Math 8601: Real Analysis: Fall 2015
Chapter 1: Measures

This note is supplementary to the textbook:
G.B. Folland, REAL ANALYSIS. Modern Techniques and Their Applications. 2nd Edition.
We keep same notations for same or similar statements, for which our proofs deviates from the text, and
add some material from other sources. Statements or formulas, which are different or not numbered in the
textbook, are labeled by “I-...”. We also use label “B-...” in references to Appendix B, e.g. Theorem B-4
means Theorem 4 in Appendix B.

Definition I-1. A measure u on a measurable space (X, M) is called complete if
FCEeM, wE)=0 = FeM.

This definition is a bit misleading: it would be more natural to call o-algebra M complete, but we cannot
break this tradition.

The following formulation is equivalent to that in the textbook.

1.9. Theorem. For an arbitrary measure space (X, M, i), denote
ﬂ = {E - X EELQ € M such that E1 - E - E2 and ‘LL(EQ \El) = 0} (I—l)

Then M is a o-algebra containing M, and there is a unique measure [ on M such that t = 1 on M. The

measure space (X, M, i) is called the completion of (X, M, u).

Proof. If By C E C Ey, then E§ C E¢ C Ef. Since E{ \ ES = Ey \ Ey, from E € M it follows E¢ € M.
Next, let a sequence {E(j)} C M. Then

3E§]2) € M such that E%j) C EVY C Eéj) and M(Eéj) \Eij)) —0
J j j
Here Ey 2 € M, and

u(B\ By) < u<U (ES \E?’)) <> u(EP\EY) =0
J J

This means that E € M. Since M is closed with respect to operations of taking complements and countable

unions, it is a o-algebra.

It is easy to verify that 7i(E) := u(E;) in (I-1) is a unique o-additive extension of y from M to M. O

Definition I-2. An outer measure on a nonempty set X is a function p* : 2% — [0, 00] such that

(i) n(0) =0,
(ii) (monotonicity) AC B = u*(A4) < p*(B),
(iii) (subadditivity)

o0

M*< QAJ) <Y (4. (I-2)

—1

A set A C X is p*-measurable if
p(E) = p*(EA) + p*(EA°), VE C X. (1-3)

1.11. Carathéodory’s Theorem. The collection M of all *-measurable sets is a o-algebra,
and p* is a complete measure on M.
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Proof. (i). Obviously, A e M = A° e M.

(ii). Next we show that M is an algebra. By induction, it suffices to verify that from A, A € M
it follows A := A; U Ay € M. Note that X is the union of four disjoint sets

Cl = A1A2, 02 = AlAg, Cg = ASAQ, and 04 = AEAS (1-4)

Since A; € M, for an arbitrary £ C X we have

2

= Zu*(Ek), where FEj:= FEA;, FEj:=Af.
k=1
Since Ay € M, we also have
1 (B) = i (B ) + 1 (B AS) for & =1,2.
From these equalities it follows
2 4
B) =" (' (Beda) + 1 (BrA3)) = > 1" (EC). (1-5)
k=1 j=1

Now note that A := A; U Ay = C; UCy U35, and A° = A{AS = C4. Using subadditivity twice and then
(I-5), we derive

p*(E) < p*(BA) + p* (BA°) Z w*(E).

Since the left and right sides coincide, we arrive at (I-3), i.e. A:= A; U Ay € M, and M is an algebra.

We include the following lemma inside of the proof. Note that we first get o-additivity of u* on the algebra
M, and then show that M is actually o-algebra. This lemma is formulated in Exercise 17 on p. 32.

Lemma I-3. Let {A;} be a sequence of disjoint sets in M. Then

EA):Z'M*(EAj)’ EC X, where A::UA]-. (1-6)

j=1
In particular (for E = X ) we have o-additivity of u* on M.

Proof. First consider the case of two sets Ay and Ay, i.e. A; =0 for j > 3. Then in (I-4)
Cp:=A14,=0, Cy:=A14A5=A4,, C5:=AjA,=A,, and Cy:= AJA5= (AU As)".
Now (I-5) can be rewritten as
P (E) = @ (EA) + p* (BA2) + p" (E(A1 U Az)°).
On the other hand, since A; U As € M, we also have
W (B) = 1 (B(Ay U A2)) + p* (E(A; U Ay)°).
Comparing these two equalities, we see that

1 (B(A1U Ap)) = p*(BAL) + i (E),
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i.e. (I-6) holds true for two sets. By induction, this equality is extended to any finite number of disjoint sets
Aj e M:

P (EBy) = p*(EA;), where B, :=|]A; € M. (I-7)
j=1

Jj=1

By monotonicity, u*(EA) > p*(EB,). Since n is arbitrary, we have the inequality “ >" between the two parts
in (I-6). The opposite inequality is always true by subadditivity. Lemma is proved. O

Now we complete the remaining parts of the proof of Carathéodory’s Theorem.

(iii). Next we show that M is a o-algebra, i.e. the set A in (I-6) belongs to M. By the equality (I-6) and
relations B,, C A, BS O A°, we get

p*(E) = p*(EBy,) + p* (EBy) > Z W (EA;) + p (EA°).

By taking n — oo and using subadditivity, we obtain
() = S 1 (BA) + 1 (BAY) = p* (BA) + ' (BA) = ().
j=1

Since both sides coincide, we must have the equality in (I-3), i.e. A € M. Hence M is a o-algebra, and p* is
a measure on M.

(iv). Finally, if A C X satisfies p*(A) = 0, then
pr(E) < p(BA) + p* (BA) < p*(A) + p* (E) = p*(E).

As in the previous arguments, we must have the equality in (I-3). Therefore, from p*(A) = 0 it follows A € M,
and by Definition I-1, p* is a complete measure on M. Theorem is proved. O

Definition I-4. A premeasure on an algebra A C 2% is a function ug : A — [0, 00] such that

(i) () =0,
(ii) po is o-additive on A: if A € A is a countable union of disjoint sets A; € A, then

po(A) = ZMO(AJ‘)-
=1
It induces an outer measure on X:
p(E) = inf{Zuo(Aj): Aje A, EC UAj}. (1.12)
Jj=1 j=1

This is an outer measure according to Proposition 1.10. Its proof is similar to that of Theorem B-4.

Proposition 1.13. (a) p* = uo on A; (b) every set in A is p*-measurable.
See the textbook for the proof.

In the following theorem, the equivalence (i) <= (i) is formulated Exercise 19 on p.32. In the case when
A = (finite unions of intervals in R'), the implication (i) = (#i4) is contained in Proposition 1.20.
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Theorem I-5. Assume that po(X) < oco. Then the following are equivalent:
(1) A is p*-measurable in the Carathéodory’s sense:

W (E) = i (BA) + w' (BA?),  VE C X;

(if) po(X) = p*(A) + p*(A°);
(iii) Ve > 0, 3B € A such that p*(AAB) < ¢

Proof. (i) = (ii). Take E = X and note that u* = uo on A.
(ii) = (iii). Let A satisfy the property (ii). Fix € > 0. By (1.12),

JA; € A suchthat AC U A; and Z,uo(Aj) < p(A) +e.
=1 =

Since p*(A) < po(X) < oo, the last series converges, and for a large enough n we have

i fo(A4;) <e.

j=n+1
Then A C BU B’, where
B:=|JA;€A and B := [J A; satisfies p*(B)< Y mo(4)) <e.
j=1 Jj=n-+1 Jj=n+1

Therefore,

B (A) < po(B)+ " (B) < Y puo(Ay) < ' (4) 2.

Similarly, A C C UC’ with C € A, p*(C') < ¢, and
W (A%) < 10(C) + i (C') < " (A%) + 2.
We have X = (AU A°) C (BUC) U B’ UC®, where by additivity of ug on A,
po(BUC) = po(B) + po(C) — po(BC).
From these relations together with (ii) it follows

1o(X) UC) + 1 (B') + (€

(B
tio(B) + 1" (B') + 110 (C) + p*(C") — po(BO)
“(A) + p*(A°) + 26 — po(BO)
to(X) + 2& — po(BC).

Therefore, uo(BC) < 2¢. Finally, since

4o

AN VANVAN
7;

A\BCB', B\A=BA°CB(CU(C')C (BC)uC’,

we get
§(AAB) < @ (A\ B) + " (B\ A) < " (B') + 11o(BC) + " (C") < 4e.

After replacing € by €/4, the desired property (iii) follows.
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(iii) = (i). Let A satisfy (iii). Fix € > 0 and choose B € A such that p*(AAB) < e. Note that
ACBU(A\B) C BU(AAB), A°C B°U(A°AB¢)=B°U(AAB).
Hence for an arbitrary £ C X,
w(FA) < u*(EB)+ p*(AAB) < u*(EB) +e, p"(EA®) < u*(EB°) +e.

This implies
W (BA) + p*(EA®) < p*(EB) + p*(EB°) + 2.

Further, by (1.12),
H{A;} C A suchthat EC|JA; and Y po(4;) < p*(E) +e.
j=1 =
By subadditivity of z* on 2% and additivity of po on A, we get

u(BA) + 5 (BA) < u*(fjmjm) ar( i(@BC)) T

j=1

IN

D no(A;B)+ Y po(A;B%) + 2¢
j=1 j=1

= ) o(A)) +2 < p*(E) + 3¢.
j=1

Since ¢ > 0 is arbitrary,
1 (B) < p* (BA) + u*(BA%) < 1(B),

and the property (i) follows. Theorem is proved. O

In comparison with the textbook, the following theorem is restricted to the case of o-finite ug.
On the other hand, we consider extensions to the set of all y-measurable sets, with contains M := o(A). An
alternative approach to part (ii) is outlined in Exercise 22a on p.32. Our proof may be longer because we
incorporate a few useful facts. For example, the completion of M with respect to p can be described as the
family of all sets A C X such that u*(AAAg) =0 for some Ay € M := o(A).

1.14. Theorem. Let uy be a o-finite premeasure on an algebra A C 2%X. Denote M := o(A), and
F - the family of all p*-measurable sets.

(i) @ := p*|F is a unique measure on F such that T = pg on A.

(ii) If p := p*|m, then T is the completion of .

Proof. (i). In the textbook, this part is proved (with M instead of F) by means of Carathéodory’s theorem.
Alternatively, one can adjust the construction in Appendix B by taking (X, A, o) in place of (Q,E,m).

First we assume that po(X) < oo. Following Definition B-6 or part (iii) in Theorem I-5, introduce the
family

Fi= {A CX:Ve>0 3BeA suchthat p*(AAB)< e}. (1-8)

Then the proofs of Theorems B-9 and B-10 remain valid, which state that F is a o-algebra and @ := p* is
o-additive on F. Moreover, since A C F, we also have M :=¢(A) C F.
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If v is another measure on F, such that v = pg on A, then

AeF, Aje A AcC|J4 = vA) <) w(d) =) nol4;)

j=1 =

—

By (1.12), we get v(A) < p*(A) =: i(A), VA € F. Then also v(A°) < p*(A°), hence
po(X) = v(X) = v(A) + v(A%) < p*(A) + p (A°) = p™(X) = po(X).

This implies uniqueness, i.e. v = p* =: 71 on F.

In the case po(X) = oo, the o-finiteness of py means that
JE; /X, Eje A p(Ej) <oo foral j=1,2,....
Introduce the families F; corresponding to E; in place of X in (I-8). Then the family
f::{AgX: AE; € F;, w:1,2,...} (1-9)
is a o-algebra containing A, and the unique extension of g from A to F is given by formula
n(4) = ]lglgo L(AE;), VAeF. (I-10)

(ii). Let A be a set in the family F defined in (I-9) for o-additive po. Then

¥e>0, ¥j=1,2,..., 3B;€A suchthat p*((AE;)AB;) < 2%
Then - - - -
B:=|JB; satisfies AAB= (U(AEj)>A< U Bj> c U ((E)aB;).
j=1 j=1 j=1 j=1
Therefore,

WH(AAB) < Zu*((AEj)ABj) < 23] —.

j=1 j=1

In other words, for o-additive g, one needs to replace A by M := o(A) in (I-8):
F= {A CX:Ve>0,3BeM:=0(A) suchthat u*(AAB) < a}. (I-11)

Further, one can choose a sequence A; € A such that p*(AAA;) — 0 as j — oo. Then by the triangle
inequality, p*(A;AAL) — 0 as j, k — oo. We can assume that the convergence is fast enough, so that one can
apply the result in HW #4, Problem 3, with (F, u*) in place of M, ui). It guarantees that p*(AgAA4;) — 0 as
j — oo for some Ag € M. Since

w(AgAA) < p*(AAA)) + ' (AgAAj) -0 as j — oo,

we must have p*(A4gAA) =0, where Ay € M. Moreover, by (1.12),

1
ADAg C CreM with p(C)) < .
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Then

oo oo

A4y C C = liminf C; i= UNGcem with pc)=o.

n=1j=n

Hence FE; := Ap \ C and E5 := Ag U C belong to M, and
By C Ap\ (AAAg) C A C AgU (AAAg) C E, p(E2 \ E1) < p(C) = 0.

Since this is true for an arbitrary A € F, by (I-1) we have F = M, and (X, F, i = u*) is the completion of

(X, M, p). Theorem is proved.

O

The following theorem generalizes Lemma 1.17 and Theorem 1.18 to the multidimensional case. In this
theorem, M,, can be considered as the completion of the Borel o-algebra B with respect to u. We use same

notation p = @ for the corresponding unique extension of p.

Theorem I-6. Let i be a Borel measure on R? such that u(K) < oo V compact K C R?, and let M,

denote the family of all p-measurable sets in R4, Then
(i) YE e M, ¥e >0
Jclosed F C E C open G with u(G\ F) <e

(ii) p is regular, i.e.

w(E) = inf {M(G) : EC open G} =sup {,u(K) : compact K C E}.

Proof. (i). Denote by W the family of all sets in M, satisfying (1-12). We have

o0 oo oo

Ks = []la; +6,b;] Q=[] (aj.b;], Gs:=]](a;.b;+8)\Q as & \,0.

Jj=1 Jj=1 Jj=1

Here K5 C @ C Gy, and by the continuity of u (Theorem 1.8¢,d), u(Gs \ K5) — 0 as § \ 0.
Hence W contains all the rectangles @ in (I-14).

Further, if £ € M, then from (I-12) it follows
closed G¢ C E° C open F¢ with u(F°\G° =u(G\F) <e,
ie. B€ M,. Therefore, M,, contains the algebra of sets
A= {A CR?: Aor A°is a finite union of rectangles @ in (I- 14)}
Now consider a sequence F; € W, j =1,2,.... For fixed ¢ > 0,

: €
Jclosed F; C Ej C open G; with p(Gj\ Fj) < 5
This implies
UF CE= UE_openG—UG with u(G\ F*) <
J=1 J=1

where

(G\ F*) C GG\F w(G\ F*) < i (G5 \ F})

-7
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In #HW 3, Problem 1, we can assume that R¢ is represented as a union of closed cubes {I;.}, k > 1, with
edge length 1, which are non-overlapping in the sense that their interiors I JQ NI =0 for j # k. The closed
sets

Fp=|JF /F, FI, *F'I, as n— .
j=1
By continuity of u, for fixed € > 0, one can choose ny such that
* * €
((F I\ (Fi)I) < o7

Here we used the property u(K) < oo for K = Ij,. Then by the above mentioned problem, the closed set

F = G (Fr Ix) CF* = [j (F*Ir), and p(F*\F)< Zu((F*Ik) \ (F;‘;k)lk> <e.
k=1 k=1 k=1

Together with (I-16), this gives p*(G \ F) = p*(G \ F*) + p*(F* \ F) < 2¢. Replacing € by /2, we see that
E:= |J E; € W. Since W contains the algebra A and is closed with respect to operations (---)¢ and (- -),
Jj=1 7

it is a o-algebra containing o(A) = B.

Finally, let E be a set in M, with u(E) = 0. We can use the definition (1.12) with u*(E) = u(E) = 0,
and po = p on the algebra A defined in (I-15). For fixed € > 0,

JAj € A such that E C U A; and Zu(Aj) <e.
j=1 j=1
Similarly to (I-14),

3 open G; 2 A; with u(Gj\A4;) < 2%
Then the open set

o0 oo

G:=G2JA4A4 2B and p(G) <D u(G)) =D uA;)+> wG;\A;) < 2.
Jj=1 J=1 j=1

Jj=1 Jj=1

Hence F satisfies (I-12) with F' = @ (after redefining ¢).

Summarizing the previous arguments, we see that the o-algebra W C M, contains B = o(.A) and all
p-null sets. It remains to note that M, is the completion of B with respect to i, so we must have W = M,,.
Statement (i) is proved.

(ii). From (I-12) it follows immediately that
w(E) = inf {,u(G) : E C open G} = sup {M(F) : closed F C E}, (I-17)
which includes the first equality in (I-13). In order to prove the second equality, note that
w(F) =sup u(FK,), where K, :=[-n,n]%CR%
Here FK,, are bounded closed sets in R%, i.e. compacts, which are contained in F' C E. Therefore,
u(F) < sup {M(K) : compact K C E} < u(E).

In combination with (I-17), this implies the desired equality. Theorem is proved. O
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