Liesegang Patterns

Phenomena and Models



Liesegang Patterns
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[George & Varghese, J.Coll.Int.Sci]



Characteristic Laws

Space Law:
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Keller-Rubinow Model

v, A+v,Bev C

C=E
a=d,a, —v,r
b=d,b = vyr Boundary Conditions:
c,=d.c +tv.r—p a(0,t)=a, b,(0,t)=0
e,=p c (0,t)=0 e (0,t)=0

where r is the mass action term:
r=k,a“b"—k,c"™
and p is the precipitation kinetics:

p(c,e)=0 ifc<cx & e=0

p(c,e)=q(c—c’),, ifczcx VvV e>0



Keller-Rubinow Model

Null Plane
Advantages:
*Threshold kinetics
*Simple

*Nearly explicitly solvable

Disadvantages:

*Over-simplified?

*Discontinuous, no smooth analysis
*No width law



Cahn-Hilliard Model

a,=d,a, —ab

a— xXx

b,=d,b_—ab

u=—do, (0, u+u—u’)
Spinodal Decomposition

Ostwald Ripening

Cahn-Hilliard equation
pulled front propagating into unstable state u = 0.4
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[Van Saarloos, Phys.Rep.] [Garcke, et al, Acta Materialia]



Our Modeling Approach

a,=d,a,  —ab

b=d,b_—ab

c,=d.c +ab—f(c,e)

e,=d,e_+f(c,e)
Boundary Conditions:

a(0,t)=a, a,/L,t)=0 b, (0,t)=b,
c (0,t)=c (L,t)=0 e (0,t)=e,

We want:

*f(c,e) smooth conversion rate

*Threshold kinetics

*c+e=k conserved when ab=0

*f(c,e)=0 spatially homogenous equilibrium



PDE Stability/Instability

Considering isolated C-E reaction:

Ct=dccxx_f(c’e)
e=d,e +f(c,e)

Linearization:

Cr| = —fo—k* —f. |[c,
ék fc fe_dek2 ek
Eigenvalues:
k=0
A=0  A,=f—f
k>0 f—df
A, =—Dk*+0(k*) A,=f,—f.+O(k’) D= f—f ¢



Two Types of Instability

Stability:
f.~-f.<0 AND D>0 - f,—d,f.<0

Spinodal Instability: Homogenous Instability:
fo—f<0 AND D<0 - f.-d.f>0  f~-f>0 AND D>0 - f,—df>0
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Our First Successful Model

f(c,e)J=c+Se(l—e)(e—x)
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Liesegang Patterns:
Phase-Field Dynamics

(Lagzi,Ueyama 2008)

(FialKowski,Bitner,Grzybowski 2005)



Our General Model
A+ B—=C<= FE

a =da_—ab
b,=db_—ab
c,=d.c.+ab- f(c.e)
e, =d,e, + f(c.e)

(Stone,Goldstein 2004)



Simple Cubic: Spinodal Regime
f(c,e)=yc+og(e)=yc+oe(l1-e)(e—-a)

 Conditions:

* Phase Portrait of ODE dynamics:

y=1, a=05=0<4

For:

g'(ekz_) = g'(ekﬂ.) = O

e, <e<e, = g)<0



Simple Cubic: Homogeneous

(Bistable)

f(c,e)=yc+dg(e)=yc+0oe(l1-e)(e—-a)

« Conditions: y=1, a=0.5=0>4
* Phase Portrait of ODE dynamics:




Phase- Fleld Analogy

C,E-Dynamics: € =dcy = J(ce)

Scalings: € = d Coe T f(c.e)
O=c+e U
e=elp 0 +(-de, =0
59 e, = de_ +0g+y(0-de)

r U
0 6=, [

y pT
o=(pd)”" e, =de_+ pog+ py(ré —de)
d=od J
/= (I1-4d) =~ =~

poT Ht + let = Hxx

Phase Field: g A
oe, = de . + pog + py(T0 — de)




Existing Models as Limits:

Cahn Hilliard (spinodal decomp.):

[—o0 (0—0)

—
—_
—A
L
L ]

e, =0
0

A

XX

= (c;’exx + 00g + —de)(pyr)'l

J

2, = (pyt)"l(c;’exx + pOg — de) .




Existing Models as Limits

€

fe)=ye+gle)=c-—=Ep(¢ /)

d=0. a=0=" Keller Model (bistable): f(c,e)=cH(c-c,)

vy
I

Null-Plane



Difference Between Bistable
and Spinodal

Triggered Fronts: ¢, =c_ -f+Ad(x-s1)

e, =de_+f

~

Bistable (Homogeneoous)

Spinodal




Difference Between Bistable
and Spinodal:

Pushed and Pulled Fronts

 Pushed
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Bistable

* Pulled

Bistable & Spinodal



Revert Patterns

» Wavelength determined by fe

. fe determined by e

» e determined by initial
concentrations

* Only occurs in spinodal
regime
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