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The Symmetry Group of the Regular m-gon

Consider the symmetry group /, (m) of the regular m-gon in R?; it
consists of the identity, m reflections and m — 1 rotations

27j - 27y 27j - 27y
cos T sinS o [eos T osin TR L
sin2U  _cog | = osin2 s 2|t = '
m m m m

It is often useful to employ complex coordinates for x = (x1, x2) € R?,
zZ=x1+ix,Z = x1 —ixp, w 1= exp % Then the reflections are
expressed as zoj := zw’ (0 < j < m) and the rotations are
zg; 1= zwj(l <j<m).
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Fix a real parameter k. We consider differential-difference operators on
polynomials, first on ordinary (scalar) then on vector-valued polynomials in
z,z. (Notation: 9, := %)

Df (2,2) := 9,f (2,2) +;<nf f(z.2) —f (2, 207))
=

m—1 _ J —J
Df (z2,2) 1= 05f zz—KZfzz f (), z07))

z—zZwl

7z —Zwl

Then DD = DD and the Laplacian is 4DD. A polynomial f such that
DDf =0 is called harmonic. Harmonic homogenous polynomials of
different degrees are orthogonal with respect to the measure |sin m6|** df
on the unit circle for k¥ > —% and the measure

|z" — ?m|2K e_|z‘2/2dm2 (z)
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For n=20,1,2,... let
(x,+1) i
G (w) =
j=0

then -
Dz Y (z™")=0,0<r<mn>0.

There is a two-term recurrence for the monic

[
e (w) := T clertt) (w); let oop (w, W) := p (W, w) then

(k+1), "
a(w) =1,
K _
Cn+1 (W) = W Cp (W) + mw goCn (W) .

Furthermore (with z = re'®, —7r < 6 < 71) there is an expression in
Gegenbauer polynomials:

n—+ 2x

Crsx,x+1) (z™) = r™CY (cos m@) 4 ir™" sin m6 C,'ffll (cosmf) .

2K
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Group-invariant Hermitian Forms on Polynomials

@ There is a Hermitian (contravariant) form (-,-) on polynomials given
by

c{p.q) = (cp.q) = (p.cq). (p.q) = (q.p),
(zp,q) = (p.2Dq) . (zp,q) = (p.2Dq) . (1,1) = 1.
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Group-invariant Hermitian Forms on Polynomials

@ There is a Hermitian (contravariant) form (-,-) on polynomials given
by
c(p.q)=(cp.q)=(p,cq).(p.q) = (q,p)
(zp.q) = (p.2Dq) , (zp.q) = (p.2Dq), (1,1) = 1.

@ Define the Gaussian form
<pr q)G = <e2DDpv eZDDq> ;
it satisfies
- _
(Dp.q)c = <p, (5 —D) q>G A{zp.q)¢ = (P.2q)¢ .
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Group-invariant Hermitian Forms on Polynomials

@ There is a Hermitian (contravariant) form (-,-) on polynomials given
by
c(p.q)=(cp.q)=(p,cq).(p.q) = (q,p)
(zp.q) = (p.2Dq) , (zp.q) = (p.2Dq), (1,1) = 1.

@ Define the Gaussian form
<pr q)G = <e2DDpv eZDDq> ;
it satisfies
- _
(Dp.q)c = <p, (5 —D) q>G A{zp.q)¢ = (P.2q)¢ .

@ and for k¥ > —%

(bl =7 [P (2) |27 27 & 2 (2),

(normalizing constant 7). Note PP is invertible on polynomials.

The condition ¥ > — also appears as (z,z); =2 (1 + mx) >0
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@ Observe the special property of harmonic polynomials with respect to
the Gaussian form, namely (p, q); = (p. ). Harmonic homogeneous
polynomials of different degrees are trivially orthogonal to each other.
For 0 < r < m, and n > 0 set

C(K,K+1) (zm)

Pmn+r (2) :=2"Cy

then {Pmn+r, Pmntr} is a basis for the harmonic homogeneous
polynomials of degree nm + r, orthogonal except for r = 0, in which
case {Re pmp, Im ppp } is orthogonal.

C. F. Dunkl (U. of Virginia) Hypergeometry December 2013 7/22



@ Observe the special property of harmonic polynomials with respect to
the Gaussian form, namely (p, q); = (p. ). Harmonic homogeneous
polynomials of different degrees are trivially orthogonal to each other.
For 0 < r < m, and n > 0 set

C(K,K+1) (zm)

Pmn+r (2) :=2"Cy

then {Pmn+r, Pmntr} is a basis for the harmonic homogeneous
polynomials of degree nm + r, orthogonal except for r = 0, in which
case {Re pmp, Im ppp } is orthogonal.

o The weight function |z™ — z™|** equals LL where L satisfies

m—1 1 m—1
mz

azL:KLZ —— =kl —

et 7z — ZW/ zm—z

j=0

m—1 a}] m—1

— —mz

dzL=xL ) ——— =«l —

=0 22w zm—z
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Vector-valued Polynomials

We extend these concepts to vector-valued polynomials. The (pairwise
nonequivalent) 2-dimensional irreducible representations of the group are
given by

—jt _1
w) = g 9 Jases |2 o<i<m

Henceforth fix /.
We consider the standard module P,, ; consisting of polynomials

f(z,z, t,t) =hH(z2,2)t+H(z,Z)t
with the group action
0if (2,2, t,7) = 6 (2o, z0 ) w Ut + £ (2o, 2077 ) WYT.

There is a representation of the rational Cherednik algebra - the abstract
algebra generated by {z,Z, D, D} Uk (m) (with certain relations) - on
the space P, .
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The Dunkl operators are defined by

Df (z,z,t,t) :=0,f (2,Z,t,t)

=l f(z,z, WYt w éft)—f(za)f zw ™, WYT, w*@t)

+KZ

Df (z,z,t,t) := aff (z,Z,t,t)

nlf(z,z wYE, w‘éft) —f (zo/, zw™ L WYT w‘éft)

_KZ

z—Zwi

7z —Zwi

As before they satisfy DD = DD.
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Harmonic Polynomials

@ The leading term of a homogeneous polynomial
Yo 32" It + Y bjz" 7t is defined to be
(a9z" + a,z") t + (bpz" + bpz") t.
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Harmonic Polynomials

@ The leading term of a homogeneous polynomial
Y7 oaz"Zt+ Yo bjz" 7/t is defined to be
(a9z" + a,z") t + (bpz" + bpz") t.

@ There are 4 linearly independent harmonic polynomials of each degree
> 1, with bases given by two sequences {p,(,l),(fop,gl) n> 1} and

{pgz)'%pg) n> 1} (cop (2,2.t, ) := p (2, 2,T,t)). The leading
CORCY

terms of py’, 0opy ,p,(,2),(fop,(,2) are z"t, Z"t, z"t, Z"t respectively.
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Harmonic Polynomials

@ The leading term of a homogeneous polynomial
Y7 oaz"Zt+ Yo bjz" 7/t is defined to be
(a9z" + a,z") t + (bpz" + bpz") t.

@ There are 4 linearly independent harmonic polynomials of each degree
> 1, with bases given by two sequences {p,(,l),(fop,gl) n> 1} and

{pgz)'%pg) n> 1} (cop (2,2.t, ) := p (2, 2,T,t)). The leading
ORI CORONCI R Y

terms of py’,o0py . pr , Oopn’ are z"t, Z"t, z"t, Z"t respectively.
@ Let A be a parameter with A > 0 and define polynomials
Q) (1, A; w, w), Q¥ (x, A; w, W) by

QWY (k, Ay w,w) =1, QP (. A w, w) = %

(1) Cu ) — (1) T K —(2) S
Qi1 (K, A w, W) = wQy (k, A w, W) + T 1WQn (K, \iw,w),
2) coy T — K —n1) T (2) v T
Qi (K A w,w) = ppra— T (K AW, w) +w@n” (1, A w, W)
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Now let

Pr(,l) = szgﬂQ,(,l) <K, m—z E;z'",z'") t

m

+ 2zl <1<, u; ™ 7 ) 3

m

P,(,Q) = 21 Q,(,l) <K, £; zm,zm> t+ Z?EQ,(,2) <K, ﬁ; z™,
m m

NJ

m> N

Then the following are harmonic polynomials (DDp = 0):

(1) pgl) =ztforl1<r<m-—/{and pgl) :z’P,(,l) for

s=m(n+1)—{¢+1+rand 0<r < m
(2] p§2):z’ffor1§r§£and p£2):er,(,2) fors=mm+/0+1+r
and 0 < r<m.

There are properties similar to the scalar case such as 5p9) = 0 for
certain r, J.
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There are closed expressions for the polynomials Q,(,l), Q,(F):

,(,1) (K, A, w,w) = w"

K> (n—j+1) 1—jj—nl—x1+x o
F: ' ' ' 1w w
+j2 A+m Pl oarsn-A—nt1 )W W

Q) (kA w, W) = ). S <_J'J o 1> w' W,

j*OA_{—J 1,A,—A—n

(terminating and balanced!) and an evaluation formula:
(A+K)p + (A=)
QY (k,A1,1) = ot ot
2 (A)nJrl

o (ka1 1) = AT K)”;EA_) A=K
n+1
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The Contravariant Form

o Consider t = s; +1is, with (s}, sx) = Jji, then (t, t) =2 = (t, t) and
(t,t) = 0. For a scalar polynomial p = }_; aj2/z* let

p* (2D,2D) = ¥, , 32 *DID ). Then for p,q € Py
(p1(z2,2)t+p2(2,2)t (2,2 1))
= (t.pi (2D,2D) q) |, + (. p5 (2D, 2D) q) |z—0,

where p (z,Z,t,t) = p1 (2,Z) t + p» (z,Z) t. This form has the

properties (zp, q) = (p,2Dq) and (o;p,c;q) = (p, q) (group
invariance).
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The Contravariant Form

o Consider t = s; +1is, with (s}, sx) = Jji, then (t, t) =2 = (t, t) and
(t,t) = 0. For a scalar polynomial p = }_; aj2/z* let

p* (2D,2D) = ¥, , 32 *DID ). Then for p,q € Py
(p(z.2)t+p2(2,2)t q(z,2,t 1))
= (t.pi (2D,2D) q) |, + (. p5 (2D, 2D) q) |z—0,

where p (z,Z,t,t) = p1 (2,Z) t + p» (z,Z) t. This form has the

properties (zp, q) = (p,2Dq) and (o;p,c;q) = (p, q) (group
invariance).

@ For what values of x is the form positive-definite? The polynomial
P(§2) is harmonic of degree £ + 1 and

(P Py =22 e () (5 -x) (5 ).

thus —% <k < % is necessary - and sufficient, as will be seen.
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The Gaussian Form

@ The polynomials {p,(,l),aopf,l), p,(,z),aopf,z) tn> 1} form an
orthogonal basis for the harmonic homogeneous polynomials with
exceptions when n+ ¢ = 0mod m.

If n+ ¢ = 0mod m then p,(,l) + Uop,(,l)J_pf,l) — (Top,(,l).

If n— ¢ = 0mod m then p,(,z) + Uop,(,2)J_p,(72) - (Top,(,z).
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The Gaussian Form

@ The polynomials {p,(,l),aopf,l), p,(,z),aopf,z) tn> 1} form an

orthogonal basis for the harmonic homogeneous polynomials with
exceptions when n+ ¢ = 0mod m.

If n+ ¢ = 0mod m then p,(,l) + Uop,(,l)J_pf,l) — (Top,(,l).

If n— ¢ = 0mod m then p,(,z) + Uop,(,2)J_p,(72) - (Top,(,z).

@ As before define the Gaussian form
(p.q)¢ = <e2D5p, 62D5q> :
which satisfies
(Dp.q)¢ = <p, (g —5) q>G A{zp.q)c = (p.Zq)¢ -

Note that the adjoint of multiplication by z is multiplication by Z.
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The Matrix Weight Function

We want to find a 2 X 2 positive-definite matrix function K (z) such that
2
(pa)e = [ K (2)p(2)" e 2dm (2),
where g = q1 (z) t + g2 (z) T is considered as the vector (g1, g2), similarly

for p. This leads to the requirements K (z)* = K (z) and
K (zw) = 1y (w)" K (z) T4 (w) for w € h (m). The key condition

Pn e (o (3-7) ),

(and its complex conjugate) leads to a differential equation and
boundary-value problem for K.
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@ The idea is to express K (z) = L(z)" ML (z) where M is a constant
positive-definite matrix and L satisfies L (zw) = L (z) T/ (w)
(Yw € k (m)) and the differential system.

m—1 1

d,L(z,z) =xL(z,2) P o (0))
m—1

0zL(2,Z) =«xL(z,z ; i (o)) .
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@ The idea is to express K (z) = L(z)" ML (z) where M is a constant
positive-definite matrix and L satisfies L (zw) = L (z) T/ (w)
(Yw € k (m)) and the differential system.

m—1 1

d,L(z,z) =xL(z,2) P o (0))
m—1

0zL(2,Z) =«xL(z,z ; i (o)) .

o Note
(Zaz —|—?87) L= 0,
thus L is positively homogeneous of degree 0 and depends only on e’
for z = rel® (r >0, —7r < 6 < 7). Further 99 = i(zd, — zd) and
thus
z+ 7w/

z—zawd ! (03

9oL = ixL Z
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o Write L = L1t + Lyt, then

mK ; _

ang <6) = mele(m 2¢) L2 (6) ,
mK —i0(m—

agLQ <6) = me o( 2£)L1 (6) .
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o Write L = L1t + Lyt, then

oLy () = ﬁew(m—w Ly (6),
BuLa (6) = e 201, (6).
o Let§:= %— ,i (note: 0 <6 < %) [ := e imd0p [, .= glmdb),
then
3oLy (8) = —imoL, (8) + sirTr;; oL (6),
doLs (8) = Sin"”; 511 (6) +imoL> (6).

Now changing {t, t} to real coordinates t = s; +isp we write

th—l—ng = (Zl +Z2> s1+1 (Zl — ZQ) Sp =: 8151 + &5

C. F. Dunkl (U. of Virginia) Hypergeometry December 2013 17 / 22



o Write L = L1t + Lyt, then

oLy (8) = ﬁew(m—?f) Ly (6),
BuLa (6) = e 201, (6).
o Let§:= %— ;i (note: 0 <6 < %) [ := e imd0p [, .= glmdb),
then
3oLy (8) = —imoL, (8) + sirTr;; oL (6),
doLs (8) = Sir:”;; 511 (6) +imdLs (6)

Now changing {t, t} to real coordinates t = s; +isp we write
th —|—ng = (Zl +Z2> s1+1 (Zl — ZQ) Sp =: 8151 + &5

e By introducing the variables ¢ = mf and

we can transform the equation to a hypergeometric form and solve it.
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We find a fundamental solution in terms of

_ o, —0
fi(x,d;v) = vK/2(1—v) x/2 Yl (;_I_K;V).

fz(K,&; V) — 0 V(K+l)/2 (1_V)(1—K)/2 o Fy <1+5,1—(5;V> ’

1 3
§+K 2+K

indeed (in the real coordinate system)

_ fi (x,6;v) f (x,6; v) cosd¢p —sind¢p
Lg) = —f; (—=x,6;v) f12(—7€,(5; v) } % [ sind¢p  cosd¢ }

for 0 < ¢ = mf < 7T, extended to the whole circle by
L(zw) = L(z) T/ (w) for w € b (m). The Wronskian det L (¢) = 1.
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The next task is to determine the constant matrix M so that
K(z)=L(z)"ML(z)

satisfies (Dp, q) ¢ = (p, (5 — D) q).In addition to the differential
equation, to make the integration by parts argument work it is required
that

_lim (K (2) = Te(0) K (2) T4 () = 0
where C is the fundamental chamber (0 < 6 < ), o corresponds to one
of the walls (that is, the line fixed by ¢) and zy # 0 is a boundary point of
C with zyo = z. Here the walls are 6 = 0 fixed by 0o and 6 = - fixed by
(P
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Fundamental chamber, m=5
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@ The condition for 8 = 0 is satisfied if M is diagonal (fairly
straightforward). For the wall 8 = Z we analyze the functions f; and

f, as v — 1_ (basic facts about , Fi-series). Let

I (L4x)?
Hix o) e —r L EEH) ,
F(34+x4+6)T(5+x—90)
then
fl(K,(S;v):H(K,é)fl(—K,(S;l—v)—i—jlonsZifg(K,(S;l—v)
sin 776
7‘2(K,5,v):Cosm(fl(K,é,l—v)—H(K,é)fz(—K,(S,l—v).
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@ The condition for 8 = 0 is satisfied if M is diagonal (fairly

straightforward). For the wall 8 = Z we analyze the functions f; and

f, as v — 1_ (basic facts about , Fi-series). Let

I (L4x)?
Hix o) e —r L EEH) ,
F(34+x4+6)T(5+x—90)
then
fl(;c,(s;v):H(K,é)fl(—K,5;1—V)+;’)“;Ti@(x,(s;l—v)
sin 776
7‘2(K,5,v):Cosm(fl(K,é,l—v)—H(K,é)fz(—K,(S,l—v).

e We find that the solution (unique up to multiplication by a scalar)

L | " s | L@

satisfies both boundary conditions.
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Observe

cos 77 (k + &) cos 7t (k — 0)
cos? 7K
sinn(%—l—x) sinn(%—x)

cos? 7tK

H(k,0) H(—x,6) =

the condition for K to be positive-definite is — & < x < L. The
COS TTK

27T cos T8
Note that K is integrable for a larger interval —% <K < %

normalizing constant (so that (t,t). = 2) is found to be

The details are in arXiv:1306.6599 (C.D. Vector polynomials and a matrix
weight associated to dihedral groups).
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