
Math 5335 Name (Print):
Fall 2017
Exam 2
12/6/17
Time Limit: 75 Minutes

This exam contains 7 pages (including this cover page) and 11 problems. Check to see if any pages are missing.
Enter all requested information on the top of this page, and put your initials on the top of every page, in case
the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

• If you are applying a theorem, you should
indicate this fact, and explain why the theorem
may be applied.

• Do not trivialize a problem. If you are asked to
prove a theorem, you cannot just cite that theorem.

• Organize your work in a reasonable, tidy, and
coherent way. Work that is disorganized and jum-
bled that lacks clear reasoning will receive little or
no credit.

• Unsupported answers will not receive full
credit. An answer must be supported by calcu-
lations, explanation, and/or algebraic work to re-
ceive full credit. Partial credit may be given to well-
argued incorrect answers as well.

• If you need more space, use the back of the pages.
Clearly indicate when you have done this.

Do not write in the table to the right.

Page Points Score

2 17

3 15

4 13

5 20

6 22

7 13

Total: 100

You may use the following results on the exam without defining or proving them.

The distance between points (a, b) and (a, d) in the Poincaré Half Plane is | ln(d/b)|.

The distance between points P1 and P2 on the line (x � !)2 + y

2 = ⇢

2, with angles
t1 = |\(! + ⇢, 0)(!, 0)P1| and t2 = |\(! + ⇢, 0)(!, 0)P2| is

ln [(csc t2 � cot t2) / (csc t1 � cot t1)]

Solutions
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1. Let ABCD be quadrilateral which is simple, but not necessarily a parallelogram, trapezoid, or other familiar
shape. Let W , X, Y and Z be the midpoints of the sides, as shown in the generic diagram below.

(a) (4 points) What is W in terms of A and B? Write similar expressions for X, Y , and Z.

(b) (8 points) Prove that WXY Z is a parallelogram.

A

B

C

D

W

X

Y

Z

2. (5 points) Find the area of quadrilateral ABCD if A = (�1, 0), B = (5, 3), C = (6, 7) and D = (0, 4). If you
use a formula, explain why it applies. (You can use the grid if it’s helpful, or ignore it.)

w --A¥ x=B¥ Y= # Z=A'¥

Many methods possible
, e.g. :

w+y=A+BgCtI=BtC£A+I=×+z.

(Could show any
of the other

Conditions inthm 8.4 )

B- A =L5,31-(-1,01--16,3) -- C- D

C=•l6,7
)

D- A=( 1. 4) = C- B

Thus ABCD isalhgramand its area is D=(%d
/det[uv]I=1detGh]| •

V U 13=(5/3)

=|24
-31=21

•

At -1,01
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3. (5 points) Prove that the perpendicular bisectors of (the sides of) 4ABC all intersect in a point J which is
equidistant to all three vertices. (You can use the diagram below for convenience but your argument must
apply to all triangles.)

A B

C

4. A corollary to Theorem 7.16 in the book says that, unless 4ABC is equilateral, there is a unique line through
its centroid, orthocenter and circumcenter. This line is known as its Euler Line.

(a) (7 points) Let 4ABC be isosceles, with AC

⇠= BC, as shown below. Prove the Euler Line of 4ABC is
the median from C, which intersects AB at D as shown.

A B

C

D

(b) (3 points) Why does an equilateral 4ABC not have an Euler Line?

Let J be the intersection of 1- bisectors
. .

of AI and BT
. ( Because AIBT '

not H , the 1- bisectors aren't H either
,

hence intersect .)

Thus IEAIHFBI and IJBFIJTI . By transitivity ,

• g

IJAI = 154
.

Hence J is also on 1- bi sector

of AT
.

D midpt  of AI ⇒ AIE BI
. By SSS congruence,

OADC = OBDC
.

Thus

+ + ( 1 ) LADL and LBDC are congruent and combine to form
a right angle ,

so each measures Ha= 900. Thus
'CJ '

is an allude . . .

(2) ...
and

, because AI = BI
,

# is 1- bi sector
,

too
.

n n u
Thus CI

'

is a median
,

1- bi sector and attitude
,

so contains

the centoid , circum center and ortho center ; thus it's the Euler line
.

In an equilateral OABC
,

6=H=J
, so those " three "

points don't determine a line
.
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5. (5 points) Let A = (0, 0), B = (5, 2) and C = (1, 7). Find the centroid of 4ABC, in both barycentric and
rectangular coordinates.

A

B

C

6. In 4ABC below, AE and CD are medians, intersecting at the centroid G. Let x = ||4ABC||, the area of
the large triangle.

(a) (5 points) Explain why ||4ACE|| = 1
2x.

A B

C

E

D

G

(b) (3 points) Find ||4ACG|| in terms of x. Justify your answer.

( st , ts , f)
OAK

= ( 2,3 )

• G

Treating # as the " base
" line

,
0 ABC and OAEC

share an attitude from A to
'BT

,
hence the same

µ height . Since E is the midpoint of BT
,

HoAECH = 'zlE4 . h= at I tatBit) h

= 's ttalrsiih)
= tax .

Because 6 is the centoid
,

it's Y} of way from E to A
,

so IEEKHEAI .

Thus ( treating AE and GET as bases
,

and an altitude from C)
,

HOACG 11=23 Ho ACEH =3 . tax = ztx

( or can use all 3 medians to split 0 into 6 0 's of equal area f- xg) , as in HW
, and

Combine two of them to form DALG with area ¥ = fx . )
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7. (a) (5 points) Let m be a circle centered at C with radius ⇢. Prove: if X 2 m, then X

0 = X, where X

0 is
the reflection (or inversion) of X across m.

x

y

m

(b) (5 points) Let m be a circle centered at C, and suppose d is a circle containing C which intersects m at
points P and Q as shown. Sketch d

0, the reflection of d across m. Briefly justify your answer.

m

dP

Q

C

(c) (5 points) Let m be the circle x2+y

2 = 1 and c the circle x2+y

2 = 4. Sketch and find an equation (with
brief justification) for c0, the reflection of c across m.

x

y

m

c

(d) (5 points) Let m be the circle x2+ y

2 = 1 and ` the line y = �x. Sketch and find an equation (with brief
justification) for `0, the reflection of ` across m.

x

y

m

`

XEOI chosen such that IJXI . IOI'I=p2

8- p 15×4=5 µ
15×4 =p

The only possibility is XIX
.

( without @ , we only know X
'

Em
,

not necessarily X '=X)

C Ed ⇒ need
'

⇒ d '
is a line

.

P
, QEM are fixed

, so P
,

Qed '

Thus d
'

.

.

'POT

11=12,01Ec sent to X 't OF
'

( = pos . x - axis ) st .

11×1.11×41=1⇒ 211×41=1 ⇒ Hx'H= 's ⇒ × 't 's 'd

: •- similarly
, (0+-2)+(0 ,

± 'z) , I -2 , dnt 's to )

Thus c
'

: ×2+y2=( f)
2

otl ⇒ xel ' ( so l
'

is a line)
Q

•

reel ⇒ Otl '

• p
P

,
Qtl are on m

,
so P

, Qel
'

thus l
'

is also the line y=x
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On this page, all points, lines, segments and distances are in the Poincaré Half Plane.

8. Let A = (�3, 1), B = (�1, 1) and C = (3, 1).

(a) (9 points) Sketch the (Poincaré) lines
 !
AB and

 !
BC. Find the equation for each line.

x

y

�3 �1 1 3

2

(b) (5 points) Find the length of segment BC. (For full credit, your final answer shouldn’t contain any trig
functions, but you don’t have to evaluate any logarithms.)

9. Let ` be the line directed by A = (�2, 0) and B = (1, 0).

(a) (5 points) Sketch ` on the grid below. Then sketch and give an equation for a line m which contains the
point (0, 2) and is asymptotically parallel to `.

x

y

�3 �1 1 3

2

(b) (3 points) Give an equation for a line k containing (1, 1) which is ultra parallel to `, or explain why none
exists.

A.p.AM#YxteIndItIadgradiusra
•

C

¥ # centered at 11,01
,

radiusfs

( × -11752=5

i.gg#rg5y,

Usingformulaoncoverpage.rxt.kYItfIotIHiEIlUanuseThmH.lifyoumemorizeditt.f.nm@mix4f4larx.owaus.i.o

,

( x-D }y2=l
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10. (5 points) Given 4ABC, let D and E be the midpoints of AC and BC as shown. Using any appropriate

methods from the course, prove DE k AB and |DE| = 1

2
|AB|

A

B

C

D

E

11. For each of the following statements, indicate whether it is True or False by circling the corresponding answer.
Briefly justify your answer.

(a) (4 points) Let ABCD be a simple quadrilateral. If A+B = C +D, then ABCD is a parallelogram.

True False

(b) (4 points) If 4DEF is the image of 4ABC under a conformal a�nity, then their areas must be equal.

True False

Method
8

Because D
,

E are midpoints of AIBT ,
we have ftp.#=fYj&=2 .

Note also that OACB and OBCE share

the angle 8 .

Thus OACB ~ ODCE by SAS

Similarity ( # 2 on previous page) .
That means

(a) IAI /

# ,
is also 2

, as needed
,

and

Method

E- D= 13¥ - ¥ = £ (B - A) ( b) LCDEELCAB ⇒ DIHAI

Thus E- D H B - A and E . D is half
(cmesponding angles)

as long as B - A .

0

I The condition is Bt D= Atc . )

Conformal affinities can scale 1212
, changing the area

0

(Think : similarity)


