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Four Topics:

• Confined monopoles in dense QCD (GSY, & Eto, Nitta, Yamamoto)

• Transverse part of the triangle anomaly via holography (Son + Yamamoto)

• Developments in soft wall holographic QCD (Karch, Katz, Son, Stephanov)

• Deriving exact vector meson dominance via Seiberg’s duality (Komargodsky)
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Color Superconductivity (CSC) 

!  QCD at high density → Fermi surface, weak-coupling 
 
!  Attractive channel → Cooper instability 
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1) Confined monopoles in dense QCD
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SU(3)/U(1) = CP(2) sigma model

classically gapless excitation

“Non-Abelian” string is formed if all non-
Abelian degrees of freedom participate in 
dynamics at the scale of string formation

2003: Hanany, Tong
Auzzi et al.
Yung + M.S.
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T= TANO/N

☺In fact, mass gap Λ is developed; N vacua 
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2) Transverse part of the triangle anomaly via holography

M. Shifman

☞ Longitudinal part of fermion triangle graph exactly fixed by chiral anomaly

π0→γγ
         Vainshtein: is the transverse part is constrained?stance, the original hard cut-off metric [20] gives res-

onances at the zeros of the Bessel function (remem-

ber Migdal!). It gives parabolic Regge trajectories,

and Π(Q) ∼ ln Q2 + exp(−Q) in Euclidean (remember

Migdal!). It was later replaced by a soft cut-off metric

which gives equidistancy in M2
, linear Regge trajecto-

ries and rigid 1/Q2
corrections in the Euclidean expan-

sion, as if all condensates were expressed in terms of the

lowest-order condensate.

By and large, I cannot say that at present AdS/QCD

gives a better (or more insightful) description of the

hadronic world, than the good old SVZ condensate-

based method. Given a rather crude character of the

hard-wall and similar approximations, perhaps, today

one may hope to extract only universal information on

hadronic dynamics, steering clear of all details. How-

ever, I do not exclude that further studies of these

two approaches, in conjunction, will be beneficial for

both and will add some significant understanding to our

knowledge of the hadronic world. I appeal to young the-

orists involved in this area of research to invest effort in

this subject.

5. Can holography help?

As it should be clear, I do not expect for the time

being the AdS/QCD to produce detailed predictions su-

perior (or even close) in their reliability and precision

to those of the SVZ sum rules. However, I hasten

to make a reservation. If one can find such general

problems whose solution does not depend on particular

choices of the five-dimensional metric, one has much

better chances to obtain a successful prediction. Such

an attempt has been undertaken recently in [23, 24] in a

problem in a way related to the chiral anomaly.
3

As we

will see, no breakthrough occurred, although the results

obtained in [23, 24] give some food for further thought.

It is well known that the longitudinal part of the

fermion triangle graph is unambiguously and exactly

fixed by the chiral anomaly. In essence, this is a topo-

logical rather than dynamical quantity. The knowledge

of the above longitudinal part gives us the famous for-

mula for π0 → γγ. Vainshtein asked himself a question

[25] (see also [26, 27]) whether the transverse part of

the triangle graphs is also constrained. He demonstrated

that the transverse part wT (Q2
) of the current-current

correlator in an infinitesimally weak electromagnetic

3
That was probably the original reason behind the belief that

holography will work.

field defined as

� jµ j5ν�F̂ = − 1

4π2

�
wT (q2

)

�
− q2F̃µν + qµqσF̃σν

− qνqσF̃σµ
�
+ wL(q2

) qνqσF̃σµ
�
, (6)

is not renormalized in perturbative QCD. However, be-

cause of the chiral symmetry breaking, the above non-

renormalization theorem is not extendable to to nonper-

turbative effects [25]. Thus, wL and wT have different

status: the latter quantity is dynamical. Nevertheless,

the fact that the αs series is absent in wT gives one hope

that only some general aspects of QCD are involved in

its calculation. Under a simple additional assumption of

the pion dominance, Vainshtein obtained the following

analytic “prediction” for the vacuum magnetic suscepti-

bility χ introduced in [28]:

χ = − Nc

4π2 f 2
π

. (7)

Here Nc is the number of colors, and fπ ≈ 92 MeV is

the pion constant. I put “prediction” in the quotation

marks because there was no theoretical justification for

the above-mentioned simplest assumption, as was cer-
tainly noted and emphasized in the original paper [25]. I

guess, the goal of the holography explorers in this issue

was to find a justification for this or a similar relation,

perfect the coefficients, and, in general, elevate its status

to the level where the quotation marks could be dropped.

First, it was realized [23] that the gravity dual in the

case at hand must be Yang–Mills–Chern–Simons the-

ory. Addition of the Chern–Simons term turned out to

be absolutely necessary. In the so-called hard-wall ver-

sion of holography the vacuum magnetic susceptibility

was found (numerically) [23] to be close to (7), with the

coefficient larger than Nc/4π2
by about 10%.

Then other versions of holography, such as the so-

called soft model of the “bottom-up” AdS/QCD [22]

and the “top-down” Sakai–Sugimoto model [29] (both

are popular in this range of questions) were explored in

[24]. In this rather broad class of Yang–Mills–Chern–

Simons dual theories, with the chiral symmetry broken

by the boundary conditions in the infrared, indepen-

dently of the choice of the gravity metrics, the following

relation takes place [24]:

wT (Q2
) =

Nc

Q2
− Nc

f 2
π

�
ΠA(Q2

) − ΠV (Q2
)

�
F
, (8)

for any Q2
. Here ΠA,V are the two-point functions of the

axial-vector (vector) currents in the background (very

soft) electromagnetic field. The first term in (8) was ob-

tained by Vainshtein. The second term obviously van-

ishes to any finite order in perturbation theory. This
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is a nonperturbative correction found through holog-
raphy but independent of the particulars of the five-
dimensional metric. Equation (8) implies a new set of
relations for various resonance parameters.

Considering Eq. (8) at large Q2, using the SVZ-type
operator product expansion for

�
ΠA(Q2) − ΠV (Q2)

�
F

,
and factorization for the four-quark matrix element (jus-
tified by the large-Nc limit) one can derive from (8)
a consistency condition [24] for the vacuum magnetic
susceptibility, in an analytic form. Remarkably, this is
exactly the same formula (7) obtained by Vainshtein.

Another example of predictions [24] for physical ob-
servables following from (8) are the sum rules

�

j

gγViA j gAj

m2
Aj
− m2

Vi

= − Nc

4π2 f 2
π

gVi , (9)

�

i

gγViA j gVi

m2
Aj
− m2

Vi

= − Nc

4π2 f 2
π

gAj . (10)

In the first sum rule i is fixed (and arbitrary) while j
runs over all axial-vector resonances. Likewise, in the
second expression j is fixed while i runs over all vector
resonances. For broad resonances one can substitute the
sums by the integrals in the spirit of the SVZ method.

Let us ask ourselves how successful numerically is
the Vainshtein formula. The pion constant in (7) is
normalized as fπ ≈ 92 MeV. Substituting this number
we arrive at χ ≈ −9.0 GeV−2. At the same time, the
magnetic susceptibility had been determined from the
QCD sum rules long ago. Unfortunately, calculation of
the magnetic susceptibility, presented in the main text
of [28] is not quite correct since an inappropriate dis-
persion relation was used. The correct result is quoted
in ‘Note added in proof’ in the same paper. The most
precise evaluation of the magnetic susceptibility can be
found in Sec. 6.3 of the book [30],

χQCD SR = −3.15 ± 0.3 GeV−2 (11)

for the normalization point around 1 GeV. The discrep-
ancy is about a factor of 3, somewhat larger than could
have been anticipated.

The main problem with holography which clearly re-
veals itself in confronting (7) and (11) is that hologra-
phy, as we know it now, does not reproduce those sev-
eral terms of OPE which are solidly established. There-
fore, fine details of the hadronic picture obtained from
holography come out wrong (at least, for the time be-
ing), although some overall contours are, perhaps, cap-
tured right.

6. Instead of Conclusions

The richness of the hadronic world is enormous.
It describes a very wide range of natural phenomena,

e.g.:
• all of nuclear physics;
• Regge behavior and Regge trajectories (highly ex-

cited meson and baryon states);
• strongly coupled quark-gluon plasma; high-T

phenomena; color superconductivity at high density
(through color-flavor locking); neutron stars;
• richness of the hadronic world (chiral phenomena,

light and heavy quarkonia, the Zweig rule, glueballs and
exotics, exclusive and inclusive processes);
• hadronization of fast moving colored sources, i.e.

jets (of special interest are, of course, nonperturbative
aspects of the jet physics);
• interplay between strong and weak interactions (in

particular, the so-called penguin mechanism);
and many other issues.

At short distances QCD is weakly coupled, allowing
high precision perturbative (multi-loop, multi-leg) cal-
culations. However, the advent of the era of arbitrarily
exact analytical computations at all energies and mo-
menta, especially in the Minkowski domain, is not ex-
pected in the foreseeable future, due to strong coupling
nature of the large-distance dynamics. Let us ask our-
selves: what do we want from this theory? Is it reason-
able to expect high-precision analytic predictions for all
low-energy observables? Can we (and should we) com-
pute hadronic masses, matrix elements or, say, proton’s
magnetic moment up to five digits?

Unlike QED, most probably we will never be able to
analytically calculate the above-mentioned and similar
observables with this precision. But do we really need
this? To my mind, what is really needed is the comple-
tion of the overall qualitative picture of confinement +
development of various reliable approximate techniques
custom-designed for specific applications. The original
sum rule method, extended by numerous later develop-
ments, fits very well. In this context QCD sum rules do
have a future, don’t they?

Note Added in December

A very recent publication [31] admired me by its el-
egance. Zohar Komargodski implemented, in a bril-
liant way, the old idea [32] that all vector mesons of
QCD (i.e. ρ and its excitations) are in fact Higgsed
gauge bosons of a hidden non-Abelian local symme-
try (or symmetries) of the hadronic world. This was
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that the transverse part wT (Q2
) of the current-current

correlator in an infinitesimally weak electromagnetic

3
That was probably the original reason behind the belief that

holography will work.

field defined as

� jµ j5ν�F̂ = − 1

4π2

�
wT (q2

)

�
− q2F̃µν + qµqσF̃σν

− qνqσF̃σµ
�
+ wL(q2

) qνqσF̃σµ
�
, (6)

is not renormalized in perturbative QCD. However, be-

cause of the chiral symmetry breaking, the above non-

renormalization theorem is not extendable to to nonper-

turbative effects [25]. Thus, wL and wT have different

status: the latter quantity is dynamical. Nevertheless,

the fact that the αs series is absent in wT gives one hope

that only some general aspects of QCD are involved in

its calculation. Under a simple additional assumption of

the pion dominance, Vainshtein obtained the following

analytic “prediction” for the vacuum magnetic suscepti-

bility χ introduced in [28]:

χ = − Nc

4π2 f 2
π

. (7)

Here Nc is the number of colors, and fπ ≈ 92 MeV is

the pion constant. I put “prediction” in the quotation

marks because there was no theoretical justification for

the above-mentioned simplest assumption, as was cer-
tainly noted and emphasized in the original paper [25]. I

guess, the goal of the holography explorers in this issue

was to find a justification for this or a similar relation,

perfect the coefficients, and, in general, elevate its status

to the level where the quotation marks could be dropped.

First, it was realized [23] that the gravity dual in the

case at hand must be Yang–Mills–Chern–Simons the-

ory. Addition of the Chern–Simons term turned out to

be absolutely necessary. In the so-called hard-wall ver-

sion of holography the vacuum magnetic susceptibility

was found (numerically) [23] to be close to (7), with the

coefficient larger than Nc/4π2
by about 10%.

Then other versions of holography, such as the so-

called soft model of the “bottom-up” AdS/QCD [22]

and the “top-down” Sakai–Sugimoto model [29] (both

are popular in this range of questions) were explored in

[24]. In this rather broad class of Yang–Mills–Chern–

Simons dual theories, with the chiral symmetry broken

by the boundary conditions in the infrared, indepen-

dently of the choice of the gravity metrics, the following

relation takes place [24]:

wT (Q2
) =

Nc

Q2
− Nc

f 2
π

�
ΠA(Q2

) − ΠV (Q2
)

�
F
, (8)

for any Q2
. Here ΠA,V are the two-point functions of the

axial-vector (vector) currents in the background (very

soft) electromagnetic field. The first term in (8) was ob-

tained by Vainshtein. The second term obviously van-

ishes to any finite order in perturbation theory. This
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 vanishes in perturbation theory. A nonperturbative correction found through 
holography but independent of particulars of 5D metric! + Factorization

¿¿¿ Vainshtein formula ??? 



3) Soft wall holographic QCD, K2S2

M. Shifman

              S=-(1/4) ∫ d5x g1/2 e-Φ VMNVMN

infinite tower of vector mesons

ds2=z-2[dt2-(dxi)2-dz2],     Φ=az2

a positive or negative?          K2S2  vs. de Teramond, Brodsky
                         Zuo
                         Nicotri
                         Andreev, Zakharov 

a negative   “better” confinement

K2S2

a negative    unavoidable massless
scalar boson, spont. breaking of 
the vector current. Forbidden
by Witten



4) Deriving exact vector meson dominance via Seiberg’s duality

M. Shifman

Basic concept: a hidden “flavor”gauge symmetry in QCD (ρ mesons → back to Yang-
Mills) which is Higgsed. [Kawarabayashi, Suzuki, Fayyazzuddin, Riazuddin (1966); Bando et 
al. 1985-88.]

Consequences: (a) universality of the coupling, (b) vector meson dominance.

In QCD per se we cannot derive ☹☹☹ No obvious prarameter to dial 
to make ρ’s massless or parametrically light ☹☹☹

BUT!

Consider supersymmetric QCD with Nf flavors, Nc+1<Nf<(3/2)Nc

Seiberg’s dual: SU(Nf-Nc), Nf “magnetic” (s)quaks, plus c.singl. Mfg

“Magnetic gluons” are “ρ mesons”☺☺☺ Can be made massless at the 
origin of moduli space!!!   VMD + Universality guaranteed ☺☺☺.



family: the genuine vacuum plus metastable ones entangled with the genuine vacuum

in the θ evolution.

As soon as string tensions in our model are classically determined by their U(1)

charges the tension of k-string is given by

Tk = 2π k ξ + O(Λ2), (45)

where corrections of order of Λ2 are induced by the quantum effects in the effective

world sheet theory.

If we add up N strings, the resulting conglomerate is connected to the ANO

string.

6 Kinks are confined monopoles

The CP (N − 1) models are asymptotically free theories and flow to strong coupling

in the infrared. Therefore, the non-Abelian strings discussed in the previous sec-

tions are in a highly quantum regime. To make contact with the classical Abelian

strings we can introduce parameters which explicitly break the diagonal color-flavor

SU(N)diag symmetry lifting the orientational string moduli. This allows us to obtain

a quasiclassical interpretation of the confined monopoles as string junctions, and fol-

low their evolution from (almost) ’t Hooft–Polyakov monopoles to highly quantum

sigma-model kinks. In the supersymmetric case this was done in Refs. [12, 11, 13].

6.1 Breaking SU(N)diag

In order to trace the monopole evolution we modify our basic model (3) introducing,

in addition to the already existing fields, a complex adjoint scalar field aa,

S =
∫

d4x

{

1

4g2
2

(

F a
µν

)2
+

1

4g2
1

(Fµν)
2 +

1

g2
2

|Dµa
a|2

25+ Tr (∇µΦ)† (∇µΦ) +
g2
2

2

[

Tr
(

Φ†T aΦ
)]2

+
g2
1

8

[

Tr
(

Φ†Φ
)

− Nξ
]2

+
1

2
Tr

∣

∣

∣aaT a Φ + Φ
√

2M
∣

∣

∣

2
+

i θ

32 π2
F a

µνF̃
a µν

}

, (46)

where Dµ is a covariant derivative acting in the adjoint representation of SU(N) and

M is a mass matrix for scalar quarks Φ. We assume that it has a diagonal form

M =

















m1 ... 0

... ... ...

0 ... mN

















, (47)

with the vanishing sum of the diagonal entries,

N
∑

A=1

mA = 0 . (48)

Later on it will be convenient to make a specific choice of the parameters mA, namely,

M = m × diag
{

e2πi/N , e4πi/N , ..., e2(N−1)πi/N , 1
}

, (49)

where m is a single common parameter, and the constraint (48) is automatically

satisfied. We can (and will) assume m to be real and positive.

In fact, the model (46) presents a less reduced bosonic part of the N = 2 super-

symmetric theory than the model (3) on which we dwelled above. In the N =

2 supersymmetric theory the adjoint field is a part of N = 2 vector multiplet. For

the purpose of the string solution the field aa is sterile as long as mA = 0. Therefore,

it could be and was ignored in the previous sections. However, if one’s intention is to

connect oneself to the quasiclassical regime, mA %= 0, and the adjoint field must be

reintroduced.

For the reason which will become clear shortly, let us assume that, although

mA %= 0, they are all small compared to
√

ξ,

m &
√

ξ ,

26

Prototype model

M. Shifman

U(2) gauge group, 2 flavors of (scalar) quarks
SU(2) Gluons Aaμ + U(1) photon + gluinos+ photino

Φ =
�

ϕ11ϕ12

ϕ21ϕ22

�

M =
�

m 0
0−m

�

Basic idea:
• Color-flavor locking in the bulk → Global symmetry G;        

• G is broken down to H on the given string;

• G/H coset; G/H sigma model on the world sheet.

Φ=√ξ × I



π1(SU(2)×U(1)) = Z2: rotate by π around 3-d axis in SU(2) 
   → -1;  another -1 rotate by π in U(1) 

✭ ANO strings are there because of U(1)!
✭  New strings:

st
ri
ng

x
y

M. Shifman

π1(U(1)×SU(2)) nontrivial due to Z2 center of SU(2)
z

α

ANO
�

ξ eiα
�

1 0
0 1

�

T=4πξ

Non-Abelian
�

ξ
�

eiα 0
0 1

�

TU(1)±T3SU(2)

T=2πξ
SU(2)/U(1) ←orientational moduli; O(3) σ model

x0 ← string center in perp. plane
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CP(1) model with 
twisted mass S =

Z
d2x

�
2
g2

∂µ φ̄∂µ φ− (∆m)2φ̄φ
(1+ φ̄φ)2 + f ermions

�

S2

 W
or

ld
sh

ee
t 

th
eo

ry

Global SU(2) is gone!
U(1) remains intact

Two vacua= 2 degenerate strings
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z

Z   string junction

B B

B B

2

3 3

Figure 2: Z2 string junction.

have the same tension. Hence, two different strings form a stable junction. Figure 2
shows this junction in the limit

ΛCP(1) ! |∆m| !
√

ξ (4)

corresponding to the lower left corner of Fig. 1. The magnetic fluxes of the U(1) and
SU(2) gauge groups are oriented along the z axis. In the limit (4) the SU(2) flux
is oriented along the third axis in the internal space. However, as |∆m| decreases,
fluctuations of Ba

z in the internal space grow, and at ∆m → 0 it has no particular
orientation in SU(2) (the lower right corner of Fig. 1). In the language of the
worldsheet theory this phenomenon is due to restoration of the O(3) symmetry in
the quantum vacuum of the CP(1) model.

The junctions of degenerate strings present what remains of the monopoles in
this highly quantum regime [11, 12]. It is remarkable that, despite the fact we are
deep inside the highly quantum regime, holomorphy allows one to exactly calculate
the mass of these monopoles. This mass is given by the expectation value of the kink
central charge in the worldsheet CP(N − 1) model (including the anomaly term).

What remains to be done? The most recent investigations zero in on N = 1
theories, which are much closer relatives of QCD than N = 2. I have time to say
just a few words on the so-called M model suggested recently [13] which seems quite
promising.

2.3 M model

The unwanted feature of N = 2 theory, making it less similar to QCD, is the
presence of the adjoint scalar field. One can get rid of it making it heavy. To
this end we must endow the adjoint superfield by a mass term. Supersymmetry of
the model becomes N = 1. Moreover, to avoid massless modes in the bulk theory
(in the limit of very heavy adjoint fields) we must introduce a “meson” superfield
MA

B analogous to that emerging in the magnetic Seiberg dual, see Sect. 1, with an
appropriately superpotential. After the adjoint field is eliminated the theory has no
’t Hooft–Polyakov monopoles in the quasiclassical limit. Nevertheless, a non-Abelian
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∼∼∼∼ ∼∼∼∼ ∼∼∼∼∼∼∼∼ ∼∼∼∼

M. Shifman

= kink

Evolution in dimensionless parameter m2/ξ

Yung + M.S.
Hanany, Tong



Kink = Confined Monopole
Why?



M. Shifman

!CP(1)

!
!1

CP(1)

" m
!1

#
!1/2

#=0

" m =0

#=0

" m >> #
1/2

The ’t Hooft!Polyakov
monopole

Almost free monopole

B

#
!1/2

< << " m < #
1/2

Confined monopole,
quasiclassical regime

" m 0

Confined monopole,
highly quantum regime

Figure 1: Various regimes for monopoles and strings.

was in full swing.1 BPS domain walls, analogs of D branes, had been identified
in supersymmetric Yang–Mills theory. It had been demonstrated that such walls
support gauge fields localized on them. and BPS saturated string-wall junctions
had been constructed [8]. And yet, non-Abelian flux tubes, the basic element of the
non-Abelian Meissner effect, remained elusive.

2.1 Non-Abelian flux tubes

They were first found [9, 10] in U(2) super-Yang–Mills theories with extended su-
persymmetry, N = 2, and two matter hypermultiplets. If one introduces a non-
vanishing Fayet–Iliopoulos parameter ξ the theory develops isolated quark vacua,
in which the gauge symmetry is fully Higgsed, and all elementary excitations are
massive. In the general case, two matter mass terms allowed by N = 2 are unequal,
m1 != m2. There are free parameters whose interplay determines dynamics of the
theory: the Fayet–Iliopoulos parameter ξ, the mass difference ∆m and a dynamical
scale parameter Λ, an analog of the QCD scale ΛQCD. Extended supersymmetry
guarantees that some crucial dependences are holomorphic, and there is no phase
transition.

The number of colors can be arbitrary. The benchmark model supporting non-
Abelian flux tubes has the gauge group SU(N)×U(1) and N flavors. The N =
2 vector multiplet consists of the U(1) gauge field Aµ and the SU(N) gauge field Aa

µ,

1This program started from the discovery of the BPS domain walls in N = 1 supersymmetric
gluodynamics [7].
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What remains to be done?
✺Dualize!
✺Decrease Supersymmetry to N=1, or better to 0!

In both directions the current progress is inspiring

N = 2→  N = 1 in the bulk 

Heterotic deformation of CP(N-1)

Lheterotic = ζ†
R

i∂L ζR +
�
γζR R

�
i∂Lφ†�ψR +H.c.

�
−g

2
0|γ|2

�
ζ†

R
ζR

��
Rψ†

L
ψL

�

at small γ
ζR is Goldstino

Evac = |γ|2
����Rψ†

R ψL�
���
2 (0,2) supersymmetry is 

spontaneously broken!

Tong 
Yung + M.S.
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Conclusions:

Theory of
hadrons

Veneziano
ampl. ‘68

String theory

String theory
for nonhadrons
D=26, 10

Compactifica-
tion to D=4

D branes

SW sol’n
AdS/CFT

Holographic
descrip. of YM

After 1998: Back-to-roots stage












