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Abstract

We consider a system of weakly coupled KdV equations developed initially by Gear &
Grimshaw to model interactions between long waves. We prove the existence of a variety of
solitary wave solutions, some of which are not constrained minimizers. We show that such
solutions are always linearly unstable. Moreover, the nature of the instability may be oscilla-
tory and as such provides a rigorous justification for the numerically observed phenomenon of
“leapfrogging.”

1 Introduction

The Korteweg-de Vries (KdV) equation, us+(uz,+u?), = 0, is a well-known model for many pro-
cesses involving the evolution of long waves. More specifically, Korteweg & de Vries and Boussi-
nesq derived the KdV equation to model the behavior of surface water waves in a flat-bottomed
canal.! (u is roughly proportional to the surface elevation of the water.) The KdV equation fa-

3c c
mously possesses solitary wave solutions of the form u(x,t) = Esech2 <\2[ (x —ct — x0)> where

the wave speed ¢ is positive.
Gear & Grimshaw in [9] derived a system of coupled KdV equations to model interactions
of long waves, for example in a stratified fluid. Specifically, their model is

ur + (um +u?+ 61’()2 + esuv + egvm)x =0

(1)

10y + (czv + Vg + 0% + c3(equv + equ® + 63umm))x =0.
Here, ¢; and ¢;, j = 1,2,3, are real valued constants and v and v are the displacement from
horizontal of the fluid interfaces. Liu, Kubota & Ko developed an alternate set of equations for
like phenomena in [14]. The primary difference between the two models is that the Liu-Kubota-
Ko system utilizes a Fourier multiplier operator in lieu of second derivatives and the coupling
is strictly linear.

The KdV equation has subsequently been discovered to model waves in atomic lattices and in plasmas, possess
the remarkable property of “complete integrability” and have applications in geometry.



Equations similar to (1) also arise in the study of two-dimensional atomic lattices and head-
on collisions of solitary water waves (see [20]). We will consider systems of the following type,
of which (1) is a specific example:

ug + (Kyu + Fi(u) + € (K3v + 9, H(u,v))), =0 @)
v + (Kov + Fy(v) + € (Ksu + 0,H (u,v))), = 0.
Here (u,v)t € R2, x € R and ¢ > 0. The functions F; and Fy are C'*° maps from R to R and
the coupling function H (u,v) is a C° map from R? to R. We require that all first and second
derivatives of Fy, F5 and H are zero when evaluated at zero. The maps K, K and K3 will be
the constant coefficient differential operators

K1 = 8723, K2 = C1 +025‘§, and K3 = C3 +C48§.

We require that co is positive. The operators, since they only include even derivatives, are
self-adjoint on L? (with the standard inner product (f,g)r2 = [ f(z)g(z)dz).?

Remark 1. We could allow the K; to be more general self-adjoint operators, such as those
Fourier multiplier operators which appear in the Liu-Kubota-Ko model or constant coefficient
differential operators which contain only even derivatives. There are a multitude of minor com-
plications that arise in these cases which occlude our methods and provide no additional inter-
esting insight into the problems we consider.

In this document we examine the existence and linear stability of solitary wave solutions to
(2) when the coupling is weak, i.e. when € is close to zero. Our approach is perturbative; an
enormous amount of information is known about the existence and stability of solitary waves
in single generalized KdV equations and, as a consequence, we have a more or less complete
understanding of solitary wave solutions in the uncoupled (¢ = 0) problem. We are able to use
a Liapunov-Schmidt analysis to determine the existence of a variety of solitary wave solutions
for weak coupling. Specifically we prove the existence of four different types of solitary waves.
The first type is O(1) in the u component and O(e) in the v component. The second is the
same as the first but with the roles of v and v switched. These solutions have been discovered
previously using variational means by Albert & Linares (in [1]) and Bona & Chen (in [4]). The
third (and more interesting) type of solution is O(1) in both components simultaneously. The
u and v components are even functions on their own and share a common center of mass. We
have also determined a criterion for the existence of a fourth type of solitary wave which is O(1)
in both components but the components do not share a common center.®> We show that the first
two types of solitary waves are orbitally stable by an appeal to the abstract theory of Grillakis,
Shatah & Strauss ([11] [12]). We compute the spectrum of the linearization about the last two
types using reduction methods and perturbation theory. It turns out that the third and fourth
types are always linearly unstable, though the nature of the instability comes in two distinct
forms.

The remainder of this paper is organized as follows. In Section 2, we lay out the problem in
greater detail and discuss our main results. In Sections 3 and 4 and in the Appendix we prove
the existence of solitary waves. We discuss linear stability in Sections 5 and 6. In Section 7 we
present the results of some numerical simulations which demonstrate our results.

Acknowledgments: This work was partially supported by the National Science Foundation
through grant NSF DMS-0504271 (A. S.). In addition, the authors would like to thank the
referee for several very useful comments and corrections.

2All integrals which appear in this document are taken over all of R, unless otherwise specified.
3Results similar to these have been established for some coupled dissipative systems, see [7] for example



2 Preliminaries and the main results

We now remark on several important features of (2). System (2) is a hamiltonian partial
differential equation and can be rewritten as

u; = 0, El[ul,

where u = (u,v)? and

Eu] = —/ <;uK1u + %'UKQU + Fi(u) + FQ(U)) dx

—e/ (uK3v + H(u,v))dz.

We refer to E.[u] as the energy of the solution and this quantity is a constant of the motion. E’
is the gradient of E taken with respect to the usual inner product on L? x L?

(f,g) = /f(x) -g(x)dz.

The symplectic structure is generated by 0.

System (2) is invariant under spatial translations. That is, if u(x,t) (where u = (u,v)?) is a
solution of (2) then so is u(z — xg,t). Note that this translation occurs simultaneously in the u
and v components. This invariance gives rise to the conserved quantity

1

Mu] E/i(uQ—&-vQ)dx

which we call the momentum. A simple but important observation about the uncoupled problem
is that it is translation invariant in each component independently. As a consequence if € = 0
and (u(x,t),v(x,t))t is a solution of (2), then so is (u(x — o, t),v(x +xo,t))t. It is the breaking
of this symmetry which is at the heart of the existence and stability of solitary waves when
€ # 0. We will call this symmetry the separation invariance of the uncoupled problem.

2.1 Existence

Solitary waves are solutions of the form
B B o q(z—ct)
u(z,t) =qee(z—ct) = ( r(z — ct) ) .

It is important to notice here that we require that the wave has the same speed in each component.
Inserting the above Ansatz into (2), we find that the functions ¢ and r satisfy the system of
ordinary differential equations

—cq+ Ki1q+ F{(q) + ¢ (Ksr + 0, H(q,7)) =

0
3
7CT+K27’+F2/(T)+€(K3q+31;H(QaT)) 0. )

The above can be rewritten as
Eé [qc,e] + CM/[qc,e] =0

which is to say that the profile, q. ., of a solitary wave solution is a critical point of E. under
the constraint that M is a constant. (The wave-speed c is the Lagrange multiplier.)

Previous studies (e.g. [4] [1]) on the existence and stability of solitary waves to equations
like (2) have relied heavily on this fact. These methods are powerful in the sense that they do



not require the coupling to be small and can be used to prove full nonlinear stability of the
solitary waves. The existence results utilize the powerful “concentration compactness” tools of
Lions [13]. However, they typically locate global minimizers. As we shall demonstrate, there
are numerous types of solitary wave solutions to (2), several of which are not minimizers of the
energy—hence our perturbative approach.

In the case € = 0, (2) is simply an uncoupled pair of generalized KdV equations and, given
reasonable assumptions on K7, Ko, F} and Fy, each has a solitary wave solution. These functions
are solutions of the following second order differential equations

—cq +4q" + Fi(q) =0
" / _ (4)
—(c—cy)r+ cor” + Fy(r) =0
which are homoclinic at zero.

The existence of such solutions can be determined by a fairly straight-forward phase plane
analysis which relies very strongly on the nature of the nonlinearities. Homoclinic solutions
are typically even (up to a translation) and this is another property we exploit. We make the
following hypothesis:

Hypothesis 2. There exist non-zero, even C™ functions qco(y) for ¢ in the interval I, and
reo0(y) for ¢ in the interval Iy which are solutions to the equations in (4) (respectively) which
are homoclinic to zero. We assume that Iy = I1 N Is contains an nonempty open interval.

Remark 3. The implicit function theorem can be applied to conclude that the dependence of
the functions gco and reo on c is C*.

Since the solutions are homoclinic, they will behave at spatial infinity like the linear problems
—cf + f"=0and —(¢c—c1)f + caf” = 0. If ¢ > 0 in the first equation and if ¢ > ¢; in the
second then f = 0 is an hyperbolic equilibrium and as a result solutions which tend to zero do
so at an exponential rate. If ¢ = 0 or ¢ = ¢; then there are choices for the nonlinearities which
give rise to solitary wave solutions which decay only algebraically. In our analysis we will need
the exponential decay of the solutions and so we shall assume this as well. That is we assume
I, € (0,00) and I C (¢1,00).

Hypothesis 2 along with the separation invariance of the problem when ¢ = 0 show that
there exist four distinct types of solitary wave solutions with speed ¢ to (2) in the uncoupled
case. These are:

u(z,t) = teg(a —ct) = ( qc’O(“rO* t) ) (5)

( rc70(a?0— ct) ) (©)
(=6o) g

u(z,t) = Peo, (¢ —ct) = ( ?‘{gg - zz * Z; ) -

u(z,t) = beo(r — ct)

u(z,t) = peo(r — ct)

and

where 0 # 21 € R. We will refer to p.o as a “piggybacking” solitary wave? as we can view the

solution in the one component as riding on the back of the other—see Figure 1. The solutions
tc,0 and b exist for ¢ € I; and ¢ € I respectively, while the solutions p. o and p¢, ., exist
for c € Ip.

4We have chosen to use the notation t, b and p to reflect that t is non-zero in the top component, b is non-zero
in the bottom component and p is the piggybacking solution.



1.2 1.2

Figure 1: The four types of uncoupled solitary waves. Dashed lines represent the v component and
solid lines the v component. The “piggybacking” solitary wave is in the bottom left.



When the coupling is “turned on” it is easy to show that solutions akin to (5)-(7) exist.
This follows from a straight-forward application of the implicit function theorem, which we
demonstrate in Section 3. It is less clear that the decoupled solitary waves described by (8) give
rise to solutions in the coupled problem. In Section 4 we derive conditions which are necessary
and sufficient to guarantee the existence of this type of solution.

More precisely, we have the following theorems on the existence of solitary waves:

Theorem 4. For ¢ € Iy there exist (unique) C*° maps from a neighborhood of zero into the
subspace of even functions in H? x H?

€ '_’tC,e(y)
€ ’—’bC,e(y)

€ —Pe,e(y)

such that El[t. ] + cM'[te] =0, Ellbee] + cM'[bee] =0 and El[pe,] + cM'[pce] = 0. When
€ = 0 the functions te,e(y), bee(y), Pe,e(y) are equal to those functions in (5)-(7). All functions
decay at an exponential rate as |x| goes to infinity.

Remark 5. Since the maps in the above theorem are C'°°, notice that the size of the v component
of tee is O(€)—as is the u component of be .

Theorem 6. Let
afry) = /q:;,o(w +21) (Ksre0(x — 21) + 0uH (ge,0(x + 21),7c0(x — 21))) d. 9)

If a(x,) = 0 and o (x,) # 0 then there exist a C°° map from a neighborhood of zero into H* x H?

€ Pe.cr, (¥)

such that El[Peex,] + cM'[Pees,] = 0. All functions decay at an exponential rate as |x| goes
to infinity. When € = 0 the function D, (y) is equal to that in (8). Note that c¢ is restricted
to the interval Iy. If a(x1) # 0 then there is no solution for small non-zero €. Finally, for fived
T, the solitary waves p¢c ., are unique up to translation.

Remark 7. The function q.o is even and its derivative is odd. As a result the integrand of
a(0) is odd, and therefore a(0) = 0. That is to say, Theorem 4 is a corollary of Theorem 6.
Nonetheless, there is a very simple proof of Theorem 4 which we also carry out.

Remark 8. The notation used for the piggybacking waves, Pe.c »,, should not be taken to mean
that the “separation” between the waves remains x, for € # 0. This value varies continuously
with €, but we leave the perturbed wave named after its unperturbed separation for simplicity.

2.2 Stability

If we consider solitary waves of all four types with equal momentum, a routine calculation shows
that it is either t. . or b which has the least energy (at least for the Gear-Grimshaw model).
One can conclude that these are the constrained minimizers described in the previous works [1]
and [4]. If a solitary wave solution q. . can be shown to be even a local minimizer of the energy
under the constraint of fixed momentum, then the solution is (typically) stable. Equivalently, a
solitary wave is stable provided the operator

Le= Eé/[qC,E] + CMN[ch,e]

is definite when restricted to set of functions with momentum equal to that of q. . This is more
or less in analogy with finite dimensional hamiltonian problems, where equilibria are stable if



the hessian of the energy at the fixed point is definite. Benjamin was the first to formalize this
approach in [3] and the most general treatment is carried out in the works [11] and [12] by
Grillakis, Shatah & Strauss. Therein, the conditions for determining the stability are reduced
to the following simple criteria: if (a) E[qc,] + cM”[qc,] has at most one negative eigenvalue
and (b) 0.M|q.,] is positive then g, . is orbitally stable. We remark that Leq/“_ = 0 regardless
of which type of solitary wave we are dealing with—a consequence of the translation invariance
of the problem—and so L. always has a zero eigenvalue. Because we want the solitary waves in
each component to be orbitally stable when viewed independently, we will make the following
hypothesis:

Hypothesis 9. 9.|qc.0

|p2 and O¢||rcollp2 are positive.

We shall show that the solitary waves t.. and b, . satisfy both conditions (a) and (b)
and are therefore orbitally stable. On the other hand the solutions p.o and pco,, to the
uncoupled problem are necessarily unstable; a slight adjustment to the wave-speed in either the
u or v component causes the waves to separate. From our point of view, even though in each
component the resulting solution is a solitary wave, their speeds are different and so the solution
is not a solitary wave for the system. An obvious question is whether or not the coupling can
arrest this instability. As we shall see, these solutions violate the eigenvalue condition (a) above
and so we will compute the spectrum of the linearization of the equation about these solutions
to get a better understanding of their stability. Related to the stability of the piggybacking
solitary waves is an interesting phenomenon known to exist in equations of this type called
“leapfrogging”. This is a behavior (observed by Liu, Kubota & Ko in [14], Gear & Grimshaw
in [9] and investigated by Malomed in [15]) in which the solitary waves in u and v take turns
“leading the way.” That is, the solution oscillates about some common center of mass. Similar
phenomena are known to occur in coupled nonlinear Schrédinger equations, see Malomed [15],
and Goodman & Haberman [10]. In our analysis of the linear stability of the piggybacking
solitary waves, we see that this behavior corresponds to an oscillatory instability.

If one linearizes (2) about a solitary wave qc(x — ct) (which may be any of the solitary
waves described above) in the moving reference frame y = & — ¢t one arrives at the equation

Wi = ay (EQI[QC,E} + CM//[qc,e]) W = ayLEW

To understand the linearized operator above it is necessary to first understand the linearization
of a single generalized KdV equation. Pego & Weinstein carried out an exhaustive analysis of
such equations in their seminal paper [17]. We briefly recall their results here. If g(z — ct) is
a solitary wave solution® of u; + (uge + uP), = 0, 2 < p < 5, the linearization of the equation
about this solution (in the frame of reference y = x — ct) is

wy = 0y (cw —w” — pg?~'w) = 0, Lw.

It is elementary to check that Lq’ = 0. In fact, ¢’ spans the kernel and L has Fredholm index
zero. Moreover, since L is a second order differential operator and ¢'(y) crosses the y axis
only one time we can use Sturm-Liouville theory to conclude that L has one (and only one)
negative eigenvalue. Clearly 0,L¢’ = 0 as well. Moreover, we have 0,L0.¢ = —¢’. Thus the
zero eigenvalue of 0, L is (at least) algebraically double. In [17] it is shown that if p = 2, 3, or
4 then there are no additional eigenvalues of d,L but that as p goes through 5 an additional
unstable eigenvalue is produced.®

Since the function ¢ decays exponentially at spatial infinity, L is a compact perturbation
of ¢ — 0% and their essential spectra (as operators on L?) coincide. The essential spectrum of

5¢ is even, positive, decays exponentially and has only one local maximum.
5In the case where 2 < p < 5 it has been established that the solitary waves are in fact asymptotically stable—see
Pego & Weinstein [18] and Martel & Merle [16]



¢— 02 can be computed via the Fourier transform and is the set of all real numbers greater than
¢; since c is strictly positive this lies in the right half plane. The same reasoning leads to the
conclusion that the essential spectrum of 9, L is the imaginary axis, thus the eigenvalue at zero
is embedded.

In this light, we make the following hypotheses:

Hypothesis 10. The kernels of (¢ — K1 — F{'(gc0)) and (¢ — Ko — Fy/(r.,0)) consist solely of
qeo and 1. respectively and these operators have Fredholm index zero. Each has one (and only
one) additional negative eigenvalue. The essential spectra of these operators (as operators on
L?) are, respectively, all reals greater than ¢ and all reals greater than c — c;.

Remark 11. Hypothesis 10 is in fact automatically satisfied for the operators K; we are con-
sidering in this article. Nonetheless, we prefer to make this an hypothesis so that our results are
adaptable to more general choices for these operators.

Hypothesis 12. The spectrum of 9, (c — K1 — F{'(ge0)) (as an operator on L?) is made up
of the essential spectrum, which lies along the imaginary axis, and a geometrically single, alge-
braically double eigenvalue at zero. The same statement is true for 9y (¢ — Ko — Fy/(rcy0))-

Remark 13. Hypothesis 12 is made in part to exclude situations where there is a triple eigen-
value at the origin—a situation which arises for “critical nonlinearities” [17].

These hypotheses determine the spectrum of Lo and 9yLg. First we discuss Lg. For t. g,

LO _ ( C — 8% — F{/(QC,O) 0 )

2
0 c—c1 — c20;

and the spectrum will be the zero eigenvalue (with eigenfunction (g, o, 0)")), the negative eigen-
value and the essential spectrum which, in this case, is all reals greater than the minimum of
c¢—cy and c. If ¢isin Iy (which is to say if ¢ > ¢1), then we see that the essential spectrum is in
the right half plane. Thus we can can conclude that Ly is of Fredholm index zero. (If ¢ is not in
Iy, then the zero eigenvalue would be embedded in the essential spectrum.) Since L.t . = 0 for
all €, we see that under perturbations the zero eigenvalue does not move. Thus the spectrum
of L. is qualitatively identical to that of Ly, and we conclude that t.. is orbitally stable by
appealing to the results cited above. Similar arguments show that b, ¢ is also stable.
On the other hand, if we are dealing with p.. or p¢,c., then

Lo = C_aa% _FIH(QC,O) 0
o= 0 c—c1— 02— FY(reo) )

The essential spectrum remains as for t; ¢, but now there is a geometrically double zero eigen-
value (with eigenfunctions pl, o = (q..o,7c,0)" and (g, —7.()") and two negative eigenvalues,
making an application of the abstract theory of Grillakis, Shatah & Strauss unavailable. Notice
that the zero eigenfunctions can be interpreted as being generated by (in the first case) the
translation invariance in the problem and (in the second case) by the separation invariance. As
we have already remarked, the eigenvalue generated by the translation invariance will stay put
under perturbations (since Lgpﬁ:’6 = 0). But the “separation eigenvalue” will split from zero.
We compute this splitting in Section 5 and interpret the results.

Since L. is self-adjoint, the new eigenvalue will be either positive or negative. It is not
immediately clear how this splitting effects the stability of the wave. We find more information
about the stability of piggybacking (or asymmetric) solitary waves by examining the spectrum
the linearization 0y L.. The spectrum of 9, Ly is the essential spectrum (which is the imaginary
axis) and the algebraically quadruple, geometrically double zero eigenvalue. (Geometrically
double due to the translation invariance and the separation invariance.) JyL.p.. . = 0 for all €
and taking a derivative of E'[p. ] +cM'[pc ] = 0 with respect to c leads to 9,L.0.pc,c = —P,. -



It turns out that under perturbations the zero eigenvalue remains at least algebraically double.
But the separation symmetry is broken as € is changed from zero and two new eigenvalues split
from the origin. Note that since the origin is part of the essential spectrum, we compute the
spectrum of the operator in an exponentially weighted function space as opposed to L2 x L?2.
The essential spectrum of the operator in such a space does not pass through the origin, thus
simplifying the perturbation analysis.

The system is hamiltonian and so one’s first instinct is to expect that the eigenvalues split
along the real or the imaginary axis. In the former case, the piggybacking solitary wave is
obviously unstable. In the latter, we would expect this solitary wave to be neutrally stable, as
would occur in a finite dimensional problem. This does not occur! Since 9, is not invertible
the intuition we have from hamiltonian ordinary differential equations fails. What we discover
is that for € # 0 there is always at least one eigenvalue which has positive real part.

Specifically, the splitting of the eigenvalues is linked to the quantity

1 de.0 e,
R = 1 <( 7?”2,0 7L0,1 77’270 s (10)

0

Loy = —

01 He

x is the leading order change (in €) of the energy if the solitary wave (qc.c,7ce)" is perturbed in

the “direction” (q, ., —r'c,e)t. This direction corresponds to an attempt to separate the maximum
of the u and v components of the solitary wave away from their common center.

We have the following theorems regarding the spectra of L. and 0yL.. Note that L? =

{u(y)le*u(y) € L?}.

Theorem 14. For ¢ sufficiently close to zero, the spectrum of E![Pces,] + cM"[Pees,] in
L? x L? consists of (a) the essential spectrum, which lies in the right half plane and is purely
real (b) two negative real eigenvalues (c) a zero eigenvalue and (d) one additional eigenvalue
located at A = —Cek + O(e?) where C is a positive non-zero constant which is independent of €.

where

 (BlPeca) + M o))

Theorem 15. There exists ag > 0 such that the following is true for all a € (0,a9). For €
sufficiently close to zero, the spectrum of Oy(E! [Pe,es,)+cM" [Pee,s,]) in L2 x L2 consists of (a)
the essential spectrum, which lies in the left half plane” (b) an algebraically double, geometrically
single zero eigenvalue and (c¢) two additional eigenvalues located at

Ar = Caex £ \/—Csex + O(€?)

where Co and C3 are positive constants independent of €. Note that if ex < 0 then there is a
positive eigenvalue of O(\/|€]). If ek > 0 then there are two complex eigenvalues with positive
real parts of O(e). That is to say, the solitary waves Pceo, are always linearly unstable in
L2 x L2.

This result is marred somewhat by the fact that it relies on the use of the exponentially
weighted spaces. We have the following Corollary of Theorem 15 which remedies this issue.

Corollary 16. For all € sufficient close to zero but not equal to zero, the spectrum of Oy(E! [Pe.e x|+
cM"[pecs.]) in L? x L? contains at least one eigenvalue with positive real part. More specifi-
cally, if ek < 0 then there is a single real positive eigenvalue of O(\/H) If ek > 0 then there

is a complex conjugate pair with positive real parts of O(e). That is to say, the solitary waves
Pc,c,z, are always linearly unstable in L? x L2.

see (18) for an explicit characterization of the essential spectrum



Note that if the eigenvalues are complex, then the instability is an oscillatory one. This is
the origin of the leapfrogging behavior described earlier. We remark that the formal analysis
in [15] shows that the frequency of the leapfrogging oscillation is O(4/e|), which coincides with
our result.

3 Symmetric solitary waves

In this section we will prove Theorem 4. Specifically we will prove the existence of the piggy-
backing solution p. .. The proofs for the existence of t.. and b differ only in minor details.
We look for a solution to (2) of the form

u(z — ct) = pecla — ct) = ( Gee(v = ct) ) .

ree(x — ct)
The profile function p. (y) must satisfy
E{[pc,e] +cM'[pe,] = 0.

Hypothesis 2 tells us that
Ej[pe,o] + ¢M'[pe,o] = 0.

Moreover, Hypothesis 10 implies that the linearization of E{ + c¢M’ at pco, Lo = E{[pPco] +
cM"[pc,0), has kernel given by

1 a.0(y) ) 1 < 0 )
ker Lo =span{ v = —— [ 0 Vg = ———— )
oo { ' ||q2,o||L2 ( 0 ? ||7“’c,o||L2 re0(y)

Note that v; and vy form an orthonormal basis for the kernel.
Since the kernel of Lg is not trivial, it seems our attempt to use the implicit function theorem
will not succeed. But consider the Hilbert space
H,.,={ue H(R)x H°(R) and u(y) = u(—y)}.

even

By hypothesis, we know that p.o is in this space. (As are t.g, bco. If 21 # 0, then pc o,
is not.) In addition, E! + ¢M’ maps H2 ,, into H? Since g, and 7. are hypothesized to

even even'

be even functions, their derivatives are odd. Thus ker Lo N HO ., = {0}. The space L? x L? is
the direct sum of the subspaces of even and odd functions and Lg respects this decomposition.
Therefore, since L is Fredholm index zero, the restriction of Ly to H? , is an index zero map
as well and hence has a closed range. So we can apply the implicit function theorem to discover

the existence of a (unique) C° map from a neighborhood of € = 0 into H?

even
dc,e
€ Pc,e = ( r ’
c,e

such that El[p..] + cM'[pc.] = 0.

We need only to verify that p. . decays exponentially as |z| goes to infinity. Since the function
Pee is in H? x H?) it is in fact continuous by the standard Sobolev embedding theorem. As
such, p.,. is a classical solution to (3) and behaves for large = like a decaying solution to the
linear problem

—cq + Kiq + eK3r =0
—cr + Kor + eK3q =0.

We have assumed that zero is an hyperbolic fixed point for the above system when € = 0 and as
such it remains hyperbolic under the perturbation. Therefore decaying solutions to the linear
problem go to zero exponentially, and so does p. .. This concludes the proof of Theorem 4.

10



4 Asymmetric solitary waves

Since the linearization of E’ 4+ cM’ is not invertible for general functions in H? x H?, we cannot
use the implicit function theorem argument above to establish the existence of asymmetric
solitary wave solutions to (2) which are analogous to pc ., in the uncoupled problem. Instead
we will apply a Liapunov-Schmidt analysis.

Define the mapping mapping

D (u;€) = Elfu] + cM'[u].

We have ®(pc,0.4,;0) = 0. Let Ly be the derivative of ® with respect to u and evaluated at
U = Pc,0,z; and € = 0. Specifically

_( ¢ K1 = F{'(geo(y + 1)) 0
LO - ( 0 c— K2 _ Fz/l(rc,0<y _ 371)) ) . (11)

Hypothesis 10 tells us that the kernel of Ly is

1 oy + 1) ) 1 ( 0 )
& =kerLy =span{v; = ——— 0 Vg = ———— )
’ oo { : |qg,o||Lz< 0 2= i olle \ mholy — 1)

Ly is self-adjoint and by Hypothesis 10 has Fredholm index equal to zero. Therefore its range,
R, is simply E*.8
Let P be the orthogonal projection of L? x L? onto &

Pf= <f,V1>V1 + <f,V2>V2. (12)
Therefore, ®(u;e) = 0 if and only if

P ®(u;¢) =0, and
(1-P) ®(u;e) =0

simultaneously. 1 — P is the projection onto R.
Let u = pc,o,4, +d. Since d = P d+ (1 — P) d, the equation (1—P) ® = 0 can be rewritten
as
@R(dg,dl;e) = (1 7P) (I)(pc70711 +d0+d1;€) :0 (13)

wheredyp = Pd and d; = (1—P) d. &% is a map from & x R x R into R. By construction, the
derivative of & with respect to d; has a trivial kernel. So, by the implicit function theorem

we conclude that there is a map
h(do; 6)
from &) x R into R such that
D1 (do, h(dg,€);¢) = 0.

(Note that h(0;0) = 0.)
Now we must solve the equation P ® = 0. More specifically, solutions to ® = 0 are in one
to one correspondence with solutions of

@50 (d(); 6) = P (I)(pc,O,xl + d() + h(d(); 6); 6) = 0

Recall that @ is the gradient of E, 4+ cM. It happens that @, is also a gradient of a functional
on &. We denote the inner product on & by (-, )g, and this is simply (P-, P-) restricted to &.
Specifically we have the following Lemma:

8Note that perpendicular spaces are found with respect to the L? x L? inner product, even though & is a set in
H? x H?.
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Lemma 17. ®g (do;€e) = VoV (do;€) where
V(doi€) = (Ee + cM)[pc,o.e, +do +h(do;e)].
Here, Vg is the gradient on &.
Proof. We will suppress € dependence for convenience. First notice that the chain rule implies
VoV (do) = (Ig, + Dh)'®(pc 0.z, + do + h(do))

where Ig, is the identity map on &y, Dh (the derivative of h with respect to do) is a linear map
from & into R and a superscript “t” denotes the adjoint. (Dh)T is linear from R into & and
I;] is P. Therefore

VoV(dg) =P ®(p.o.2, +do +h(dy)) + (Dh) ®(p. ¢, +do + h(dp))
=0g,(do) + (Dh)T‘I’(pc,o,xl +do +h(do)) (14)
=g, (dg) 4 (Dh) P®(pe.o.2, + do + h(do)).

In the last line we have used that fact that, by construction, (1 —P) ®(p¢,0,2, +do+h(do)) = 0.
Furthermore, P Dh = 0 since Dh maps into R. Since P is an orthogonal projection we find
that 0 = (P Dh)" = (Dh)"P. Thus the second term in the final line of (14) is zero and the
proof of the Lemma is complete. O

This Lemma implies that the critical points of E.+cM are in one to one correspondence with
those of V. Moreover, when € = 0 we can translate the components of a critical point of Ey+cM
independently without affecting that point’s criticality. This implies that VoV (dy;0) = 0 for
all dg. Without loss of generality we will assume V' (d;0) = 0.

Due to the translation invariance of the problem, for any function u we have

(®(u;€),0,u) = 0.

This invariance in the original functional is carried over into the reduced functional V in the
following way. Let p(do;€) = Pe,0,5, +do + h(do;€). Then

where f(do; €) = Pd,p(do;€). Notice that we can view f as a vector field on & (which is to say,
R?) with the property that it is everywhere orthogonal to VoV. Thus, if we can find dy such
that VV(do;e) is orthogonal to g(dy), where g(dg) is any vector field transverse to f(do;e€),
then dg is a critical point of V. We could take g(do) = f*(do;€), but we will pick an alternate
vector field which simplifies some calculations.

d
Moreover V is constant along solutions to the ordinary differential equation —d = f(d;e¢).
T

Thus, if dy is a critical point then so are all points along its orbit under this flow. This
corresponds to the fact that translations of the solitary waves in the full problem are also
solitary waves. Since & is two-dimensional, this fact allows us to reduce the dimension of the
problem by one.

12



Figure 2: Sketch of &, ¥ and the reduced problem. V is constant along dashed lines. The vector
field g is depicted as arrows along X.

We do this as follows. Let X be the one dimensional subspace of & given by the span of vs.
Y is transverse to f(dp;0) near the origin. To wit,

f(O, O) :Paxpc,o,xl

=llgcollve + lIreollva:

For this reason, we also choose the transverse vector field g to be simply the constant v;. (See
Figure 2.) Let n(o;e) = (VoV(ova;e),vi)g,- If we find o such that n(o;e) = 0 then we are
done. Since V(dg;0) =0, n(0;0) = 0 for all 0. Thus we can write n(o;€) = eny(o; €) where

1 €
m(ose) = ;/ den (o) dry.
0

For € # 0, we can solve n(o;€¢) = 0 only if n;(o;¢) = 0. Thus we need 7;(0;0) = 0. The
fundamental theorem of calculus tells us that this is equivalent to requiring 9.1(0;0) = 0. If
05m1(0;0) # 0 (or equivalently 9,0.n(0;0) # 0) then the implicit function theorem asserts the
existence of a function s(e) such that 7;(s(e), €) = 0, and therefore also the existence of solitary
waves in the original problem.

The conditions that guarantee existence, 9.1(0;0) = 0 and 9.9,1m(0;0) # 0 are equivalent to
the conditions a(z,) = 0 and o/(z4) # 0 given in the statement of Theorem 4. Specifically we

13



have
8577(0; 0) :ae‘e:O <VOV<U; 6)7 V1>£g

:ae‘e:() <P(I)(pc,0,ml +ovy + h(UVQ; 6); E)v V1>

=(PI.®(Pc,0,4, + 0va +h(ova;0);0),v1)

+(PD®(pe,o,2, +0Ve + h(ove;0);0)0:h(0ve;0),v1)
If 0 =0, then PD®(p,,0.4,;0) = PLo = 0. Thus we have

3577(07 0) :<86‘I)(pc,0,w1 5 0); V1>
1
=——a(z1)
llge.oll

where we have used the definitions of ® and v; to make the last step.
That 9,9.n(0;0) # 0 is equivalent to o/(z1) # 0 is not immediately evident. We have

80'8677(0; 0) :aa|a:(]<Pae(I)(pc,O,x1 + oVy + h(UVQ; 0)7 0)7 V1>
+80|g:0 <PD(I)(pC707I1 —+ oVo —+ h(UVQ; 0), O)@Eh(O'VQ; O), V1>
=(PI.D®(pc,0.4,;0)(ve + Dh(0;0)vs), v1) (15)
+(PD®(pc,0,4,;0)0.Dh(0;0), v1)
+(PD?®(pc.0.2,;0)[v2 + Dh(0;0)v, d:h(0;0)],v1)
The following computation shows that Dh(0;0) = 0. By construction,
(1 - P)®(pc,0,5, +do + h(do;e);€) =0.

We view the left hand side of this equation as a map from & x R into R. Differentiating with
respect to dy and evaluating at dg = 0 and € = 0 yields

(1= P)D®(pc,o,2,:0) (I, + Dh(0;0)) = 0.
Since D®(pe,0,4,;0) = Lo is zero on &, we have D®(p.,0,4,;0)Ig, = 0. Therefore
(1 — P)LoDh(0;0) = Lo Dh(0;0) = 0.

Moreover, Dh(0;0) is a linear map from & into R. The map L is obviously invertible on its
range, and so we conclude that Dh(0;0) = 0.
We use this result, along with the fact that PLy = 0, to simplify (15) to
80'8677(0; 0) :<P86D(D(pc,0,z1 ; O)Vz, V1>
+<PD2<I>(pc7o,m1;O)[V2,8€h(0; 0)],v1).

It happens that the second line above is also identically equal to zero. A direct calculation shows
that

D26(pc00l( 5] )1
:( —F{"(qeo(x + 21)) — @z o(x + 71) f1() 0 )h
0 —Fy(reo(@ — 21))re o (@ — 21) fa ()

The function vg is zero in the top component and thus PD?*®(pc.¢.z,;0)[v2,d:h(0;0)] is a
function which is zero in the top component. The inner product of this function with v, which
is zero in the bottom component, is clearly zero. Therefore

80'8677(0; 0) :<P86D¢’(pc,0,$1 ; O)V27 V1>~
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Now we compute o/ (z1).

1

d
7 0/(1'1) _7<a€¢(pc,0,m1§0)’vl>
llge.oll

7dl‘1

=(DOc®(Pc,0,2130)02, Pe,0,215 V1) + (0cP(Pe,0,2130)s Ony V1)

Noting that 0, v1 = 9:v1, 02, Pe0.2r = [z 0llvi = e ol V2 and 82peo.e, = [z ollvi + I ollv2,
we integrate by parts in the second term in the above equation to find that

1

W@'(Il) == 2|1 o[ (DI ®(Pe,0,2150) V2, V1).
c,0

This last expression implies that o/ (x1) is a constant multiple of 9,9,71(0;0) and we are done.

5 The spectrum of E” + cM”

As noted in Section 2, the spectrum of L. = E![pces,] + ¢M"[Pe.es,] plays an important
role in the stability analysis of p¢ecq,. In particular Ly has a double zero eigenvalue. Under
perturbations the eigenvalue splits in two—one stays at zero and the other moves along the real
axis. We compute this splitting using the following approach. Let

1 1
Po=— [ ——ax
2mi /C N — L.

where C' is small positively oriented loop about the origin in the complex plane and [ is the
identity map. P. defines a projection onto the spectral subspace of any eigenvalues contained
in C. We denote this subspace by &.. Since Ly is self-adjoint, Py coincides with the orthogonal
projection P from L? x L? onto & = ker Ly defined in (12). P, is analytic in ¢ and commutes
with L.. The operator

M.(\) = Po(M — L) P.

can be viewed as a linear map from &y to &, which is to say from R? to R2. If det(M.()\)) = 0,
then X is an eigenvalue of L.. And so we will study this map.
Expanding M. in a Taylor series yields

M.(\) = Py(M — Lo) Py + €Po(M — Lo) P} — ePyLo 1 Py + O(€?)

where 9
P == A
0 86 e=0
and 9
Lo1 = — .
0,1 86 e=0

We remark that Lo ; is self-adjoint.
We claim that Py(A — L) PPy = 0. Since P.P. = P., we have
PPy + PPy =P
PPy = Po(I — P)
PyPiPy = 0.

Since PyLy = LoP,, we have shown the above claim.
If we define the isomorphism of & with R? by a;vy + aave — (a1, a2)! we see that

det Me()\) = det {<V7;, (AI - Lo)Vj> - €<Vi7L071Vj> + 0(62)}

)
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Clearly
{(vi (M = Lo)vj)},, = ( - )

We need to compute {(vi, Lo,1v;)};; . We know that Lep, .., = 0 forall e. If we take the

)

derivative of this equation with respect to € and evaluate at € = 0, we find

LO,lp;,O,m* + Lor/ =0

vy we have (v, Lo 1Pl ,,) = 0. Since pco.z, = h1vi + have where hy = ||q; o and hy = |[r[ ol
this implies that hl <V1,L0,1V1> = —hg <V1,L0,1V2>. Slmllarly hl <V2,L0,1V1> = —hg <V2,L0,1V2>.
These relations can be rewritten as

() (5
() ( )
S (EATIEN)!

R = <h1V1, L071h2V2>

If we set

then )
{(vi,Loavj)},; =& < 172{2; 1_/}1L}Z§ > .
Note that the definition of x above is equivalent to that in (10). Therefore
det Mc(\) = A2 + e (1/h% + 1/h3) A + O(?).
The eigenvalues are A = 0 (exactly) and A = —ex (1/h3 + 1/h3) + O(€®). Since (1/h3 + 1/h3)

is positive we see that the new eigenvalue splits in the direction opposite to the sign of ex.
A routine calculation shows that we can rewrite x as

1 (Zé 0 q. 0
== 0 ) L c, .
" << —7%0 A

This quantity is linked to the change in energy of the solitary wave if the components are

separated. Consider
ate) = [ (Bt < [ () )]

where Pe.c.r, (¥) = (qe.c(y),Tec(y))’. Notice that A(e,0) = 0 and A(0,0) = 0 for any € or o.
Thus 07A(0,0) = 07A(0,0) = 0 for any n. Moreover, 9,A(e,0) = 0 for all e. To check this,

first notice that
M |:( qc,é(y + U) >:|
TC,E(y - U)
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is constant in . And so we have

D A(€,0) = 3% . (E K i’«ZjiEifZi )] s K ?Ziii? )D
-2 (] ) e (Y] - [(20))

e

’
<Eé [pc7e,x*} +cM’ [pqe’w*] , ( qc,e(y)

e=0

Thus 070,A(0,0) = 0 for all n. With these facts in hand, expanding A in Taylor series
results in A(e,0) = #GeﬁgA(0,0) + O(e* + o*). Finally, a direct computation shows that
9.02A(0,0) = 4k. That is

Ale,0) = 20%ek + O(e* + o).

6 The linearization and its spectrum

We also wish to compute the eigenvalues of the full linearization 0y L. = 0, (E![Pc,e,z,] + ¢M" [Pe,e,,])-
(Once again, p. ¢ is a special case.) Recall that 9, Ly has a geometrically double but algebraically
quadruple zero eigenvalue. Specifically we have

ayLoel = 0, 8yL0e2 = €1
8yLoeg = 0, ayL0e4 = e3

o = ( (Jé,o(x0+ Ty) )’ 0 = ( Oeqe, o(():v—i—x*) )
0
(

0
eg(ré,o(xx*)), 64< —0cTe,0(T — ) )

Our approach will be the same as in the previous section, but there are a number of compli-
cations, the primary one being that zero is embedded in the essential spectrum (which is the
imaginary axis). As a result the spectral projection

1 1
— [ ——a\
omi /C M — 0, L,

is not well defined since any curve C' about the origin necessarily crosses the imaginary axis.
We deal with this difficulty by studying d, L. in an exponentially weighted space (see [18]
for an overview of this approach). Let L2 = {v|e®v € L*} . The spectrum of 9, L, in L? x L?
is equal to the spectrum of the “conjugated” operator A, . = e¥d,Lce~ in L? x L?. The
advantage here is that while the eigenvalues of A, o remain at zero, the essential spectrum is
shifted off of the axis.
That the eigenvalues do not move is straight-forward. We have

where

A1 =0, Agoge =g1
A8z =0, Ag08s =83
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where g; = e%e;, j = 1...4. Of course, we must require that these functions are still in L? x L?;
since all the functions are exponentially decaying at infinity—this simply puts limits on our
choices for a.

We can compute the essential spectrum of A, ., which we denote gess(Age). Let Peey, =

(Ge,esTe,e)"
Then
= ¢ K1— F{(gec) = 03 H(peca) —€ (K3 + 040y H (Pcc0.))
€ —€ (KB + 8uavH(pc,e,z* )) Cc— KQ - FQH(TC,e) - eagH(pc,e,z*) '

Since pe,ee, decays exponentially, we find that A, . is a compact perturbation of the operator

Bge = eayayiee—ay where
I.- ( ¢ Ry —eky ) (17)

The essential spectrum of 8yI~/E consists of those points A such that Byie — Al fails to have a
bounded inverse. We can explicitly compute the inverse of this operator by means of the Fourier
transform; (9, L. — AI)~'u is the inverse Fourier transform of

1<c—f(1(k>—A —eKs(k) >_1ﬁ

ik —eKs(k)  c— Ky(k) — A

where K (k) = k2, Ko(k) = ¢1 — cok?, K3(k) = 3 — cak®. (That is K f(k) = K;(k)f(k).) The
inverse operator is unbounded if, for some k£ € R, A is an eigenvalue of the matrix

g em Bk —eRs(k)
—€K3(]<J) C — Kg(]f) '

Carrying out this computation shows that

Oess (OyLe) = {’; (20 — K1 (k) — Ky (k) + \/(fq(k) - f@(k))Q + 4621?3(k)2) where k € R} .

Since K 1 and [?3 are quadratic in k we see that the essential spectrum of 9,L. is the entire
imaginary axis.
Noting that e®9ye~" f = (9, — a) f, repeating the above argument leads to

Oess(Ag.c) = {;l <20 — K () - Kx() + \/(f(l(o - 1?2(1))2 + 462;?3(1)2> where | = k 4 ia, k € R} .
(18)
We made the assumption that ¢y is positive and as a consequence one can check that if a is
small and positive, then oess(Aq e) is shifted into the stable left half plane. (Apart from the zero
eigenvalues, there are no eigenvalues of A, ¢ on the imaginary axis, another result of [18].)
In this way we have isolated the zero eigenvalues of A, o from the essential spectrum and
therefore we can employ the perturbative techniques used above to compute the splitting of the

zero eigenvalue. Let
1 1
M.=— | ——dX
271 /C A — A

where C is a small positively oriented loop about the origin. II. is the projection of L? x L? onto
the spectral subspace associated to any eigenvalues contained in C'. Let F. be this subspace—in
particular Fy = span {g1, 82, 83,84} Il is analytic in € and commutes with A, .. Let

Ne(A) =TIo(M — Ag o )IL.
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N, defines a linear map from Fy to Fy, or equivalently from R* to R*. As above, if det N (\) = 0
then X is an eigenvalue of A, .. If we expand N.(A) in € we find

Ne(N) = (AT — Ag o) — ellg Al (IT + O(€?)

where A} ) = — Aa,e. (As with the expansion of M.()\) above, there is an additional term

in the expansion Wthh vanishes.)

We need to determine IIy. Ag o is not self-adjoint and so II, does not correspond to an
orthogonal projection. Instead, Ily is identical to the projection onto Fy obtained by taking
inner products with eigenfunctions of the adjoint of Ag o,

Al g = —e " WLydye™
We first discuss the kernel of Ag,o = —Lo0y. Notice that

(~Lod,)0;, 'er =0, (~Lod,)d, ‘e =~ tey
(—Lody)0, "es =0, (~Lod,)d, 'es = —0, "e.

Formally, We see that the functions 8 ej, j = 1...4 are in the generalized kernel. Since e; =
(¢..0,0)", 9;'e1 = (ge,0,0)" is a perfectly well-defined function in L? x L?. The same holds
for es. However it is not generally going to be the case that J, ley and 0 le, will be square
integrable. Nevertheless we define the functions

—1
i (P00 ) e () ema ()
. 0 0 . 0
® = bl ( 63/_180Tc,0 > +b2< Tc,0 )7 €4 _b1 ( Tec,0 )

where

The constants aq, as, b1, by are taken so that
(e7,€;) = di;

with d;; the Kronecker delta. They are

ar — — 2 a f 8CQC 0
1 — achg,oa 2 = 9
b — 2 . b%(fjooo 86700,0)2
N P e 2 '
The functions e satisfy
(—Lody)e; =0, (—Lody)e] = e;
(=Lo0y)e; =0, (—Lody)e; = e}

and as such are (formally) a set which spans the generalized kernel of the —L0,.
If we set gj = e™“ej, j = 1...4 then

AT ogz =0, AT 081 =85
AZ,Ogél =0, AT 0g3 =g
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Moreover the functions g} are in L? x L? if a > 0. The exponential weight e~% leads to
convergence for y large and positive. On the other hand, we have defined J,° I as a definite
integral which begins at —oo. This fact, together with the exponential decay of the functions
we are considering leads to the convergence for y < 0. Note that

(8, 85) = dij-
With this choice for the adjoint eigenfunctions the projection Iy takes the form
of = (g5, f)g;-
We define the isomorphism from Fy to R* by agy +bga +cg3 +dgs — (a, b, ¢, d)t. Therefore
det Ne(A) = det { (g, (\] — Aa,0)8;) — (8], 47 08;) + O(*) ], -

It is clear that

(gl O\ = Ago) g}, =

OO O >
S O > =
o > O O
|
—

and T1gA{ITy corresponds to the matrix

{<g:7A;,Og]>}ZJ = {<ej;3ayL0,1ej>}Z‘j
= - {<8ye;ka L07lej>}¢j .
Note that this matrix has no dependence on the exponential weight a. A consequence of this is

that eigenvalues of A, . do not depend on a at leading order in €, a fact we will exploit later.
We now evaluate the inner products, for example

* 8c c é é
et tusen = (on (0 ) v (G ) oa (7))

= aip1(xy) — agk

wo={(457 ) (%))

Recall that we are linearizing about the solutions p. ., and therefore Ly; has an implicit

dependence on z,. If z, is zero, then L. maps even functions to even functions and odd to odd.

So does Lg 1, thus p;(0) = 0 since it is an inner product of an even and an odd function.
Computing the remainder of the inner products shows that

where & is as in (10) and

ajpl — a2k —a1Vy — Qi G1p2 + a2k —aiVe — Qi3

* —a1R —a1H1 a1k —ai1p3
oye;, Loq1€e;)}.. =
{« A j>}” bips +bak  —bivo —bopa  bipy —bak  —bivz — bopuy
bllﬁl 7b1‘LL2 7b1l€ 7b1p,4
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where

ia,) = << Oedo >’L071 < 7"80 )>
o =(( o, )20 (%)
e = {0, ) s (4, )
e = (%0 ) zan (P80 ))
V() = <( 0ede >7L0’1 ( acgc,o )>
e = (o ) 201 (e )

Note that p;(0) = 0 for ¢ = 2...4 for the same reasons 1 (0) = 0.

At this point, we could explicitly compute det N.(A), but this results in a rather complicated
expression. Instead, since 0,L. always has an algebraically double zero eigenvalue regardless of
€, we know that

det N.(\) = A2 (A2 + BA+C) .

As B is the coefficient multiplying the O(\?) term in the determinant of a four-by-four matrix,
it is simply the trace of N.(0). Tedious, but routine, computations show that

C = —e(ark + bir) + O(?).
Therefore

det Ne()‘) =det {<g:7 ()‘ - Aa,OI>gj> - 6<g7>,'k7 A;,Ogj>}ij
:)\2 ()\2 — Eli(az + bz))\ - 6/43((11 + bl) + 0(62))

which has zeros at A = 0 and

1
A= S(az +bo)er £ /(a1 +br) er + O(e2).

Hypothesis 2 implies that a; and b, are negative and as + by is manifestly positive. Therefore

1. if ek < 0 then the term appearing in the square root is positive and we see a positive real
eigenvalue of O(4/|e|) is produced. Therefore the solitary wave is linearly unstable.

2. if ek > 0 then the term appearing in the square root is negative. Thus the real part of
the eigenvalues is determined by the sign of %(ag + by)ek, which is positive. And so the
solitary wave is linearly unstable in this case as well!

Notice that in the first case we expect the instability will grow at a rate O(y/|e|) while in the
second case we expect the instability to grow at the slower rate O(e) and to also oscillate.
This slowly growing oscillatory instability is the origin of the leapfrogging behavior described in
previous literature. This concludes the proof of Theorem 15. As we stated in Corollary 16, it
happens that the unstable eigenvalues in the right half plane persist if we set a = 0. We prove
this now.

We have shown that, for a sufficiently small, there is a complex number A in the right half
plane and a function u, € L2 x L2 such that d,L.u, = Au,. Recall that X is, to leading
order in €, independent of a. We claim that u, is in fact in the space L? x L2. Since a > 0,

21



IS Tua(@)Pdy < [3° |e™aq(y)[*dy < oo. It is not clear that u, decays fast enough as y — —oo

for fi)oo lu,(y)|?dy to converge.

However, u, is a solution of a linear differential equation and thus we have more information
available on its behavior at spatial infinity. Since pc. ,, decays exponentially fast, u, decays or
grows at rates equivalent to those of solutions of

(0yLe — N)v =0

where L. as in (17). A direct computation using the definitions of the operators K; shows that
solutions of this ODE behave at spatial infinity like e*¥ where p is one of the roots of

(W8 — e+ ) (ea® + (01— )t A) = E(eas® + ezp)? = 0. (19)

We claim that if A has non-zero real part (as is the case), then this equation has no purely
imaginary solutions. We check this as follows. Suppose that u = i3 with 8 € R is a solution.
Then we can rewrite (19) as

(i + A)(iB2 + A) + €65 = 0

for appropriate real numbers 1, 82 and (3. The equation is quadratic in A, so we have

A= % (—i(ﬂ1 +032) £ \/—(51 — [2)? — 4625§> .

Thus p purely imaginary implies A is as well.

Since the numbers p must have non-zero real parts, u, either grows or decays at an expo-
nential rate as y — —oo. However, u, € L2 x L2 precludes the possibility that it grows without
bound. Suppose that for y large and negative |u,(y)| = O(]e”¥|) where p has negative real part.
Thus |e®u,(y)| = O(|e+t9Y|) as y — —oc. Since u, € L? x L2, this implies y + a has negative
real part. But a is arbitrarily close to zero and p is fixed. Thus u, cannot grow for y << 0,
which in turn implies it decays exponentially there. Therefore u, € L? x L? and X is in the
spectrum of d, L. on L? x L?.

7 Illustrative examples and numerical simulations.

In this section we carry out some calculations and perform several numerical studies to demon-
strate our principal results. We will be working with the system:

1
ut—&—(um+u2+e<2v2+uv>) =0
2 Ly
Ut—l—(vm—i—v +e<2u +uv>) =0.

This system is of Gear-Grimshaw type and has the added feature that the equation is invariant

(20)

under the exchange of  and v. This latter fact allows us to compute that pe (y) = gc,e(y) ( } )

sech? (*@,)

where

e,e(y)

T 24 3¢ 2

provided € > —2/3 and ¢ > 0. Similarly, we find that
2 =2
Lo =qcpo ( _9 9 )
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and

(%) e ()
_ / (¢h.0(2))? geno ().

Clearly £ < 0 and we expect that for ¢ < 0 we should observe the leapfrogging instability.

We numerically simulate solutions to (20) using an adaptation of a pseudo-spectral scheme
developed by Li & Sattinger in [19]. In our simulations, we let ¢ = 1 and take as initial
conditions u(z,0) = 0.95¢; ¢(x), v(z,0) = ¢1,(x), a slight perturbation of p; ((z). We repeat
the simulations for sundry values of €. To better demonstrate the leapfrogging phenomenon, we
study the motion of the centers of mass of u and U which we denote ¢,,(t) and ¢, (t). Specifically

¢u(t) = TGIES )” /qu(x,t)dt and ¢, (t) = W@ )” / %(z,t)dt. If the initial condition were

precisely p1 ., these would both be identically t.

In Figure 3 we plot, for ¢ = —0.2, v and v vs. x at a sequence of times covering roughly
one oscillation of the leapfrogging. Note the radiative dispersion to the left of the wave which,
though small, forms at about ¢t = 3. In Figure 4 we plot ¢, (t) — t and ¢,(t) — t versus t for
e = —0.2 and € = —0.1. Several features stand out. The first is the growing oscillation between
the phases, i.e. the leapfrogging behavior predicted by the linear theory. Second, the frequency
of this oscillation increases with e. Finally, notice that there is an overall decrease in the phase
speed of each component. Heuristically, this is due to the radiation; the dispersion decreases
the amount of momentum available to the wave, and thus slows it down.

If one runs the simulation for long times, the amplitude of the oscillation grows while si-
multaneously more radiation is created. Eventually the oscillations grow so large that the two
components cease their interaction. That is to say, the leapfrogging behavior is transient. In
fact, the solution appears to become the superposition of waves of t.. and b, type. The
production of the dispersive tail ceases as soon as the components separate and the previously
produced radiation falls farther and farther behind the two waves. We plot a snapshot of v and
v vs. x at ¢ = 400 in Figure 6. We plot ¢, (¢) and ¢,(t) vs. ¢t in Figure 5. (In both instances,
we have taken ¢ = —0.1.) We remark that in many dispersive systems (specifically in the KdV
equation), radiative effects are a stabilizing influence on solitary waves. In this instance however,
it appears that the radiation is a fundamental part of the instability.

Finally, we repeated the above experiments with e = 0.1. In this case, we do not expect any
leapfrogging, though the wave remains unstable. Figure 7 plots ¢, (t) and ¢,(¢) vs. t. Once
again the wave separates into the superposition of waves of type t.. and b. ., though there is
no oscillation—see Figure 9. The waves merely “slide” apart from one another—see Figure 8.
Figure 9 is a snapshot of this solution at ¢ = 150, well after the waves have separated.

8 Appendix: Alternate proof for existence of asymmetric
solitary waves.

In this section we prove the existence of asymmetric solitary waves using an ad hoc method
which is commonly used in bifurcation and numerical analysis of Hamiltonian systems. The
idea is to augment the Hamiltonian equation with a dissipation term, for instance YV H, so that
for v # 0, the system is gradient-like and does not possess any small non-equilibrium solutions.
The parameter « then allows one to solve the reduced equation with a standard implicit function
theorem; see the proof of the Liapunov Center theorem in [8] for a simple application of this
trick. .
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Figure 3: v and v vs. z. Dashed lines are v, solid lines are u. Here, ¢ = —0.2.
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Figure 4: ¢(t) —t vs. t. In the top figure e = —0.1, the bottom € = —0.2.
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Figure 5: ¢, and ¢, vs. t. ¢, is solid, ¢, is dashed. The dashed/dotted line is simply ¢. Here,
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Figure 6: v and v vs. x at t = 400 when ¢ = —0.1.
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Figure 7: ¢y (t) and ¢, (t) vs. t ¢, is solid, ¢, is dashed. The dashed/dotted line is simply ¢. Here,
e=0.1.

In our problem, we introduce the dissipation term as a linear damping term. To start with,
we employ a Liapunov-Schmidt reduction as in the proof in Section 4. We are looking for
d(y) € H? x H? such that E/[pco,, +d] +cVM[pcos, +d] = 0. Define the mapping

®(ds€,21,7) = El[pco,a, +d] +cM'[peoa, +d]+7(plg., +d)

Notice that ®(0;0,21,0) = 0 for all x;.

We claim that unless v is zero, there are no non-trivial solutions to ® = 0. To see why,
suppose that q = p¢ e, +d is such a solution and take the inner product of ® = 0 with ¢'. We
discover

0 =(E¢[q] + cM'[q] +vq',q')
=/ld'[I.
Thus either 7 is zero or q is trivial. We remark that adding this term is equivalent to adding a
diffusive term to the original system (2). For the time being we allow ~ to vary as the presence
of an extra parameter will be useful in what follows.

The operator Ly in (11) is the derivative of ® with respect to d and evaluated at d = 0,
€ =0, z1 and v = 0. Let R be the range of this operator, & its kernel of and P the orthogonal
projection onto &. (All of these coincide with their namesakes in Section 4.) ®(d;e, z1,7) =0
if and only if

P ®(d;e,z1,7v) =0, and
(1-P) ®(d;e,21,7) =0

simultaneously. 1 — P is the projection onto R.

o(d;e,71,7) = Eé[pc707$1 +d] + CM’[pC,O,xl +d] +7 (p/c,O,xl + d/)
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Figure 9: v and v vs. = at ¢ = 150 when € = 0.1.

Notice that ®(0;0,z1,0) = 0 for all x;.
Alsod=Pd+(1—-P)dandso (1—P) P =0 can be rewritten as

dr(dg,,dr; € 71,7) = (1 = P) ®(dg, +dr;e,71,7) =0

where dg, = P d and dg = (1 — P) d. ®% is a map from & x R x R? into R. By construction,
the derivative of ®r with respect to dg has a trivial kernel and is onto. So, by the implicit
function theorem we conclude that there is a C' map

h1(d50, 67‘%1;’7)

into R such that
g, (dgy, hi(dey, €, 217)5€,21,7) = 0.

(Note that hy(0,0,21,0) =0.)
Solutions to ® = 0 are in one to one correspondence with solutions of

P (b(dgo + hl(d80a6a$1a7)§€7$177) =0.

Recalling that the elements in & are generated by the translation and separation invariances,
we will look for solutions where there is no contribution from &. To wit, set h(e,z1,7) =
h;(0,¢,21,7v). We now must solve

Dg, (€, 21,7) = P ®(h(e,x1,7);€,21,7) = 0.
If we expand ®g, about e =0, v = 0 as a Taylor series we find
Dg,(€,21,7) = P (Loh + €9, 2(0;0,21,0) +79,2(0;0,21,0)) + O(e* ++2).
Since P is projection onto & and R = T, P Ly = 0. So we now have

P (0.9(0;0,x1,0) 4+ v9,®(0;0,21,0)) + O(e? +~2) = 0. (21)
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A straight-forward calculation shows that

c.0lY +
P o,8(0:0.0,0) = (Bt ).

Similarly, since

Ksreoly —x1) + 0uH (geo(y + 1), re0(y — 1)) >
0.0(0:0,21,0) = : : :
( o ) < Kch,O(y+x1) +avH(qC,o(y+$1),rc,0(y—x1))

we have
. _ Qeo(y + 1) . 0
P 86‘1)(0,0,56170) = Oz(l‘l) < 0 0 > +ﬂ( 1) ( Té70(y_$1) >
where
1 /
a(e1) =1 T [t (0= 20) + 0uH e (4 1) e (0 = 20)) (g 1) dy
ﬂ(xl) || 0”2 /(K3QC,O (y+xl) +avH (QC,O (y+x1)a7ﬂc,0 (yfxl)))r/(yfxl) dy

With these, we see that (21) is equivalent to

ea(x)) +v+O0(E ++4*) =0
eBl1) +7+0(€ +4%) =0

)

or rather

e (a(z1) = B(z1)) + O(¢* +4%) =0

(e, 21.7) = (aler) + Bar)) + 27+ O +42) = 0. @2)

Notice £(0,z1,0) = 0 and 9,¢ evaluated at e =y = 0 is 2. As a consequence there is a C*
function g(e, 1) so that £(e,21,9(e,z1)) = 0 and g(0,2z1) = 0. If we did not put in the term ~
above, then it would not be clear that we could make this step and solve £ = 0.

We are left only with solving the first equation in (22), which we rewrite as

n(e, 1) = (a(x1) — B(z1)) +O(e) =0

Here we have made use of the fact that g(e,21) is O(e) and canceled away a power of e. It is
clear that we cannot solve this equation unless a(z1) = B(x1), as there is no hope in that case
for the leading order part to cancel with the O(e) terms. Suppose this condition is met at the
point z, then n(0,z,) = 0. If 9,,1(0,z4) = o/ (x,) — ' (x,) # 0, then we can once again appeal
to the implicit function theorem to assert the existence of a function d(e) so that n(e,d(e)) =0
and 6(0) = ,.

Therefore, if a(zy) = B(xy) and o'(z4) # B'(z4) then we can construct functions d(e),
g(e,x1), h(e, x1,7) so that

®(h(e, d(e),g(e,d(€)));€,6(e), ge, d(€))) = 0.

As we noted earlier, unless v = 0 there are no nontrivial solutions of the equation ® = 0. As a
consequence we know that the function g is identically zero. Thus, we have

®(h(e, d(€),0);¢,6(€),0) =0

which is to say that pco ., + h(e, 6(€),0) is the profile of a solitary wave solution of (2).
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(I)(d7 €, 3317/7) = Eé[pc,o,am + d] + CM/[pc,O,:m + d] + v (plc,O,xl + dl)

Notice that ®(0;0,21,0) = 0 for all x;.

Finally, it happens that ¢, o [|?a(x1) = ||, o||*6(z1). This fact follows from (once again) the

translation invariance of the problem combined with its hamiltonian structure and we leave the
details to the reader. Thus the conditions for existence using this method are identically those
found in Section 4.
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