Homework #3 Mathematics 8669 Selected solutions

1. Find the character table of the symmetric group Sy.

Solution: There are 5 conjugacy classes so 5 irreducible characters. We know 2
1-dimensional characters- the trivial and the sign. If we let Sy act on {1,2,3,4},
the characters values, call them x(g) are given counting fixed points. So

x(id) =4, x((12)) =2, x((123)) =1, x((1234)) =0, x((12)(34)) = 0.

Subtracting the identity from this, ¢ = x — id we might test if this new class
function is irreducible:

1
< ¢, >= ﬂ(3*3+6*1*1+8*0*0+6*(—1)*(—1)+3*(—1)*(—1))) =1
so it is. We have found three irreducible characters, and sign * ¢ is also irre-

ducible,
id (12) (123) (1234) (12)(34)

id 1 1 1 1 1
sign 1 -1 1 -1 1
1) 3 1 0 -1 -1
signx¢ 3 —1 0 1 -1

Since the sum of the squares of the dimensions of the irreducibles is 24, the last
irreducible must have dimension 2. Then we use column orthogonality to fill in
the last row.

id (12) (123) (1234) (12)(34)
id 1 1 1 1 1
sign 1 -1 1 -1 1
1) 3 1 0 -1 -1
signx¢ 3 —1 0 1 -1
P 2 0 -1 0 2

2. What is the orthogonality relation for the characters of the cyclic group of
order n?

Solution: All of the irredecible characters are 1-dimensional. Let p and 6
be distinct n'” roots of 1. Let g be a generator of G. Then two irreducible
characters are

X" (g") = p*, x’(g") = 0"

and the orthogonality relation is

S E Tk
- — Gk:— kesziz.
0 nZP ZP n 1—p/0 0

3. Show that for any character x and g € G, |x(g)| < x(e) = dimension(y).



Solution: x(g) is the sum of dim(V) eigenvalues of g. Each eigenvalue A
satisfies \l¢| = 1, so is a root of unity, || < 1.

4. Let G be a finite group of order p?, p a prime. By considering the possible
dimensions of the irreducible representations of G, prove that G is abelian.

Solution: The dimensions of the irreducible representations of G must be either
1, p or p?, since they divide |G|. They also must be strictly less than p, because
the sum of the squares equals p?, and id is there. So they are all 1, and G is
abelian.

5. Prove that the sum of any row of the character table of G is a non-negative
integer (see problem 9 for notation),

S
Z % (K;) is a non-negative integer.
i=1

Solution: Let’s use the hint and find the value of the permutation character
x“(g) obtained by letting G act on itself by conjugation. Let g € K;. Since G
acts transitively on K;, x“(g) is the size of the stablizer of g, which is

|G|
| 1<

X(9) =

Thus
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So the row sum is the multiplicity of the ireeducible L is the permutation rep-
resentation C, and is a non-negative integer.

6. Solution: First let’s get the conjugacy classes. Since sris = r~7, this class
is K; = {r/,r7},1 < j <n/2, and the classes Ko = {e}, K,,/o = {r"/?} for n
even. Because r(sr¥)r~1 = sr*=2_if n is odd a single class is J = {s7% : 1 < k <
n} and for n even there are 2 classes, each of size n/2, J; = {sr?* : 1 < k <n/2},
Jo = {sr?k*T1: 0 < k < n/2}. Here is a summary of the classes and sizes

Ko Ki -+ Ky Knp J L1 2
neven 1 2 ... 2 1 0 n/2 n/2
nodd 1 2 .- 2 0 n 0 0

There are n/2 + 3 classes for n even and (n — 1)/2 + 2 for n odd.



Next let’s construct the 1-dimensional reps of D,,. Two adjacent reflections
s1 = s and sy = sr generate the entire group, with (s152)™ = 1. So we can try to
send s1, so independently to £1, this is four choices, but to preserve (s1s2)"™ =1
if n is odd only 2 of these four choices work.

It remains to construct the 2-dimensional reps from induced reps on H =<
r > which has order n. Take H-coset reps of {e,s}. Let p be an n** root of
unity, and let x(r*) = p¥ be the corresponding 1-dimensional character of H.

The matrix for g is
[)%(g) X(gs) }
X(sg)  X(sgs)

where

0 otherwise.

2(g) = {x(g) if g€ H,

From this we see that

og) = pF+pFifg=rkecH,
X9 0 otherwise.

Let’s check for irreducibility

n—1 .
1 _ Lif p2 #1
<XX” >a= oD (0 07 = {2ifp2 .
k=0 :

Note that the characters values are different for different k < n/2.

So for n odd we take k = 1,--- ,(n — 1)/2 and for n even we take k =
Lo (n—2)/2
7. (a) Recall that the exponential formula says that
i ﬁ Z x#l—cycles of g er try + itk/k’
nl 1 = erp 1 .
n=0 gESnH k=2

Show that this formula implies that the average number of fixed points of g € .S,
is 1 for n > 1, and that the average of (number of fixed points)? is 2 for n > 2.

Solution: Let FP,(g) = #fixed points of g € S,,. For the average number of
fixed point we take %ulzl,

i E(FP,)t" =t exp (t + it’yk) = texp(—log(1 —1t)) =t/(1 —1t)

n=0 k=2

so E(FP,) =1 for n > 1. Taking the next derivative we get

o0

E(FP,(FP,—1))t" = t? exp (t + it’“/k:) = texp(—log(1—t)) = t*/(1-t)

n=0 k=2



SO

i E(FP)t" =t(1+1t)/(1—1t)

n=0
and E(FP?) =2 for n > 2.

(b) Use part (a) to show that § = x" — x*? satisfies < 6,0 >= 1, and conclude
that 0 is irreducible.

Solution: We have

<0,0>5,=<x",x">-2<xV,id>+ <idjid>=2-2+1=1ifn>2.

9. (a) and (b) are routine.
(c¢) Solution: The coefficient of x € G in exey, is, using the matrix elements,

(dimK)(dimL) |G|2 ZX (z7tg)
geG
(dimK)(dimL) 1 YT (@)x (g~
:T |G| Z Z s Tsz ) (g )
geG 1i,s
=0if K # L.

If K = L, again expanding as matrix elements, the coefficient of x € G is

(dme )(dimL) 1 s YT (g)TE (g1

geG1i,s,p

Since matrix elements are orthogonal, the g-sum is 6,56,; so we get

(dimL) _1, _ (dimL) _
|G| Z Z pp 1 - |G| ZXL(J: 1)$:eL.

zeG p zeG

(d) Solution: We have, if z = ek,

dimK 1 o) B
dulex) = dimL |G| Z X (9) = Ok

by group orthogonality of characters.



