
Math 5335 Name (Print):
Fall 2017
Exam 1
10/25/17
Time Limit: 75 Minutes

This exam contains 7 pages (including this cover page) and 9 problems. Check to see if any pages are missing.

Enter all requested information on the top of this page, and put your initials on the top of every page, in case

the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

• If you are applying a theorem, you should
indicate this fact, and explain why the theorem

may be applied.

• Do not trivialize a problem. If you are asked to

prove a theorem, you cannot just cite that theorem.

• Organize your work in a reasonable, tidy, and

coherent way. Work that is disorganized and jum-

bled that lacks clear reasoning will receive little or

no credit.

• Unsupported answers will not receive full
credit. An answer must be supported by calcu-

lations, explanation, and/or algebraic work to re-

ceive full credit. Partial credit may be given to well-

argued incorrect answers as well.

• If you need more space, use the back of the pages.

Clearly indicate when you have done this.

Do not write in the table to the right.

Page Points Score

2 14

3 18

4 13

5 22

6 21

7 12

Total: 100

You may use the following matrices and computations on the exam without defining or proving them.

R✓ =


cos ✓ � sin ✓

sin ✓ cos ✓

�
, F✓ =


cos(2✓) sin(2✓)

sin(2✓) � cos(2✓)

�
, R'R✓ = R'+✓, F'F✓ = R2('�✓)

cos (2✓) = cos

2
(✓)� sin

2
(✓), sin (2✓) = 2 sin(✓) cos(✓)

Solutions
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1. Let ` be the line (5, 12) ·X = 17.

(a) (4 points) Find a parametric representation of `.

(b) (4 points) Find a special normal form of `.

2. (6 points) Prove that PQ = {aP + bQ | a+ b = 1, a, b � 0}.

( 5,12) . 11,11=17 , so ( 1,1 ) is on line
. Other pts / slopes :

1 5,12 ) 1 l
,
so ( -12,5 ) |µ U=± (-1215 , 1)

l={ 11,11 + st - as ) : sen }
P=( ' 715,0 ) , 10,17ha)

( other answers possible)

Need a unit length normal vector : ftp.#=lKgI=(5g,Es)

So take eqn for l ,
divide both sides by 13 :

¥ ( 5,12 ) . X = 17 Other answers possible, eg .

E.i÷tx=¥ # '⇒ yx . into .

We know PI :{ Pts 1 Q - P) | oesel }

= { ( 1- s )P + SQI oesel }

= f AP + BQ I a=tb , oebel } b=s
,

a :L - s

= { apt bQ| a + b=I ,
a ,b20 } if a :L - b and oebel

,
at [0,1 ] too .
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3. Recall that arccos z =

Z 1

z

1p
1� t

2
dt and we define ⇡ =

Z 1

�1

1p
1� t

2
dt.

(a) (6 points) Let rays p and q emanate from a common vertex, with direction indicators (1, 3) and (2,�1).

Find |\(p, q)|. An answer with an integral is fine.

(b) (6 points) Use calculus to prove that arccos 0 = ⇡/2.

(c) (6 points) Prove arccos

1p
2

= ⇡/4 using the methods of this course.

auto.h¥=sr÷=;r÷

K (p.gl/=fl#.dt
- Yars

www..fi#dt=tfj.tadt=aI: enfn

Let 4=11,0) , V :( Yrs , Yra) , W :( 0,11 be unit DI 's for angles with measure 0,4

W
as shown . Then 0=4

,
since

V f= arcos ( U .v)= arcos ( Yrs)%€U
4-. www.wt.aruoslyrj } same

We also see 0-+4 = wccos ( a .w)=wuos(01=42

Thus 0-+4=20 :B

⇒ O= arccoslyrs )=M4 .
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4. (8 points) Prove |\ABC| = |\DBE| using the definitions and methods of this course.

`

m

A

B

C

D

E

5. (5 points) Given two vectors U and V , prove ||U + V ||2 = ||U ||2 + ||V ||2 + 2U · V using methods from class.

Let U= then , then then um are

unit DI 's for KABCI
,
and - U

,

- V are unit

µ
DI is for IDBEI .

thus

#
,

ILABCI = arcos ( Uav )

KDBEI = arcos ( l - U ) .tv ) )

= arcos ( U . v )

= KABCI
,

as desired .

Hutu 112 = ( utv ) . ( Utv )

= U • U t U . Vt Va Ut V.V

= Hu 112 t HVH 't 2 U . V
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6. (a) (4 points) Complete the definition: U(X) is an isometry of R2
if...

(b) (6 points) Let U and V be isometries of R2
. Prove that the composition U � V is an isometry.

(c) (12 points) Let ` = {(1, 2) + t(2, 3)}, where t 2 R. Find the matrix formula M`(X) for the reflection

across the line `. Your answer should include exact values in the matrix, not trig functions, but you do

not need to multiply out your entire formula.

x

y

`

Hull's - UIQHKHP . QHFP ,QeR2

HHUPD - UWIQ ))H=HVlP ) - VIQHI bk Uisanisomety

= HP - QH bkvisanisomety

;¥ MEHKFOCX . Pltp

a II.Imitated
sina.hr

cost :#

cos20=4g - ,÷= - Is

sin2A- 2.35=12,3
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7. (10 points) Find the matrix formula R(X) for the rotation by 2⇡/3 = 120

�
centered at the point (�3, 4).

Your answer should include exact values in the matrix, not trig functions, but you do not need to multiply

out your entire formula.

8. Suppose lines ` and m intersect at C, with angles ↵ and � as shown below.

(a) (4 points) Write down matrix formulas for M`(X) and Mm(X), the reflections across these lines. Make

sure to define and label (on the diagram) any new letters or notation you introduce, such as ✓.

`

m

↵

�

C

(b) (7 points) Now consider the composition Mm �M`(X) = Mm(M`(X)). Use the methods of this course

(and your answers to the previous part) to identify the resulting isometry. If it is a translation, what is

the translation vector? If it is a rotation, by how much, and centered at which point? If it is a reflection,

what is the mirror? Citing the answer from memory will result in a few points; for full credit you must

justify your answer.

Rlxtrotx . an =ftp.?h2Hx . W ) + ft ]

Ration:"¥ ,
I;D .

. Fairy

Meat FIX - c) + c

Mmlxl = Fine, (X
- C) + C

Mmomelxl = Mm ( Fax - a + c)

= Eats, KEH-4+4 - c) + C
-

Cancel

= R2k+p. £ ) ( X - C) to

-

by given into on cover page

= Rap (X - c) + C

i. e rotation by 2p , centered at C
.
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9. (12 points) Indicate whether each statement is True or False by circling the appropriate answer. Justify your

answer with definitions, theorems and methods from this course. (If false, be specific with your explanation;

e.g. tell me what part of a definition is not satisfied, or give an example to show the statement is false, etc.)

(a) For any A, B and C, the barycentric coordinates of the origin (0, 0) are always (0, 0, 0)

4ABC
.

True False

(b) If U(X) is an isometry, then U(aP + bQ) = aU(P ) + bU(Q) for all a, b 2 R and P,Q 2 R2
.

True False

(c) In a glide reflection, the “glide” is always perpendicular to the mirror line.

True False

o

Io , 0,0 )° not valid BC 's
,
because 010+0=11 .

0
Only valid in general if atb =L .

Counter - example : P= ( 0,0 ) , Q= (0,1) , U(H=Xt ( 1,0) , a=b=l

U(aP+bQ)=U ( ( on )= (1,1)

1. U( 0,0 )t I. U( 0 , D= (1,01+11,1) = ( 2,1)

0
The glide is H mirror

,
not 1

.


