
§Lnear Transformation.

In general, given any m × n matrix B, we can define a function g : Rn → Rm

by g(x) = Bx that maps from Rn to Rm. Then g is a linear transformation.

On the other hand, given any function g, then g may not be a linear transfor-

mation.

For example, g(x, y) = (x2, y, x) and g(x, y, z) = (x, xy) are not linear trans-

formations.

Example 6. For f (x, y) = (4x+2y, y/π, x+y), can you find a matrix A such

that f (x) = Ax.
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§Determinants and linear transformations. A linear transforma-

tion T : Rn → Rn, then T is associated with a n× n matrix.

1. A linear transformation T : R1 → R1 of the form T (x) = ax for some

scalar a.

Example 7. (a) A one-dimensional linear transformation T (x) = 3x.

(b) T (x) = −0.5x.
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2. A linear transformation T : R2 → R2 of the form

T (x, y) = (ax + by, cx + dy) =

where a, b, c, d are numbers.

Example 8. (a) A two-dimensional linear transformation

T (x, y) =

[
−2 0

0 −2

] [
x

y

]
.
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(b) A two-dimensional linear transformation

T (x, y) =

[
−1 −1

1 3

] [
x

y

]
.
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3. A linear transformation T : R3 → R3 of the form

T (x) =

 2 1 1

1 2 −1

−3 −1 2

 xy
z

 .
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§How linear transformations map parallelograms and parallelepipeds?

Let A =

[
a b

c d

]
with det(A) 6= 0. A 2-dimensional linear transformation

T : R2 → R2 given by

T (x, y) = (ax + by, cx + dy) =

[
a b

c d

] [
x

y

]
where a, b, c, d are numbers. Then T maps parallelograms onto parallelo-

grams and vertices into vertices.

If A is a 3×3 matrix with det(A) 6= 0, then a 3-dimensional linear transformation

T : R3 → R3 given by Tx = Ax maps parallelepipeds onto parallelepipeds.
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§Geometric properties of the determinant.

We have learned that the determinant of a square matrix can be related to the

area or volume of a region.

In particular, for the linear transformation f (x) = Ax, the determinant of A

reflects how the linear transformation f can scale or reflect objects.

1. The absolute value of the determinant reflects how the linear transformation T

expands or compresses objects.

Properties:

• |det(cA)| = cn|det(A)| in n-dimensions.

Example 9.

2. The sign of the determinant determines whether the linear transformation T

preserves or reverses orientation.

• det(cA) = cndet(A) in n-dimensions.

3. The effect of multiplying matrices.

• det(AB) = det(A)det(B).

4. The determinant of a matrix inverse.

• det(A−1) = 1
det(A). Note that here det(A) is not zero.
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