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The Symmetry Group of the Regular m-gon

Consider the symmetry group I2 (m) of the regular m-gon in R2; it
consists of the identity, m re�ections and m� 1 rotations�

cos 2πj
m sin 2πj

m
sin 2πj

m � cos 2πj
m

�
, 0 � j < m;

�
cos 2πj

m sin 2πj
m

� sin 2πj
m cos 2πj

m

�
, 1 � j < m.

It is often useful to employ complex coordinates for x = (x1, x2) 2 R2,
z = x1 + ix2, z = x1 � ix2, ω := exp 2πi

m . Then the re�ections are
expressed as zσj := zωj (0 � j < m) and the rotations are
z$j := zωj (1 � j < m).
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Fix a real parameter κ. We consider di¤erential-di¤erence operators on
polynomials, �rst on ordinary (scalar) then on vector-valued polynomials in
z , z . (Notation: ∂u := ∂

∂u )

Df (z , z) := ∂z f (z , z) + κ
m�1
∑
j=0

f (z , z)� f
�
zωj , zω�j�

z � zωj ,

Df (z , z) := ∂z f (z , z)� κ
m�1
∑
j=0

f (z , z)� f
�
zωj , zω�j�

z � zωj ωj .

Then DD = DD and the Laplacian is 4DD. A polynomial f such that
DDf = 0 is called harmonic. Harmonic homogenous polynomials of
di¤erent degrees are orthogonal with respect to the measure jsinmθj2κ dθ
on the unit circle for κ > � 1

2 and the measure

jzm � zm j2κ e�jz j
2/2dm2 (z)

on C �= R2 for κ > � 1
m .
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For n = 0, 1, 2, . . . let

C (κ,κ+1)n (w) :=
n

∑
j=0

(κ + 1)n�j (κ)j
(n� j)! j ! wn�jw j ,

then
Dz rC (κ,κ+1)n (zm) = 0, 0 � r < m, n � 0.

There is a two-term recurrence for the monic

cn (w) :=
n!

(κ + 1)n
C (κ,κ+1)n (w); let σ0p (w ,w) := p (w ,w) then

c0 (w) = 1,

cn+1 (w) = w cn (w) +
κ

κ + n+ 1
w σ0cn (w) .

Furthermore (with z = re iθ,�π < θ � π) there is an expression in
Gegenbauer polynomials:

C (κ,κ+1)n (zm) =
n+ 2κ

2κ
rmnC κ

n (cosmθ) + irmn sinmθ C κ+1
n�1 (cosmθ) .
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Group-invariant Hermitian Forms on Polynomials

There is a Hermitian (contravariant) form h�, �i on polynomials given
by

c hp, qi = hcp, qi = hp, cqi , hp, qi = hq, pi,
hzp, qi = hp, 2Dqi , hzp, qi =



p, 2Dq

�
, h1, 1i = 1.

De�ne the Gaussian form

hp, qiG :=
D
e2DDp, e2DDq

E
;

it satis�es

hDp, qiG =
D
p,
�z
2
�D

�
q
E
G
, hzp, qiG = hp, zqiG ,

and for κ > � 1
m

hp, qiG = γ
Z

R2
p (z)q (z) jzm � zm j2κ e�jz j

2/2dm2 (z) ,

(normalizing constant γ). Note e2DD is invertible on polynomials.
The condition κ > � 1

m also appears as hz , ziG = 2 (1+mκ) > 0
(necessary condition for the forms to be positive-de�nite).
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Observe the special property of harmonic polynomials with respect to
the Gaussian form, namely hp, qiG = hp, qi. Harmonic homogeneous
polynomials of di¤erent degrees are trivially orthogonal to each other.
For 0 � r < m, and n � 0 set

pmn+r (z) := z rC (κ,κ+1)n (zm)

then fpmn+r , pmn+rg is a basis for the harmonic homogeneous
polynomials of degree nm+ r , orthogonal except for r = 0, in which
case fRe pmn, Im pmng is orthogonal.

The weight function jzm � zm j2κ equals LL where L satis�es

∂zL = κL
m�1
∑
j=0

1
z � zωj = κL

mzm�1

zm � zm ,

∂zL = κL
m�1
∑
j=0

�ωj

z � zωj = κL
�mzm�1
zm � zm .
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Vector-valued Polynomials

We extend these concepts to vector-valued polynomials. The (pairwise
nonequivalent) 2-dimensional irreducible representations of the group are
given by

τ` (σj ) =

�
0 ω�j`

ωj` 0

�
, 1 � ` �

�
m� 1
2

�
, 0 � j < m.

Henceforth �x `.
We consider the standard module Pm,` consisting of polynomials

f (z , z , t, t) = f1 (z , z) t + f2 (z , z) t

with the group action

σj f (z , z , t, t) = f2
�
zωj , zω�j�ω�`j t + f1

�
zωj , zω�j�ω`j t.

There is a representation of the rational Cherednik algebra - the abstract
algebra generated by

�
z , z ,D,D

	
[ I2 (m) (with certain relations) - on

the space Pm,`.
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The Dunkl operators are de�ned by

Df (z , z , t, t) := ∂z f (z , z , t, t)

+ κ
m�1
∑
j=0

f
�
z , z ,ω`j t,ω�`j t

�
� f

�
zωj , zω�j ,ω`j t,ω�`j t

�
z � zωj ,

Df (z , z , t, t) := ∂z f (z , z , t, t)

� κ
m�1
∑
j=0

f
�
z , z ,ω`j t,ω�`j t

�
� f

�
zωj , zω�j ,ω`j t,ω�`j t

�
z � zωj ωj .

As before they satisfy DD = DD.
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Harmonic Polynomials

The leading term of a homogeneous polynomial
∑n
j=0 ajz

n�jz j t +∑n
j=0 bjz

n�jz j t is de�ned to be
(a0zn + anzn) t + (b0zn + bnzn) t.

There are 4 linearly independent harmonic polynomials of each degree
� 1, with bases given by two sequences

n
p(1)n , σ0p

(1)
n : n � 1

o
andn

p(2)n , σ0p
(2)
n : n � 1

o
(σ0p (z , z , t, t) := p (z , z , t, t)). The leading

terms of p(1)n , σ0p
(1)
n , p(2)n , σ0p

(2)
n are znt, znt, znt, znt respectively.

Let λ be a parameter with λ > 0 and de�ne polynomials
Q(1)n (κ,λ;w ,w), Q(2)n (κ,λ;w ,w) by

Q(1)0 (κ,λ;w ,w) = 1,Q(2)0 (κ,λ;w ,w) =
κ

λ
,

Q(1)n+1 (κ,λ;w ,w) = wQ
(1)
n (κ,λ;w ,w) +

κ

λ+ n+ 1
wQ(2)n (κ,λ;w ,w) ,

Q(2)n+1 (κ,λ;w ,w) =
κ

λ+ n+ 1
wQ(1)n (κ,λ;w ,w) + wQ(2)n (κ,λ;w ,w) .
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Now let

P (1)n := zm�`+1Q(1)n

�
κ,
m� `
m

; zm , zm
�
t

+ zzm�`Q(2)n

�
κ,
m� `
m

; zm , zm
�
t,

P (2)n := z `+1Q(1)n

�
κ,
`

m
; zm , zm

�
t + zz `Q(2)n

�
κ,
`

m
; zm , zm

�
t.

Then the following are harmonic polynomials (DDp = 0):

1 p(1)r = z r t for 1 � r � m� ` and p(1)s = z rP (1)n for
s = m (n+ 1)� `+ 1+ r and 0 � r < m;

2 p(2)r = z r t for 1 � r � ` and p(2)s = z rP (2)n for s = nm+ `+ 1+ r
and 0 � r < m.

There are properties similar to the scalar case such as Dp(j)r = 0 for
certain r , j .
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There are closed expressions for the polynomials Q(1)n ,Q(2)n :

Q(1)n (κ,λ;w ,w) = wn

+
n

∑
j=1

κ2 (n� j + 1)
λ (λ+ n) 4F3

�
1� j , j � n, 1� κ, 1+ κ

2,λ+ 1,�λ� n+ 1 ; 1
�
wn�jw j ,

Q(2)n (κ,λ;w ,w) =
n

∑
j=0

κ

λ+ j 4
F3

��j , j � n,�κ,+κ

1,λ,�λ� n ; 1
�
wn�jw j ,

(terminating and balanced!) and an evaluation formula:

Q(1)n (κ,λ; 1, 1) =
(λ+ κ)n+1 + (λ� κ)n+1

2 (λ)n+1
,

Q(2)n (κ,λ; 1, 1) =
(λ+ κ)n+1 � (λ� κ)n+1

2 (λ)n+1
.
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The Contravariant Form

Consider t = s1 + is2 with hsj , sk i = δjk , then ht, ti = 2 = ht, ti and
ht, ti = 0. For a scalar polynomial p = ∑j ,k ajkz

jzk let

p�
�
2D, 2D

�
= ∑j ,k ajk2

j+kDjDk ). Then for p, q 2 Pm,`
hp1 (z , z) t + p2 (z , z) t, q (z , z , t, t)i

=


t, p�1

�
2D, 2D

�
q
�
jz=0 +



t, p�2

�
2D, 2D

�
q
�
jz=0,

where p (z , z , t, t) = p1 (z , z) t + p2 (z , z) t. This form has the
properties hzp, qi = hp, 2Dqi and hσjp, σjqi = hp, qi (group
invariance).

For what values of κ is the form positive-de�nite? The polynomial
P (2)0 is harmonic of degree `+ 1 andD

P (2)0 ,P (2)0
E
= 2`+2 (`+ 1)!

�m
`

�2 � `
m
� κ

��
`

m
+ κ

�
,

thus � `
m < κ < `

m is necessary - and su¢ cient, as will be seen.
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The Gaussian Form

The polynomials
n
p(1)n , σ0p

(1)
n , p(2)n , σ0p

(2)
n : n � 1

o
form an

orthogonal basis for the harmonic homogeneous polynomials with
exceptions when n� ` � 0modm.
If n+ ` � 0modm then p(1)n + σ0p

(1)
n ?p(1)n � σ0p

(1)
n .

If n� ` � 0modm then p(2)n + σ0p
(2)
n ?p(2)n � σ0p

(2)
n .

As before de�ne the Gaussian form

hp, qiG =
D
e2DDp, e2DDq

E
;

which satis�es

hDp, qiG =
D
p,
�z
2
�D

�
q
E
G
, hzp, qiG = hp, zqiG .

Note that the adjoint of multiplication by z is multiplication by z .
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The Matrix Weight Function

We want to �nd a 2� 2 positive-de�nite matrix function K (z) such that

hp, qiG =
Z

C
q (z)K (z) p (z)� e�jz j

2/2dm2 (z) ,

where q = q1 (z) t + q2 (z) t is considered as the vector (q1, q2), similarly
for p. This leads to the requirements K (z)� = K (z) and
K (zw) = τ` (w)

� K (z) τ` (w) for w 2 I2 (m). The key condition

hDp, qiG =
D
p,
�z
2
�D

�
q
E
G

(and its complex conjugate) leads to a di¤erential equation and
boundary-value problem for K .
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The idea is to express K (z) = L (z)�ML (z) where M is a constant
positive-de�nite matrix and L satis�es L (zw) = L (z) τ` (w)
(8w 2 I2 (m)) and the di¤erential system.

∂zL (z , z) = κL (z , z)
m�1
∑
j=0

1
z � zωj τ` (σj ) ,

∂zL (z , z) = κL (z , z)
m�1
∑
j=0

�ωj

z � zωj τ` (σj ) .

Note
(z∂z + z∂z ) L = 0,

thus L is positively homogeneous of degree 0 and depends only on e iθ

for z = re iθ (r > 0,�π < θ � π). Further ∂θ = i (z∂z � z∂z ) and
thus

∂θL = iκL
m�1
∑
j=0

z + zωj

z � zωj τ` (σj ) .
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Write L = L1t + L2t, then

∂θL1 (θ) =
mκ

sinmθ
e iθ(m�2`)L2 (θ) ,

∂θL2 (θ) =
mκ

sinmθ
e�iθ(m�2`)L1 (θ) .

Let δ :=
1
2
� `

m
, (note: 0 < δ < 1

2 ), eL1 := e�imδθL1, eL2 := e imδθL2,

then

∂θ
eL1 (θ) = �imδeL1 (θ) + mκ

sinmθ
eL2 (θ) ,

∂θ
eL2 (θ) = mκ

sinmθ
eL1 (θ) + imδeL2 (θ) .

Now changing ft, tg to real coordinates t = s1 + is2 we writeeL1t + eL2t = �eL1 + eL2� s1 + i
�eL1 � eL2� s2 =: g1s1 + g2s2

By introducing the variables φ = mθ and

v = sin2
φ

2
we can transform the equation to a hypergeometric form and solve it.
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By introducing the variables φ = mθ and

v = sin2
φ

2
we can transform the equation to a hypergeometric form and solve it.
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We �nd a fundamental solution in terms of

f1 (κ, δ; v) := v κ/2 (1� v)�κ/2
2F1

�
δ,�δ
1
2 + κ

; v
�
,

f2 (κ, δ; v) :=
δ

1
2 + κ

v (κ+1)/2 (1� v)(1�κ)/2
2F1

�
1+ δ, 1� δ

3
2 + κ

; v
�
,

indeed (in the real coordinate system)

L (φ) =
�

f1 (κ, δ; v) f2 (κ, δ; v)
�f2 (�κ, δ; v) f1 (�κ, δ; v)

�
�
�
cos δφ � sin δφ
sin δφ cos δφ

�
for 0 < φ = mθ < π , extended to the whole circle by
L (zw) = L (z) τ` (w) for w 2 I2 (m). The Wronskian det L (φ) = 1.
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The next task is to determine the constant matrix M so that

K (z) = L (z)�ML (z)

satis�es hDp, qiG =


p,
� z
2 �D

�
q
�
G .In addition to the di¤erential

equation, to make the integration by parts argument work it is required
that

lim
z!z0,z2C

(K (z)� τ` (σ)K (z) τ` (σ)) = 0,

where C is the fundamental chamber (0 < θ < π
m ), σ corresponds to one

of the walls (that is, the line �xed by σ) and z0 6= 0 is a boundary point of
C with z0σ = z0. Here the walls are θ = 0 �xed by σ0 and θ = π

m �xed by
σ1.
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The condition for θ = 0 is satis�ed if M is diagonal (fairly
straightforward). For the wall θ = π

m we analyze the functions f1 and
f2 as v ! 1� (basic facts about 2F1-series). Let

H (κ, δ) :=
Γ
� 1
2 + κ

�2
Γ
� 1
2 + κ + δ

�
Γ
� 1
2 + κ � δ

� ,
then

f1 (κ, δ; v) = H (κ, δ) f1 (�κ, δ; 1� v) + sinπδ

cosπκ
f2 (κ, δ; 1� v)

f2 (κ, δ; v) =
sinπδ

cosπκ
f1 (κ, δ; 1� v)�H (κ, δ) f2 (�κ, δ; 1� v) .

We �nd that the solution (unique up to multiplication by a scalar)

L (φ)�
�
H (�κ, δ) 0

0 H (κ, δ)

�
L (φ)

satis�es both boundary conditions.
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Observe

H (κ, δ)H (�κ, δ) =
cosπ (κ + δ) cosπ (κ � δ)

cos2 πκ

=
sinπ

�
`
m + κ

�
sinπ

�
`
m � κ

�
cos2 πκ

,

the condition for K to be positive-de�nite is � `
m < κ < `

m . The

normalizing constant (so that ht, tiG = 2) is found to be
cosπκ

2π cosπδ
.

Note that K is integrable for a larger interval � 1
2 < κ < 1

2 .

The details are in arXiv:1306.6599 (C.D. Vector polynomials and a matrix
weight associated to dihedral groups).
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