Math 5335 Name (Print): SO[W'HDU\S

Fall 2017

Exam 1

10/25/17

Time Limit: 75 Minutes

This exam contains 7 pages (including this cover page) and 9 problems. Check to see if any pages are missing.
Enter all requested information on the top of this page, and put your initials on the top of every page, in case
the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e If you are applying a theorem, you should P Points | S
indicate this fact, and explain why the theorem ase orits | score
may be applied. 5 "

e Do not trivialize a problem. If you are asked to
prove a theorem, you cannot just cite that theorem. 3 18

e Organize your work in a reasonable, tidy, and 4 13
coherent way. Work that is disorganized and jum-
bled that lacks clear reasoning will receive little or 5 99
no credit.

e Unsupported answers will not receive full 6 21
credit. An answer must be supported by calcu-
lations, explanation, and/or algebraic work to re- 7 12
ceive full credit. Partial credit may be given to well-
argued incorrect answers as well. Total: | 100

e If you need more space, use the back of the pages.
Clearly indicate when you have done this.

Do not write in the table to the right.

You may use the following matrices and computations on the exam without defining or proving them.

Ry = [COSH —sin 9] 7 Fy = [cos(%) sin(20)

sinf  cost RoRy = Ryvo, FoFy = Ry(p—p)

cos (20) = cos? (§) — sin? (6), sin (20) = 2sin(0) cos()
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1. Let £ be the line (5,12) - X = 17.

(a) (4 points) Find a parametric representation of £.

(5,1 (L) =13, so (L,1) is on line. Oher p%/sloyes:
(5,1 LA, s (-1, 5) u.,f T

P=(Ms.0), (0"
j:?(\,l\fs('la,ﬂ : SéfR'i ( 510, (0™/a)

{D'H\ef Ouns wers PDSS'cLlQB

(b) (4 points) Find a special normal form of /.

. S, 1)
Need o wnit lemath noomal veck: 512 ( (? 12
o g v e —

So teke Ean ‘QN’J(, J}vile Lo‘]’l\ sides LD 13-

ws X '? Othes aumsusess possible, eq-
(52).x= 5 (58) [x- us)=o.

2. (6 points) Prove that PQ = {aP +bQ|a+b=1,a,b > 0}.
Ve buoo 8= {Pes(o-n | oese!]
= (u-s\f +50 | 0¢ssl3

= (,J% bQ [ azl-b, 0ebel]  L=s, azls
={aPiba| arbel, mb20] i a:i-b wnd ocbel, aefe] ho.
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dt.

1 L |
dt and we define ™ = /
V1 —t2 _1vV1—1¢2

(a) (6 points) Let rays p and ¢ emanate from a common vertex, with direction indicators (1, 3) and (2, —1).
Find |Z(p, q)|. An answer with an integral is fine.

Uy (%) G -1 -

n 7 ® aF

1
3. Recall that arccos z = /
V4

11
<= | =i
..l/a'{..r

(b) (6 points) Use calculus to prove that arccos0 = 7/2.

U 6
oress 0 = Sof%';d-}: ‘;g—}/,.:i-l-z L

e (i b .
even fn
1
(c) (6 points) Prove arccos 7 = m/4 using the methods of this course.

Let U= (4,0), V=%, '/.r;\, W= (00 be unk DIx b amgles withe measure 8,4

U as shom. Then 8= Y siace

\ 0= orceos (UV) = oreeos (l/{‘;) g
"(’i SG.m
e H>u Q= orecas (1) zorecos () e
We also see 844 = grccos (U.-LJ\ = preeos (o) = Ta

Thus 6+¢=20-T5
= B=ocees(Y)= Ty,
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4. (8 points) Prove |ZABC| = |£DBE)| using the definitions and methods of this course.

- A 3 C"3 u V
Let U= V™ ey Then WV e

wnit BT’ foo L AR, and ~U,~V ot uwit
T b |bREL Thus

\LA@L]: orcens (u.'\l)

\LBBE l: oreeos ( (~uYe(-v))

= orceas (Uev)

= |zagc|,

as desiced.

5. (5 points) Given two vectors U and V, prove ||U + V|2 = ||U||? + ||V||? + 2U - V using methods from class.

usvil? = (uevie (Uew)
= Ul & (LeVEVell # VeV

= Nlaf® +IvIP v 2uev
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6. (a) (4 points) Complete the definition: ¢/(X) is an isometry of R? if...

L -uml= Ue-al ¥ paeR®

(b) (6 points) Let U and V be isometries of R2. Prove that the composition ¢ o V is an isometry.

utveey - Uwian || = UV VDN 1), 4 s g isomety

= ll P"au l’/c YV $ an isomedvy

(c¢) (12 points) Let ¢ = {(1,2) + t(2,3)}, where t € R. Find the matrix formula M;(X) for the reflection
across the line £. Your answer should include exact values in the matrix, not trig functions, but you do
not need to multiply out your entire formula.

y /6

o \
; 3 My() = Fy (X-P) +P

8 | [ P | \
2 l&/“ 513 X- Q -\— Q

/ 511\9:3/‘“3 , '

Cosf = ""/m
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7. (10 points) Find the matrix formula R(X) for the rotation by 27/3 = 120° centered at the point (—3,4).
Your answer should include exact values in the matrix, not trig functions, but you do not need to multiply
out your entire formula.

Q= Rele-ctee = [ ][ x-(3]) (3]

R _ tos A5 ~Sia AWy - -2 =54
37 |shT s 3T |7 (Bfa - a

8. Suppose lines ¢ and m intersect at C, with angles o and 8 as shown below.

(a) (4 points) Write down matrix formulas for My(X) and M,,(X), the reflections across these lines. Make
sure to define and label (on the diagram) any new letters or notation you introduce, such as 6.

m

MX)= E, (x-c)#c
m‘m (X\ s F(.,u‘;\ (X-C)i' ¢

(b) (7 points) Now consider the composition M, o My(X) = M,,,(M;(X)). Use the methods of this course
(and your answers to the previous part) to identify the resulting isometry. If it is a translation, what is
the translation vector? If it is a rotation, by how much, and centered at which point? If it is a reflection,
what is the mirror? Citing the answer from memory will result in a few points; for full credit you must
justify your answer.

Wys My (x) = My, | € 1x-03 )
= Faeny ([F,L(x-c\w] NARNS
P

- Qa(.up—;.\ (-atc
| R |
bs jw% who on COVESC poge

= R;.p (X-c)+C

(B rotahion \05 28, centered o C.
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9. (12 points) Indicate whether each statement is True or False by circling the appropriate answer. Justify your
answer with definitions, theorems and methods from this course. (If false, be specific with your explanation;
e.g. tell me what part of a definition is not satisfied, or give an example to show the statement is false, etc.)

(a) For any A, B and C, the barycentric coordinates of the origin (0,0) are always (0, 0,0)>45C.

True

16,9,0)° not valid 8L's, beemse 0+0+HDE].

(b) If U(X) is an isometry, then U (aP + bQ) = ald(P) + bU(Q) for all a,b € R and P,Q € R?.

True False
Ov\lﬁ \Mlij n SGM&G'DJ IF 5-*‘)"—'[ . ©
Cowder- example: P=(0,0), B=(0,1}, u()(\':)(*{l,o\, a=b=l
U(aPeb0) = U ( ()= (1)

[ UlopY |- U(orl) = (o) 00 = (3,1)

(¢) In a glide reflection, the “glide” is always perpendicular to the mirror line.

T 3\\1@. [ “ Mmicroc, not | .



