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These lecture notes serve as supplementary material for the course
Math4512: Differential Equations with Applications.

1 Existence and Uniqueness for the Initial Value Problem.

Consider the differential equation of order n

y™ = ft,y, ..y, (1.1)

where f is a continuous function of all its variables, which is defined for ¢ € I := (a, ) and arbitrary
values of y, v/, - -+ ,y" 1. The initial value problem, or the Cauchy problem for this equation
is the equations together with the initial conditions at some fixed point ¢y € I;

y(tO) = bOa y,(tO) = bla B y(n_l) (tO) = bnflv (]‘2)
where bg, b1, ...,b,—1 are prescribed constants. This means that if y = y(¢,Cq,Co,...,C}) is the
general solution to (1.1), then one needs to choose n constants C1,C1, ..., C, in order to satisfy n

conditions in (1.2).

Lemma 1.1. The differential equation (1.1) is equivalent to the system

dy1 dy2 dyn—l dyn
e 7 = =Yy —5 7 = Ly, s Yn), 1.3
Y = o = Un e = [y ) (1.3)
in the following sense.
(i) If y = y(t) satisfies (1.1), then y; := 3, y2 :== ¥/, ..., yn := y" satisfy (1.3).
(ii) If (y1,y2, .- ., yn) satisty (1.3), then y(t) := y1(¢) satisfies (1.1).
Proof is straightforward. 0

Correspondingly, the Cauchy problem (1.1)—(1.2) is equivalent to

% =F(tY) for tel:=(a,p), Y (to) = Yo, (1.4)

where Y and F are vector functions: Y := (y1,y2,...,Yn), Yo := (bo,b1,...,bp—1), and

F = (f1, fa,. .., fu) With f1i=yo, fo =3, ..., fact == yns Jn = [(£,Y) = f(t,y1, 02, - - - Yn)-

In turn, it is easy to check that the Cauchy problem for the differential equation (1.4) with
vector valued functions Y and F is equivalent to the integral equation.



Lemma 1.2. The vector functions Y = Y'(¢) satisfies (1.4) if and only if it satisfies
Yt) = Yo + /F(s,Y(s))ds for tel. (1.5)

It is known that the problems (1.4) or (1.5) indeed have solutions for continuous F'(t,Y"), but
in order to guarantee uniqueness, one needs to impose some additional restrictions. Technically,
the simplest condition of such kind is the Lipschitz condition with respect to Y:

’F(t,Yl)—F(t,YQH SK-|Y1—Y2‘ forall tel and Yl,Yé ER”, (1.6)

where K = const > 0. For example, this condition holds true if all the components f; of F' have
bounded partial derivatives 0f;/0xy.

Here we use the notation
1/2

|lz| == (ng) for == (x1,29,...,2,) € R™

J

We also need the scalar, or inner product

) :ijy] for .T:(.f[,'l,.’EQ,...,.Tn), y:(ylquJ"'uyn)eRn‘

Note that if Y = (y1,y2,...yn) with differentiable components, then
dy; dY
‘Y| dt(zy]) _223’] - ( dt) (L7)

Lemma 1.3 (Cauchy-Schwartz inequality).
‘(m,y)’ <|z|-ly| forall zyeR" (1.8)

Proof. This is obvious if either x = 0 or y = 0. Otherwise, if both & # 0 and y # 0, then one
can multiply = and y by appropriate nonzero constants to reduce the proof to the case || = |y| = 1.
Then (1.7) is reduced to the equivalent relation

1
(z,y ‘_ ’ijy]‘ <Z!%y]\ <5 Z(q; +y]) 5(’33‘2"“3/’2) =1 =2yl

O

Theorem 1.4 (Uniqueness). Under the Lipschitz condition (1.6), the problems (1.4) or (1.5)
cannot have more than one solution.

Proof. Let functions Yi(¢) and Y3(t) both satisfy (1.4). Combining together (1.6)—(1.8), we
get the following estimates for the function Y (¢) := Yi(t) — Ya(?):

‘_‘ﬁ_%—‘FtYi) F(t,Yg)‘SK‘Yl—Y2’:K’Y’a

(o dY dy )
Sy =2(v. ) <opy) [0 <or v



Then the function

h(t) = e KUY (#)> >0, and % = e—ﬂ“( —2K - |[Y|* + jt(|Y|2)> <0.
Since also h(tp) = 0, we must have h(t) = 0 and Yi(¢t) = Ya(t) for ¢t > ¢y. Replacing t by —t, we
also get Yi(t) = Ya(t) for t < ty. Hence Y7 and Ys cannot be distinct. 0

In order to prove the existence, we can assume without loss of generality that 3 = 0, and
consider the problem only for ¢ > 0 (otherwise we can replace t by —t. We need some auxiliary
fact from the advanced Calculus. Let X = C ([0, A],]R") denote the set of all continuous vector

functions Y (¢) on the closed interval [0, A] with values in R", i.e. Y = (y1,v2,...,ys) with scalar
components. Introduce the distance in X by the formula
dY,Z)=sup|Y —Z| for Y,Z e X. (1.9)
[0,4]

It is easy to see that (X, d) is a metric space, which means:
(i) d(Y,Z) >0,and d(Y,Z) =0 if and only if Y = Z,
(i) d(Y, 2) = d(2,Y),
(iii) (the triangle inequality) d(Y,W) <d(Y,Z) +d(Z,W) forall Y,Z, W € X.

Theorem 1.5. The metric space (X,d) is complete, i.e. every Cauchy sequence {Y;}
converges. This means that from d(Y},Y) — 0 as j,k — oo it follows d(Y},Y) — 0 as k — oo for
some Y € X.

Proof. We still rely on two more elementary facts: (i) R” with the Euclidean distance |z —y| is
complete, and (ii) every continuous function Y (¢) on a compact [0, A] is uniformly continuous:
for every € > 0, there exists > 0, such that

|Y(t1) — Y(t2)| <e forall ti,to€ [O,A] with |t1 — t2| <. (1.10)
For completeness, we provide the proofs of these facts in Section 4 below.
For every t € [0, A], we have [Y}(t) — Yy (t)| < d(Y;,Yr) — 0 as j,k — oo, so that {Y;(t)} is a
Cauchy sequence in R", therefore, there exists

Y (t) := lim Yj(t) for every ¢t e [0,A] (1.11)
j—00

We have to show that Y € X, i.e. Y (¢) is continuous and satisfies the above property (1.10).
Fix € > 0 and then choose a large enough k, such that d(Y},Y;) <e/3 for all j > k. Then

Y (1)~ Yi(t)] = lim [Yj(t) — Yi(t)| < supd(Yj,Yy) < = for every ¢ € [0, A].
Further, applying (1.10) to the functions Y} with £/3 in place of £, we can get a constant § > 0,
such that

‘Yk<t1) — Yk(tg)’ < for all t1,t5 € [O,A] with ’tl — tg‘ < 4.

w| ™

For such 1,15, we also have

[¥(12) = Y (12)] < ¥ (1) = Ylta) | +[¥i(h) = Yi(ta)] + YVelta) = Y ()] < 5+ 5+ 5 =<

This means that Y satisfies (1.10) and belongs to X. 0O



Theorem 1.6 (Existence and Uniqueness). Under the Lipschitz condition (1.6), the prob-
lems (1.4) or (1.5) have a unique solution.

Proof. Since these two problems are equivalent, we can deal with integral equation (1.5), which
means that Y is a fixed point for the transformation T:

Y(t) =TY](t) := Yo + /F(S,Y(s))ds for 0<t<A. (1.12)
0

It is convenient to introduce another distance on the metric space X as follows:

do(Y, Z) := sup e 2K (Y — Z)(t)] for Y,Z € X. (1.13)
[0,4]

Comparing with the distance d(Y, Z) in (1.9), one can see that dy < d < e*(£4dy, so that previous
Theorem 1.5 is equally applicable to the metric space (X, dp). In terms of this distance, we have a

pointwise estimate
(Y = Z)(t)| < do(Y, Z) - *Et for 0<t <A (1.14)

We claim that T is a contraction in (X, dp):
1
do(Vl, Wl) S ido(v, W), where V1 = T[V], W1 = T[W], for V, W e X. (1.15)

Indeed, by virtue of (1.12) and (1.14),

Vi = w0 = [T = T = | [ [Pl v(s) - Flsw o) as
0

¢ t
1
< K/ ‘(V — W)(S)’ds < Kdo(V, W) - /€2K5d8 < §do(V, W)eQKt,
0 0

and then (1.15) follows by definition of dy in (1.13).

Now we introduce the sequence
Yo(t) =Yy, and then Yiyq:=T[Ys] for £=0,1,2,....
Iterating the estimate (1.15), we obtain
do(Yi, Vip1) <27 Vdo(Yee1, Vi) < --- < 27%Cy, where Cp := do(Yp, Y1)
Further, using the triangle inequality, we also get

do(Yr,Y;) < do(Ye, Y1) + do(Yeg1, Yiq2) + - + do(Yj—1,Y;)
<(@F+2 Ry c <2 R0y for j >k

This means that {Y;} is a Cauchy sequence in (X, dp), and by Theorem 1.5, there exists Y € X
such that do(Y%,Y) — 0 as k — oo.



Finally, we claim that Y is the desired solution of (1.12), i.e. Y = T[Y]. Indeed, denote
Z :=T[Y]. They by (1.15), we have

1
dO(Yk—f—l,Z) < ido(Yk,Y) —0 as k— oo.
Then
do(}/, Z) < do(K Yk) + do(Yk,Yk+1) + do(Yk+1, Z) —0 as k — oo.

But the left hand side does not depend on k, which means that Y = Z = T[Y].

Independently of Theorem 1.4, the uniqueness follows immediately from (1.15): if both V' and
W are fixed point for T, then V3 = V, W7 = W, and the inequality do(V, W) = do(V1,W7) <
271dy(V, W) is only possible if do(V,W) =0and V = W. 0
Since the problem (1.1)—(1.2) is equivalent to (1.4), one can re-formulate Theorem 1.5 as follows:

Theorem 1.7. Let the function f in (1.1) satisfies the Lipschitz condition with respect to
the variables 3,7/, ...,y™ 1) on every closed subinterval Iy := [ag,Bo] C I := (a, ). Then for
arbitrary tg € I, and arbitrary b, by,...,b,_1 in R, there exists a unique solution to the problem
(1.1)-(1.2).

2 Linear Homogeneous Equations.

We first consider linear homogeneous equations with variable coefficients.

Theorem 2.1. Let pg,pi1,...,p, be continuous functions on an interval I := («, ), po # 0.
Then for arbitrary to € I, and arbitrary bg, b, ..., b, in R!, there exists a unique solution y = y(t)
of the equation

n
j=0
where we set y(©) := g, with the initial conditions
ylto) =bo, ¥'(t)) =b1, ..., y" D(to) =bn_1. (2:2)

Proof. Dividing by Py # 0, we reduce the proof to the case pg = 1. Then one can rewrite (2.1)
as follows:

y™ = fty,ys oy ) = ()Y — = pa i (DY — pa(t)y. (2.3)

On every closed subinterval Iy C I, we have |p;| < K for all j with a constant K depending on
Iy. Then automatically the function f in (2.3) satisfies the Lipschitz condition with respect to the
variables v, v/, ...,y 1 on Iy, and the claim follows from Theorem 1.7. O



Definition 2.2. A fundamental set of solutions of the equation (2.1) is a set of solutions
Y1,Y2, - - -, Yn, for which the Wronskian

Y1 Y2 oo Yn
/ / /

W= Whnye vl = T 7 T (24)
ygnfl) yénfl) o ygnfl)

is nonzero at some point g € 1.

Theorem 2.3. The previous definition is equivalent to the statement that the solutions
Y1,Y2,-..,Yn are linearly independent on I, i.e. the identity

yi=ciy1t+cyo+---+cys, =0 on [ (2.5)

with constants c¢1,co,...,c, is possible only if ¢y =co=---=¢, =0.

Proof. Let W (ty) # 0, and let the identity (2.5) hold true with some constants c;.

By differentiation, we get a system of n equations with n unknowns c¢1, co, ..., cp:
Y =+ eyt A+ ey, =0, (2.6)
y(=b = C1y§n_1) + C2y§"_1) + et cnyﬁbn_l) =

From Linear Algebra it is knows that this system has non-trivial solutions (not all ¢; are zeroes)
if and only if the determinant of the matrix of coefficients if zero. This determinant is exactly the
Wronskian W in (2.4). Since W (tgp) # 0, we must have ¢; = ¢a = -+ = ¢, = 0, which means that
Y1,Y2, - - -, Yn are linearly independent on I.

Now suppose that W (tp) = 0 at some point ¢ty € I. At this point, the system (2.6) has nontrivial
solution ¢y, ¢, ..., c,. Then the function y := c1y1 + coya + - - - + ¢y, satisfied the equation (2.1)

with the initial conditions y(ty) = ¢/ (to) = --- = y(® D (ty) = 0. By uniqueness of solution to the
problem (2.1)—(2.2), we must have y = 0 on I, hence y1, y2, . .., y, are dependent on I. In this case,
we also have W =0 on [I. 0

In the rest of this section, we consider the equations (2.1) with constant coefficients
po#oaplv"' y Pn -

The characteristic polynomial of this equation is

n
p(r) =por" +pir" T+ paar pn =Y pajr.
=0

It is known from Algebra that any polynomial p(r) can be represented in the form

p(r) = po(r —r)™ (r —ra)™ - (r — o)™ = po [ [(r =)™, (2.7)
j=1



where 7; (j =1,2,--- ,s) are distinct (real or complex) zeros of p(r) and m; are their multiplici-
ties. One can re-write (2.1) as follows:

Ly=p(D)y = an,ijy =0, where D := e (2.8)

=0

Lemma 2.4
p(D)eM = p(A)e.

This lemma is a particular case of the following one with v = 1.

Lemma 2.5
p(D)[Mv(t)] = Mp(D + Ao(t). (2.9)

Proof. We have
D[eMu(t)] = AeMu(t) + Mo/ (t) = eM(D + No(t),

D[Mu(t)] = D [D[e%(t)]} -D [eM(D +Nu®)| =MD+ A) (),

etc.,
Di[eMu(t)] = (D + M) o(t)

for all j, and finally,

n

p(D)[eMo(t)] =D pu DI [eMv(t)] = €MD pu_i(D + N v(t) = eMp(D + Mu(t).
=0 i=0

Corollary 2.6 If p(r) has a root Ag of multiplicity mg, then
p(D)[e**] =0 for k=0,1,--- ,mg—1.
Proof. We have p(r) = q(r)(r — X\o)™° for some polynomial ¢(r). Hence
p(D)[e*"F] = eX'p(D + Xo)t* = e'q(D + A) D™t* =0
for all £k <mg—1. 0O

Using this Corollary, we now prove the following

Theorem 2.7. Consider a linear homogeneous equation (2.1) with constant coefficients. Let its
characteristic polynomial p(r) be represented in the form (2.7) with distinct r;. Then this equation
has n linearly independent solutions

therit (j=1,2,...8; k=0,1,...,mj — 1), (2.10)
so that its general solution is
S m]‘—l
Yy = Z Z cjithert, (2.11)
j=1 k=0



Proof. By Corollary 2.6, the functions t¥e"i? in (2.10) satisfy the equation (2.1). It remains to
show that these functions are linearly independent, i.e. the function y in (2.11) is identically 0
if and only if the coefficients c; ;, = 0 for all j, k. This means that for distinct 71, --- , 7, and arbitrary
polynomials P, --- , Ps,

S
Y e'P(t)=0 <« Pi(t)=0 forall j (2.12)
j=1
For s = 1, this statement is trivial. Suppose it is true for some s > 1 and arbitrary distinct
r1,--- ,rs, and show that it remains true for s + 1 as well. Let
e P(t) + -+ €T Py(t) + € Py (1) = 0. (2.13)

Note that DV P,,; = 0 for large N. Dividing (2.13) by ¢"s+!* and differentiating N times, we obtain
DY [em—fsﬂﬁpl () + -+ e“‘s—rsﬂﬁps(t)} = 0. (2.14)
For r # 0, and any polynomial P,
D (e"P) = (e”P), =" (r+D)P=c" (rP+P)=¢€"Q,

where the polynomial @ = rP + P’ has same degree as P, and Q = 0 <= P = 0. Repeating this
operation N times, we rewrite (2.14) as follows:

e(rrrerl)th(t) 4.4 e(TSfrsH)tQS(t) =0, (2.15)

where Q; =0 <= P; =0 for all kK < s. By our assumption, (2.15) implies @); = 0 for all j < s.
Then P; = 0 for all j < s, and now (2.13) yields Ps;1 = 0, so that (2.12) holds true for s + 1. By
induction, it holds true for all s. 0O

Remark 2.8. If the set of distinct roots {r;} in (2.7) contains complex numbers, then they
can be grouped by pairs « + i of the same multiplicity. In this case, one can replace each pair of
complex valued solutions in (2.10),

the B py R cosBt,  tFe™ sin St

Remark 2.9. In the case when every root r; in (2.7) has multiplicity one, we have the fun-
damental set of solutions {yj(t) =€, g =1,2,... ,n}. Then one can re-write the Wronskian in
(2.4) as follows:

erlt ergt ernt
W= W[erlt, erzt, o ernt] — 7‘167"115 Tgerzt ... TneTnt
r{z—.iérlt ,r,g—.iérgt rgfl.érnt
1 1 . 1
= elmtrettrlty © where Vi, = Vilri,ra, ...,y i= " I (2.16)
rit o ppt rr-l



The determinant in (2.16) is called the Vandermonde determinant. The fact that V;, # 0, and
therefore W # 0, follows immediately from the following explicit expression.

Theorem 2.10. The Vandermonde determinant in (2.16)
Valrisre, ..o rn] = H (i —15).
1<j<k<n

Proof. This is obviously true for n = 2 : Va[ry,re] = ro — r1. For n > 3, Consider V,, as a
function of 7, with fixed r1,79,...,7,—1. This is a polynomial of degree n — 1 with n — 1 roots
T1,72,...,Tn—1, because if r, = r;, 1 < j <n —1, then the 4" and n** columns in (2.16) coincide,
hence V,, = 0. Therefore,

Valrisre,.oyrn] = (rn — 1) (rn — 1) - (1 — 1) - V' = H (rp—rj)- V7,

1<j<n

where V* does not depend on r,. One can see that V* is the coefficient of 77~!. Comparing with
the decomposition of the determinant in (2.16) with respect to the last column, we conclude that
V* =VI[ri,re,...,rn—1]. The rest of the proof follows by induction. 0O

3 Linear Nonhomogeneous Equations.

Here we consider equations with constant coefficients.

Theorem 3.1. Consider a linear nonhomogeneous equation
Ly = poy™ +pry™ ) + - 4 pa1y/ + pay = €¥'Qy (3.1)

with constant coefficients pg # 0, p1, ..., pn, where Qs is a polynomial of degree s. If \g is a root of
the characteristic polynomial p(r) = por™ +p17" 1+ - -+ pp_17+py, of multiplicity mg > 0 (mg = 0
if p(Ag) # 0), then there exists a particular solution of this equation of the form

yp(t) = ™0 Py(t), (3.2)

where P; is a polynomial of degree s.

Proof. Consider the linear mapping TP = e 'L, [erttmO P} on the set P, of all polynomials
of degree < s. We can write L = p(D) = q(D)(D — A\g)™°, where g(A9) # 0. By Lemma 2.5,

TP = e 2otg(D)(D — o)™ [e’\ottmOP] = g(X\o + D)D™ M P] . (3.3)

It is easy to see that TPy C Pg, i.e. T is a linear mapping of the linear space Ps of finite dimension
into itself. Moreover, since

/)\ //)\ (n)

q(Ao + D) = q(Xo) + T o1 o

we have

TP =q(\o+ D)D™ [f™P) =0 <+ D™ [{™P|=0 <= P=0.



From Linear Algebra it is known that T is a one-to-one correspondence. Therefore, for given
Qs € Ps, there exists a unique P; € P; satisfying TP; = Q. In other words, L [e*"t™0 P,] = eM!Q),,
which proves our statement. 0

Theorem 3.2. Consider a linear nonhomogeneous equation
Ly = poy™ + p1y™ ™D + -+ pp_1y/ + pay = €' [Qs cos fot + Q7 sin fot] (3.5)

with real constant coefficients py # 0,p1,-- -, pn, where Qs and @} are polynomials of degree < s,
and «p, By are real numbers. If \g = ag + iy is a root of the characteristic polynomial p(r) of
multiplicity mg > 0, then there exists a particular solution of this equation in the form

yp(t) = ™0 [Py cos Bot + Py sin Bot] (3.6)

where Ps and P are polynomials of degree < s.

This theorem follows from the previous one by re-writing e cos By and e®°’sin 3y through
elaoFifo)t a5 in Remark 2.8.

Linear nonhomogeneous equations Ly = f with constant coefficients and zero initial conditions
at time ¢ = 0 can be considered as a particular case of systems with “input” f(t) --» “output”
y(t), satisfying two properties:

(i) Linearity: if f;(t) --» y;(¢), then >" ¢;f;(t) --+ >_ ¢jy;(t), where ¢; are constants. By approxi-
mation, this property is also extended to integrals as limits of Riemann sums.
(ii) Delay property: if f;(t) --» y;(t), then f;(t — 1) --» y;(t — 7) for every 7 > 0.

Let h(t) be the “output” for unit “input”:

wo(t) = {0’ E<0 L ), (3.7)

1, ¢t>0.

If f(¢) is a smooth function for ¢t > 0, then
¢ 0o
f&)=f +/f' Ydr = f —|—/f’ Juo(t — 7) dr, t>0.
0 0

By the properties (i), (ii), we have f(t) --» y(t), where

o0

y(t) = f +/f’ h(t —7)dr, t>0.

0

Since h(t) = 0 for t < 0, after integrating by parts, we obtain the Duhamel’s integral

y(t) = (f*h)(t) := [ f(r)h'(t —7)dr, t>0. (3.8)

o .

In application to our equations, this result can be formulated as follows.

10



Theorem 3.3 (Duhamel). Let A(t) be the solution of the equation with constant coefficients
Lh = poh™ + pih" D 4.4 p (W 4+ p,h=0 for ¢>0,

with the initial conditions h(0) = h/(0 = ---A»=1D(0) = 0. Then the function y(t) in (3.8) is the
solution of Ly = f for ¢ > 0, with the initial conditions y(0) =%/(0 = ---y™~1(0) = 0.

The following example is just for demonstration, the suggested method here is not the shortest
possible.

Example 3.4. We will apply this theorem to the problem
y" +y=sint, y(0)=1%(0)=0. (3.9)

We have h(t) =1 — cost, h/(t) = sint, hence

y(t) = (sint) * (sint) = /0 sin(t — s) sin s ds.

The equality
1
sina - sin 8 = i[cos(a — B) — cos(a + B)].
implies
s=t

1 .
— scost zi(smt—tcost).

[sin(t — 25) -

y(t) = 1/0 [cos(t — 2s) — cost] ds = % —

2

Example 3.4. Solve the problem
Ly=y"+4y +4y=t"2e72" for t>0, y(1) =¢/'(1) = 0.

Note that the right hand side is not integrable near the point ¢ = 0, but we still can use formula
(3.8) with 1 in place of 0 as the lower limit of the integral. We have

1 /1t
h(t) =~ — (Z + 5)6*22 R (t) = te™%;

t
T 27 (t — T)e_g(t_T)dT = 2 /(7'_2t — 7 Ydr
1

= e_2t<— ; —1117')

In this example, a shorter way is to write y = (c1 + cot)e 2 + Yp, find a particular solution in
the form y, = e *'v:

<
—~
Nt
I
»—l\ﬁ_
=
2
=
-
|
2
IS
)
I
H\ﬁ.

T=t

= e 2(—1—1Int +1).

=1

Ly, = (D + 2)2(6_2t’l}) —e D% =127 W' =t2, v =—t"', v=—Int,

and then find the constants ¢; and ¢ from the initial conditions.

11



4 Proof of Auxiliary Results.

Here we give the proofs of statements (i) and (ii) in the beginning of the proof of Theorem 1.5, in a
more general setting. These facts are well known, and they can be formulated in a few equivalent
ways. We choose the formulations which are most convenient for our applications. In this sections,
we deviate from our notations z = (z1,z2,...,2,) € R™ in what follows below, z1,z2,... are
points in R™.

Theorem 4.1 (Bolzano—Weierstrass). Every bounded sequence {z;} = {z1,22,...} in R”
has a convergent subsequence {zj, }, k =1,2,..., i.e.

there exists zg = lim zj,. (4.1)
k—o0

Proof. We first consider the case n = 1. Since {z;} is bounded, there exists an interval
Iy = [ap.bo], which contains all the points z;. Divide Iy into two equal parts at the center point
co == (ao +bo)/2 € Ip:

Ipn=1I,ulIl, where I :=[ag,co], I{:=]co,bo].

Then at least one of subintervals I or I contains infinitely many z; (more precisely, z; for
infinitely many indices j). Denote I} := [aj,b1] one of such intervals. Continuing in a similar
manner, we get a sequence of nested intervals

IoDIlDIQD"'DIk::[CLk,bk]D"',

where each interval I}, contains infinitely many x;. By construction, {a;} is non-decreasing, {by}
is non-increasing, ay < by, and by — ar = 27%(bg — ag) — 0 as k — oco. These are bounded
monotone sequences, hence

there exists zg = lim aj = lim b. (4.2)
k—o00 k—o00

Now choose a sequence 1 < j1 < jo < --- < jj < ---, such that x;, € I for every k. It is easy
to see that the point xg in (4.2) also belongs to I for every k. Therefore,

|z, — xo| < b — ay, :2_k(b0—a0) —0 as k— oo,

which means that we have the convergence in (4.1).

In the general case of arbitrary dimension n, if {z;} is a bounded sequence in R", then we use
the previous argument to select a subsequence of {x;}, for which their first coordinates converge in
R!. Out of resulting subsequence, choose another subsequence, for which their second coordinates
converge in R'. Proceeding in a similar way, we end up with a sequence for which all n coordinates
converge in R', which is equivalent to the convergence in R”. 0

Closed and compact subsets in R™ can be defined by means of sequences as follows.

Definition 4.2 (a). A subset K C R" is closed if from {z;} C K and ; — x¢ as j — oo
it follows xg € K.

(b). A subset K C R" is compact if every sequence {z;} contains a convergent subsequence
Zj,, and its limit zg belongs to K.
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Theorem 4.3. A subset K C R" is compact if and only if it is bounded and closed.

In one direction, this theorem follows immediately from Theorem 4.1 and the above definitions.
We need it only in this direction, namely, we need the fact that the closed interval [0, A] is compact.
It is also easy to prove it in the opposite directions.

Definition 4.4. A sequence {z;} in R" is a Cauchy sequence if |z; —z;| = 0 as i,j — oo.
More formally, for every ¢ > 0, there exists a natural number m = m(e) such that
|z; —x;] <e forall i,j>m. (4.3)
One can also re-write (4.3) as follows:

Em = sup |z; —zj| >0 as m — oo (4.4)

Theorem 4.5. R™ with the Euclidean distance |x —y| is complete, i.e. every Cauchy sequence
{z;} in R™ converges.

Proof. Let m; be the constant m in (4.3) corresponding to £ = 1. Then from (4.3) it follows:
|25 < |@m,| + [Tm, — 2] <|Tm,|+1 forall j>my.
Therefore, the sequence {z;} is bounded:
|| <M = max{]:nﬂ, |zl .oy [Ty =1, |Tm, | + 1} for all j>1.
By Theorem 4.1, there exists a subsequence {z;, } convergent to zp € R™. Finally, we can use
(4.4) with i = m and j = ji:

|Tm — 20| = lim |z, — 25| <em =0 as m — oo.
k—o0
This means that the whole sequence {z;} also converges to x. 0

One can also define continuity in by means of sequences.

Definition 4.6 (a). Let f(z) be a function defined on a set K C R™. We say that f(x) is
continuous at the point zg € K, if from {z;} C K and x; — xo it follows that f(z;) — f(z¢) as
j — 00. The function f(z) is continuous on K if it is continuous at every point g € K.

(b). The function f(z) is uniformly continuous on K if from {z;},{y;} C K and |z;—y;| = 0
it follows that |f(x;) — f(y;)| = 0 as j — oo.

Theorem 4.7. If a function f(x) is continuous on a compact K C R™, then it is uniformly
continuous on K.

Proof. Suppose that this statement fails. Then there is a constant € > 0 and two sequences
{z;},{y;} € K, such that

lzj —yj| -0 as j— oo, but |[f(z;)— f(y;)|>e>0 forall j (4.5)

By Theorem 4.1, we can choose a subsequence zj, — xg € K as k — oo. Then also y;, — o,
and since f(x) is continuous at the point z¢, we must have f(z;,) — f(zo) and f(y;,) — f(xo) as
j — oo. Therefore,

[ (zge) =yl < 1 (25) = (o)l + | f(yj) = fwo)| = 0 as k= oo,

in contradiction to (4.5) with j = j. This contradiction proves the statement. =
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