yors B=.f [ L
§Lnear Transforma?i_())n./”) cofrmin ML -
In general, given any m x n matrix B, we can define & function ¢ : R* — R™
by g(x) = Bx that maps from R” to R™. Then g is a linear transformation.

/o -
Ex:  A- [3 ) J/ 2 X3 et

2
3
Define F i) = AR, R e verr 2 KT

(\
)
¥ ox
(g
A+ (
~J
NN

jt(’/2/3): I -3 = /'/)J
342+ 6 1 ‘

jC wc./,; & VTuy </, 2;3) W 1/123 To 6 el (\2/”)

m R

On the other hand, given any function g, then g may not be a linear transfor-
wap AV m R 4 o vetn MR

mation. ~ 4
=02 _ ' _
For éxample, g(lff_,g) = (x*,y,x) and g(%z) = (w) are not linear trans
formations. R R* 3 n .

Example 6. For fL(_af,yj = (4_334— 2y, y/m, x+y), can you find a matriz A such
that f(x) = Az. g R

Frry) = Gy, L xey)
[ 4 2) P@} ) T :&MLL}.

[
’ 2x L. = a=%
b =72
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§Determinants and linear transformations. A linear transforma-
tion 7" : R" — R", then T' is associated with a n X n matrix.

1. A linear transformation T : R' — R! of the form T'(z) = az for some
scalar a. = [a][x] =[2<]

Example 7. (a) A one-dimensional linear transformation T (x) :@z
T ()= 0
T = 3. T = 3xX

(o)

(I-llnn} f I//lllls}
) " o ( 1 7

e I/IAA/;S [0,(] onte [o} B_J.
the /wj-rla 78 Mue a,r.zol }/ n%ﬁgfw

e

(b) T(x) = —0.5z.

/{ S-0.5X,
Y

[AYIIITW
.

Al
_05 ©

€ fongeh o [os, 0] doesed boa fato

[on
” A I-o51
@ sy A CoF) wles et T reveres

the opAevtation,
2
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2. A linear transformation T : R? — R2 of the form

)1

2

~ b

T(x,y) = (ax + by, cx + dy) = [c d

J

where a, b, ¢, d are numbers.

Example 8. (a) A two-dimensional linear transformation

Coute, clsclenilo

—2 0
e[ 2]
. o unlev okl ﬂ:
(©,1) (l.7)
T
]:2 Y (2,0)
X 5 K
(0.9) (':\o) « II
| -
TLO,D)C(O,D) l {2
T (lo)=1]-27° IJ:[’ZJ
SR Tl —
e -
b 2 ( )
10 = [ 35 HE ]
awa 1€ =/ O  oea Q/: @a\za K
o e [2/ = 4’













































































(b) A two-dimensional linear tmnsformatz’on

—1 —1
Ty =], 4

0 — X — e — K C/ocl’wge
(aw«t&/c,’t)‘—l(w'?—e
“2, 4
2
X, (- 3)
(©,1) (.7)
lZ (’) I\j\
» % e \‘ '
(o.) (',0) [‘9,0)

Tenn = S]]
, I 5.

(| tmereace y o1 ﬁcfﬂfﬁ/&f:{ﬂ}

”] ¢« 0 <o [ seweaes the oiedeton
/
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3. A linear transformation T : R3 — R? of the form

2 1 1 T
T(X){l 2 1] {y]
-3 -1 2 z

@ d;u‘f [ ] S O , o e wor/es +ha  ovieutsTon,

& 7 6%}90\'4& the  wolunes 7[ ékgefy
a 'Fo\.c-fm/ ‘,—7[ /’2)

@ T Mq/} N /70“/0 Hé o f;‘ F.{(y{ v MTnr \_PO'MHZ{@]JM/

[ See e ath ,\A(?JLTS (Port 5) o /J?C‘Cu)«ef ‘/
(Oth.a inaa/ .
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§How linear transformations map parallelograms and parallelepipeds?

a b
LetA[Cd

T : R? — R? given by

] with det(A) # 0. A 2-dimensional linear transformation

T(z,y) = (az + by, cz+dy) = [Z Z] [:;]

where a, b, c,d are numbers. Then 17" maps parallelograms onto parallelo-
grams and vertices into vertices.

If Aisa 3x3matrix with det(A) # 0, then a 3-dimensional linear transformation
T : R? — R? given by Tx = Ax maps parallelepipeds onto parallelepipeds.
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§Geometric properties of the determinant.

We have learned that the determinant of a square matrix can be related to the
area or volume of a region.

In particular, for the linear transformation f(x) = Ax, the determinant of A
reflects how the linear transformation f can scale or reflect objects.

1. The absolute value of the determinant reflects how the linear transformation 7’

expands or compresses objects.

Properties:
o |det(cA)| = ¢"|det(A)| in n-dimensions.
Example 9. 7 we | dex(B)] = 7 | det A}

. g 1) /LI,I
P g
B= QA \3/ (2,00 'F 5

4

2. The sign of the determinant determines whether the lineartranforiation T
preserves or reverses orientation.

]

e det(cA) = "det(A) in n-dimensions.
3. The effect of multiplying matrices. 1 o]
o det(AB) = det(A)det(B). =" [ ° |

4. The determinant of a matrix inverse. '[;

o det(A™1) = detl( ;- Note that here det(A) is not zero.

A/l/ NS J‘P A/ ga‘('»'(-PTé} A—l/'\ — AA"': IV\/
ot B €O, we coll & 171’3 ?v\\/é’/ffalabz 2


































