain ( range , image)
X n > fix ) set of possible outputs

Ex f : IR - s IR or I x : xzo }
-

X to x
2

( fun = xD

Det f  is injective ( or one - to - one
,

lil ) if any two different

inputs are sent to diff
.  outputs : x ty ⇒ fix ) t fly )

f-  is surjective ( onto ) if every ett of codomain  is actual output :

tf be B
,

there exists at A such that feat -
- b

.

.



Functions Sheet
-

InjectiveLurjective

I
.

x ✓

2
.

r X
3

.

V X

4
.

V ✓

5
.

V x

6
.

V x

7
.

V x

8 .
x x9

.
X X

to .

Not a Function



Sa ,
b )

,
Laid

'

= ut

U -

- I u . , us ) X -
- I x

, , xa )

Vectors
,

Points and Lines
- -

A I 2b ) Vector is an ordered pair of real # '
s

, la ,
b)

.

Common notations : Ca ,
b )

,
tab = I = Lui

, us )

Our book : U = ( Ui
, Us )

,
X = ( x

. , xz )

Graphically
,

U is an arrow : / u

!
here u , , uz > o )

- - - - - - -

U
IVirtuallyevery vector concept has an algebraic defy

interpretation
and a geometric / axiomatic one .



Ig geo

→

Addition UtV-lu.mdtlv.is )
= ( u ,tv , , Ust Va )

I scalar) cU=c( uh ,
ud

an
,

mutt 'm = ( cu , ,
cuz )

- u #
t

Subtraction U - V -
- UH - DV

linearly U=cVorV=cU U
,

Vare fl
dependent Fa ,b such that

aUtbV=O
,

a ! not both O
.



U.vgcu.ir
> Is gee

dot product : UV -
- Lu, .us ) . ( v. is ) Z

scalar product
,

= UN , tuna
°

inner product

U . U=( u , .ua ) . ( u
, ,Ud

= uit up

kmnasgtnhifude
" ultra

U . U -

- In
, .us ) . ( u , .us)



if

① If you learned vectors from Stewart's book . . .

Stewart make huge distinctions between points and
vectors :

n

.

Pisa
)

I = OF = ( 3,2 ) t ( 3,2 )

We won 't For us
,

Vector and point are synonyms .

=
.

It's clear from context
,

and it makes
life easier to do  it this way .

To wit :



Def Given a point P and non - zero vector U
,

the set

f- I Pts U : SEIR } is a line
.

U
>

f
Pt fall

- u u u l
S a  co • a ÷. • ) •

P Pttzu Ptu Pt Izu Pt2U

U is direction indicator (dish vector )
.

Points on l are

incident with l
,

and are collinear
.

EI C-I. 2) tsl 3
,

-4 ) ( tho) is on line ( s=
'

z )
=Ht3s. 2-  " s)

I5,61 is not
.  - LI? } no so " "



① importantExample what's U ?

•
Q

•
%

ptu = QP

U -

- Q - p



=µ
Warenem I after break)

Recall : U . V -

- lui , us ) . ( v.
, v2 ) = U

, Vi t Uzvz

Proves : For all CER
,

( cu) . V -
- U . (c V ) =clu . V)

Pf : ( all ) - V = ( Cui
,

cuz ) . ( 4 ,
b) = CUN ,

t C Uav ,

= u
, ( cv

,) t Ualcud

= U . ( cu ) etc
.

UivVill



Waren,¥m I after break)

Recall : U . V -

- lui , U2) . ( v.
, vz ) = U

, Vi t Uzvz

Proven : The dot product is commutative : U . V=V. U

U ' V =

Uiv
, t Uzvz =

Vill
,

t Valla = V . U

Proves : The dot product is distributive : U . ( Vt w ) -
- U . Vtu . W

U . ( Vt W) = lui, U2 ) . ( Vit wi , Vat Wa)

= a , ( v
,

t w ,) Us ( Vat Wa)=- U ,
V

,
t U

, wit U2 Va thaw 2

= ( u
,

v , t Uavs ) t ( u
, w

,
t uz Wa)

= U . V t U . W



Pts (Q - P) a - P -
- U

f %

µ
•

-

sit POT -

- QI
P

•flew. " gptsof.pl/YQtslP-QB
✓ 5-0

so 'pot = IT

Hxttixx
Poi

'

# apt

length of POT is Ha .pl/=Hp- all
← Hull 'll - UH

=(Q-P,Q#
= TQ.pt/Q-pT day I



Does the def " I Pts U} cover everything we expect?

• Can get segments
, rays using restricted values of s .

• Two points farm  a line ? Yes ( w k sheet

• Is that line unique ? !

U = Q - P
✓

=

'

zU

• • →

P Q

{ PtsUfH

I Qt TV }



Prep two non - zero vectors are DI 's of same line

iff they 're scalar mutts of each other
.

Let Pt Q .
Then I unique line

'POT incident
with both

, U -

- Q - P is a DI of
'POT

,
and

every DI of
'
POT is difference of two pts

on the line .

w U = Q - P
✓

=

'

zU

← • . →

P Q



Other Forms
-

Exe H ,2)ts( 3,4) =L -421+13,44=(-1+3,2+45)
×_

-

y

x=3s - I

y= -4+2 }⇒ 5=51×+1
s= - Ily - 2) - fly -21=34×+11

pt slope → y -2=-451×+1)
form

y=
- Ix - ¥+2

slopeintercepts y=
- SIX i }



Def Two lines l
,

m are parallel ,
l Hm

,
if their DI 's are Il

.



Def Two lines l
,

m are parallel ,
l Hm

,
if their DI 's are It

.

Peopled Lines f- IP tsu } ,
m =/ Qt TV)

U
>

• A in one pt  if U
,
V linearly

p /
independent l net It ) •

.

•

empty n' n if UHV and U HQ - P •

a
V

. same line if UHV and Ulla - P

F- g-- Q - -IT



r -
- HB - All

c- - IX : IN - Alter}

Quickstatuscheck : which of Euclid 's Axioms
work so far ?

① Given two pts,
7 line containing them yes

② Lines can be extended indefinitely yes

③ Given A
,

B
, I circle cent 'd at A a. → r -

- HB - All
with radius AT

. C :{ X : NX - All -
- r }

④ Right angles are all equal ? (chapter 3)

⑤ Il postulate Yes - Hw



Perependicwwty/orthogonality U . V -

- um ,
t Uav ,

Def U I V if U . V -
- O

.

Two lines are perpendicular if
their DI 's are I

.

It and I play important roles
. . .

⇐cry If l is a line and P is a point
,

7 exactly one

line incident with P and It to l
.

Prep If l is a line and P is a point
,

7 exactly one

line incident with P and I to l
.



Corollary16 The set of vectors I to U -

- lui
, uh -to consists

( lemma ) of all multiples of ( - Ua ,
u ,)

PI : First
,

we see that ( u
, , us) . t Us

,
U

, )=
- U

, Ust hail,
= o

.

Now suppose VI U
, so that u ,v , tuna -

- O
. We want

to show V - C ( - Us
,

u , ) for some c .

i. e .
v ,

= CC - uz ) and us
-
- C ( hi )

Assume u ,
- to .

Then Vi -
-

-

UIT -
-

VI.fuss
w

and then Clut = ( ⇒ u
,

= Vz
,

C

as desired
. ( left for you to finish )

Uito



Them m : Pts tus ,
u) .

.

Prep If l is a line and P is a point
,

7 exactly one

line incident with P and I to l . v

Pf Suppose l : Qts U
,

U to

Then m : Pts C-us ,
u)isI l

.

-

V I U by prev .
slide

.

Suppose F another such line Pts W
, so UL W

By pre v .
slide

,
W = c V for some c .

By Prop 1.6
, they are same line

.

By pre v
.

slide W = c V far some c
,

so WHV.



① A
,

Y are constants ; X -
- ( x

, ,Xa )

{ x :

Rae.mg#ebyjer=AofY

fixed ; X - ( x . ma ) ( = Lxiyi) I = C ×
, y , )

is
. If HAH =L

,
this is " special

"

nlegn .

nlegn of line

Normatform Given lined
,

choose Yet and Atl

A q
e

( i.e
.

ALU
,

U any DI  off ) .
Then¥.

×

l -
- fx : A. I x - y) -

- o }
c .

' ( = fx : At l x - yl } )
- I

① A,Y constants X -

- I x . ,xd=Cx , y )

EI ' f- C3. D
,

A- t 1,2) ( - I
, 2) . ( C x

, xd- (3,1)) -

- o

( - I
, 2) . ( x

,
-3 , Xz - I ) =D

- I X
,

- 3) t2 ( X ,
- I) = o

insist
. six .

'

s

( - 1,2) a ( X -

13,111=0

c-ftp.iixiiiitii.iiifo-o
X ,

- 3) 1-21×2 - 1) =D



F alternate version of normal farm : l

A
A. ( x - y ) -

- o #
•

A . X - AoY=o t
w
Constanta

A . X -

- c

EI 4=0,1 )
,

A  =L -1,2 ) (-1,241×-13,11)=0

1-1,21 . ( x. y) -
- ftp.C3.D

- xt2y= - I etc .

is :* 's '



Warm-upQuestions

Prove: t U
,

It - UH -
. HUH Prove : It - all ? Hull

tutus -

. Fu Pf It - uh ? C - u ) . tu )
avoid ) = HP a. u

= U . U
= Hull -

Prove 11×-4112=11×112+11411
'

- 2x . y

HX - yll ! ( x - y) . ( × . y )
" Alg law of cosines

"

= x. x - x.  y - Y . Xtc - Y) . ( - Y)
= x. x t  Y . y - 2X . y

= 11×112+114112 - 2x . y



Between ess
-

,
Bt SU ( s

, Lsa )

DIHPIP
Let tis , be egn of line

,
f Csi =P

, fess) -
- Q . Then

R is between P
, Q if 7 Sz ,

S
,

c Szasz ,
s 't

.
f (g) =R

.

R¥Ps fu,) Q -
- fcszj

Corollary 1.222 Given 3 pts on  a line
,

'

One must be b/w other two
.

•

•

,

•

See book for further corollaries with 4T points



Te
A line separates R2 into two

" half planes !
'

p
l -

#
Q

(

Clever Def P
,
Q are on different sides of I if F Rel

-

between them
.

l
P

P Q l •

µ
l

too



trop let l : A . I x - YI -

. O ( Yet
,

Atl ) and P
, Q

It
.

Then
P and Q are on same I opposite side of l if
A. ( P - Y)

,
A . ( Q - Y) have same / opposite sign .

① Book uses A . X = C
, compares AP- c

, A. Q - c
.

Would be "

simple
"

I well
, simpler) if we had

E. I = Hell . HEH cos f > O for a eco
,
Dad

< o for At Ma
,

it ]

Q of

e•

y



Prep Let l : A . ( x - YHO I Yet
,

ALL ) and P
, Qtl

.
Then

P and Q are on same / opposite side of l if
A a (P - Y)

,
Aa I Q - Y) have same I opposite sign .

• P

PI Let gas
-

-

A.ftp.tsnQ-P
) -

Y
] for

Osset-9µLline Seg .

POT

got -
- o for some s iff POT intersects I at pt R

° Q

( ⇒ P
, Q opposite sides )

gist -

- A. ¥- Y) t s A¥ - P) = . . .  = b t s c ( I t2s )
That's linear ! minimax 's at end pts,

can be 0 if H - ( or - It )
at endpts

g lol = A . (P . yl

g ( I ) = A.(Q - Y ) days


