Math 5335 Name (Print): SD\W""IOV\S

Fall 2017

Exam 2

12/6/17

Time Limit: 75 Minutes

This exam contains 7 pages (including this cover page) and 11 problems. Check to see if any pages are missing.
Enter all requested information on the top of this page, and put your initials on the top of every page, in case
the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e If you are applying a theorem, you should P Points | S
indicate this fact, and explain why the theorem ase orits | score
may be applied. 5 17

e Do not trivialize a problem. If you are asked to
prove a theorem, you cannot just cite that theorem. 3 15

e Organize your work in a reasonable, tidy, and 4 13
coherent way. Work that is disorganized and jum-
bled that lacks clear reasoning will receive little or 5 20
no credit.

e Unsupported answers will not receive full 6 22
credit. An answer must be supported by calcu-
lations, explanation, and/or algebraic work to re- 7 13
ceive full credit. Partial credit may be given to well-
argued incorrect answers as well. Total: | 100

e If you need more space, use the back of the pages.
Clearly indicate when you have done this.

Do not write in the table to the right.

You may use the following results on the exam without defining or proving them.
The distance between points (a,b) and (a,d) in the Poincaré Half Plane is | In(d/b)|.

The distance between points P; and P, on the line (z — w)? + 32 = p?, with angles
t1 = |4(w+ p,0)(w,0)P1| and t2 = [£(w + p,0)(w, 0)Po| is

In [(cscty — cotte) / (cscty — cotty)]
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1. Let ABCD be quadrilateral which is simple, but not necessarily a parallelogram, trapezoid, or other familiar
shape. Let W, X, Y and Z be the midpoints of the sides, as shown in the generic diagram below.

(a) (4 points) What is W in terms of A and B? Write similar expressions for X, Y, and Z.

_ A+LB - B+C _ CHD _A+D
=55 X2 Y= 255

(b) (8 points) Prove that W XY Z is a parallelogram.

Many mekhods possible, eq.:

Wiy= AfB#CHD EJ'C;MB = XtZ2

(Cw.w ot omy e Yhe OHAEI
COV\AIJ‘!‘MS in Thm ‘3‘]\

2. (5 points) Find the area of quadrilateral ABCD if A =(—1,0), B = (5,3), C = (6,7) and D = (0,4). If you
use a formula, explain why it applies. (You can use the grid if it’s helpful, or ignore it.)

B-A= (5~ (4 = (L= ¢-b
D-A4= (\,9)= ¢-Q

Thus ABCD is uljmm and B acen is
e |- |34
v

3

W
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3. (5 points) Prove that the perpendicular bisectors of (the sides of) AABC' all intersect in a point J which is
equidistant to all three vertices. (You can use the diagram below for convenience but your argument must
apply to all triangles.)

C

Let T be the intersechion of L Lisectos

O(A—éanjﬁa (Eecamse, AE:EC A B
net \\ ) the L bisecdors aren' “ e ither,

hewce ‘m’cersed.\

Thus \ﬂ\:\ﬁ\m& \f"—' 17|, By dowsitivity,
\-fA\: lfg—(_\ Hence 3 is als on L \isedda(

o AC.

4. A corollary to Theorem 7.16 in the book says that, unless AABC' is equilateral, there is a unique line through
its centroid, orthocenter and circumcenter. This line is known as its Fuler Line.

(a) (7 points) Let AABC be isosceles, with AC = BC, as shown below. Prove the Euler Line of AABC is
the median from C, which intersects AB at D as shown.

D mitlyl’ of A’é = Abx ﬁﬁ B_‘j S msmce,

Adde 2 ABDC. Thus
(N LADC ond L8DC ore wnsme-J snd. combine to Tocm
o cis‘:d M\s\e, o each measwes W= 9. Thus ‘E&’
15 an aliwde...

(9% ﬁmq, becanse Adbs E_b, QEE s L L\sed-pr, ho.
— Thus T0 is & median, L. Gisechc and alfibude, o contoins
A D B The codmid, ticcumconter and srthocerder; thus s the Euler line.

(b) (3 points) Why does an equilateral AABC not have an Euler Line?

1" an ?JTM[A*QWJ AA@L/ (}"‘H:T, So M “‘HM‘QL" po'u\“'s db'\"{' MW.'NQ ([ ‘Me
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5. (5 points) Let A = (0,0), B = (5,2) and C = (1,7). Find the centroid of AABC, in both barycentric and
rectangular coordinates.

¢

BM% ( }3)

L
3’

A

6. In AABC below, AE and CD are medians, intersecting at the centroid G. Let z = ||[AABC]|, the area of
the large triangle.

(a) (5 points) Explain why ||AACE|| = 5

'ﬁ‘e,al'mg BC as Yhe “base’ L-\e, DARC and AAEC
Skueanal-l--l-\»h-@mwA‘fo 3[, hence the same

)
\M:‘ﬁu' Since £ is the midpoint of B¢,
G
llAAEcll‘ =& \,\-f(% ch\
A D B
= (el 1)
T X

(b) (3 points) Find ||AACG]| in terms of z. Justify your answer.

Becasse (5 is the cendeid, itrs l/3, of wag{mm Eh A \@\:)\\L‘A\
T (eating A and GF os bases, and on olbhde fom O,

llakea|= 2 || ance]]= 2

(or cam use all 3 medians h st AN i 6 Ns ofcqualm(=%\, os in HW, and
Combine fwo of them B foom AALG with ocea %«:é—x.\
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7. (a) (5 points) Let m be a circle centered at C' with radius p. Prove: if X € m, then X’ = X, where X’ is
the reflection (or inversion) of X across m.

X'e 53 chosen sud thd 10X\ 10%|=

® p lox/=¢" v
[ox'] = :,
/”‘\e wls foss}LiL'(g i$ X,=X. \\\\ ///,

(wi%od ®, we onlay Lenowd X em, nel necessacily X':)(?)

(b) (5 points) Let m be a circle centered at C, and suppose d is a circle containing C' which intersects m at
points P and Q as shown. Sketch d’, the reflection of d across m. Briefly justify your answer.

(eda ooed 24 o lne

PRem ace ficed, s ?,0ed

Ts 4'=P0

(c) (5 points) Let m be the circle 22 +4? = 1 and c the circle 22 +y? = 4. Sketch and find an equation (with
brief justification) for ¢/, the reflection of ¢ across m.

X=(a,0) € ¢ sent o Xe X (= pos. x-axis) s.t.
LIzt = akh=l slxll=5 > X=(59)

Similacly, (0,2 > (0, £5Y, (-3,0) (-5 10)

ﬂus - X'a.+ja= (lﬁ)a

(d) (5 points) Let m be the circle 22 4 y? = 1 and £ the line y = —x. Sketch and find an equation (with brief
justification) for ¢, the reflection of ¢ across m.

Y
. 06l s wed (g4l a loe
N poed> 0 el
P LaeL oo onm o P, QL
m ~_1_-

t ﬂw.s-l/isalsbﬂw;[.\\ej:\(
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‘On this page, all points, lines, segments and distances are in the Poincaré Half Plane. ‘

8. Let A=(-3,1), B=(-1,1) and C = (3,1).

> —
(a) (9 points) Sketch the (Poincaré) lines AB and BC. Find the equation for each line.

Y

ZE r_u&erei ot (—'A,'b y codlius {>
(xra)+y>=

B cadered of (1,D), codius €

1 3 T

(7\—\\?\' 'jg' =S

(b) (5 points) Find the length of segment BC. (For full credit, your final answer shouldn’t contain any trig
functions, but you don’t have to evaluate any logarithms.)

t
rﬁ1*l

U\si:ﬁ Locmuda 0n cover pege,

esc ta - cots
—_/
cse t) - ot

_ {s +2&

\ﬁ-Cl: \v\ = “{5_%

(Cm use Thm [ 3 you memocized i{‘.\

9. Let ¢ be the line directed by A = (—2,0) and B = (o0, 0).

(a) (5 points) Sketch £ on the grid below. Then sketch and give an equation for a line m which contains the
point (0,2) and is asymptotically parallel to 2.

A

Y

m: X"rg‘: y (0( X=0 wo&s,ho'.\

=3

| 1 307

(b) (3 points) Give an equation for a line k containing (1, 1) which is ultra parallel to ¢, or explain why none

exists.
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10. (5 points) Given AABC, let D and E be the midpoints of AC and BC as shown. Using any appropriate
I 1
methods from the course, prove DFE || AB and |DE| = §|AB|

¢ Method %
E @“MQ bIE ore MIJ‘PQ.'J'S Cc Ké,?(-, we ‘Aﬂle ,t;—fcll—:\'g’—c_l___g.
D Note olso that AACG amd A BCE share ¥ \BC\
the sage ¥ Thus DAR~ABCE by SAS
B
A &m’.l&if‘n‘) (:&—2 o~ previows poﬁe\. Thd meams
(&) \_A_E‘l s a2 dod. and

Method | T~ IS ®lSo Q, a3 needed,

E-bD= {%%— A;C = %.(B'A\ (b LObE=LcAg = BE || AR

(Mponda\\s amales)
/\\/\u.s E-D \\ B-A ond E-D is Walf
X [.onﬂ as 3-A.

11. For each of the following statements, indicate whether it is True or False by circling the corresponding answer.
Briefly justify your answer.

(a) (4 points) Let ABCD be a simple quadrilateral. If A+ B = C + D, then ABCD is a parallelogram.

True
(/\\t\e ondikion 16 Q= AtC \

(b) (4 points) If ADEF is the image of AABC under a conformal affinity, then their areas must be equal.
True

Conboemal affinibies can sude IR”‘, thanging The orea
(Mol similasidy )



