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Abstract

We show explicitly that all 2nd order superintegrable systems in 2 dimensions
are limiting cases of a single system: the generic 3-parameter potential on the
2-sphere, S9 in our listing.

Analogously we show that all of the quadratic symmetry algebras of these
systems are contractions of that of S9.

By contracting function space realizations of irreducible representations of the
S9 algebra (which give the structure equations for Racah/Wilson polynomials)
to the other superintegrable systems we obtain the full Askey scheme of
orthogonal hypergeometric polynomials.

Amazingly, all of these contractions of superintegrable systems with potential
are uniquely induced by Wigner Lie algebra contractions of so(3,C) and
e(2,C).
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Superintegrable Systems: HV = EV

@ A quantum superintegrable system is an integrable Hamiltonian system
on an n-dimensional Riemannian/pseudo-Riemannian manifold with
potential:

H=A,+V

that admits 2n — 1 algebraically independent partial differential operators
commuting with H, the maximum possible.

H,L‘:O, L2,,_1:H,n:1,2,---,2n—1.
/)
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that admits 2n — 1 algebraically independent partial differential operators
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[H,L]]:O, LG_1:H,n:1,2,---,2n—1.

@ Superintegrability captures the properties of quantum Hamiltonian
systems that allow the Schrédinger eigenvalue problem HV = EWV to be
solved exactly, analytically and algebraically.
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Superintegrable Systems: HV = EV

@ A quantum superintegrable system is an integrable Hamiltonian system
on an n-dimensional Riemannian/pseudo-Riemannian manifold with
potential:

H=A,+V

that admits 2n — 1 algebraically independent partial differential operators
commuting with H, the maximum possible.

[H,L]]:O, LG_1:H,n:1,2,---,2n—1.

@ Superintegrability captures the properties of quantum Hamiltonian
systems that allow the Schrédinger eigenvalue problem HV = EWV to be
solved exactly, analytically and algebraically.

@ A system is of order K if the maximum order of the symmetry operators,
other than H, is K. For n =2, K = 1,2 all systems are known.
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1st order systems

These are the (zero-potential) Laplace-Beltrami eigenvalue equations on
constant curvature spaces.

Simplest examples: Euclidean Helmholtz equation (P2 + P3)® = —X2¢ (or
the Klein-Gordon equation (P? — P5)® = —\2®), and Laplace -Beltrami
eigenvalue equation on the 2-sphere (J? + J2 + J2)W = —j(j + 1)V.

Here the symmetry algebras close under commutation to form the Lie
algebras e(2,R), e(1,1) or o(3,R).

One can find 2-variable differential operator models of the irreducible
representations of these Lie algebras in which the basis eigenfunctions are
the spherical harmonics (o(3,R)) or Bessel functions (e(2, R)).
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In6nU and Wigner (1953)

It was exactly these systems which motivated the pioneering work of Inéni
and Wigner on Lie algebra contractions.

While, that paper introduced Lie algebra contractions in general, the
motivation and virtually all the examples were of symmetry groups of these
systems.

It was shown that o(3, R) contracts to e(2,R). In the physical space this is
accomplished by letting the radius of the sphere go to infinity, so that the
surface flattens out. Under this limit the Laplace-Beltrami eigenvalue equation
goes to the Helmholtz equation.
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Lie algebra contractions

Let (A;[;]a), (B;[;]s) be two complex Lie algebras. We say B is a contraction
of Aif for every e € (0; 1] there exists a linear invertible map t. : B — A such
that for every X, Y € B,

lim t'[t.X, t.Y]a = [X, Y]B.
e—0

Thus, as € — 0 the 1-parameter family of basis transformations can become
nonsingular but the structure constants go to a finite limit.
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Features of Wigner contractions (Wigner-Talman)

@ ‘Saving’ a representation.

@ Simple models of irreducible representations.

@ Limit relations between special functions.

@ Expansion coefficients relating different special function bases.
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Contractions of e(2,C) and o(3, C)
The contractions of these Lie algebras have long since been classified. The

are 6 nontrivial contractions of e(2,C) and 4 of o(3, C).

Example: A Wigner-In6ni contraction of o(3, C). We use the classical
realization for o(3, C) acting on the 2-sphere, with basis

J1 = Sop3 — S3pe, Jo = S3pi — S1P3, J3 = S1P2 — Sop1, commutation relations
[, J1] = U5, [U3, o] = i, [h,d5] = oo,
and Hamiltonian H = J2 + J3 + J2. Here s? + s3 + s2 = 1.

Basis change : {Jj,J5,J5} = {edi, edo, 3}, 0 <e <1

. . . 51 S2
coordinate implementation X = —,y =
€

- 7733%17‘]:‘/3
€

New structure relations : [J5, J|] = €2J5, [J5, 5] = Ji, [Jf, J5] = b,

Lete = 0: [y, Ji] =0, [J, L] = J, [}, 5] = 5, get e(2,C)
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Wigner-Inonu contractions of e(2, C):

0 {jlypf]apé} = {\7; 6p17 6p2} : 9(270),
. . . _ _ y
coordinate implementation X’ = X, y’ = £,
Q {J,p}.ps} = {eJ, p1, ep2} : Heisenberg algebra,
coordinate implementation X’ = X, y’ = £, 7' = x'p},

Q {7, pi+ips, Py —ipy} ={eT, e(ps +ip2), p1 — ip2} : abelian algebra,
° {j/apqapé} = {6‘7’ Ph p2} : abelian algebra,
Q {7, pi +ips, Py —ipa} ={T, e(p1 +ip2), pr — ip2} : €(2,C),

coordinate implementation X’ + iy’ = x + iy, x' — iy’ = *=¥

€ )
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The other natural contractions of e(2, C):

Q {(7.p,p5} ={T + 2, p1, p=} : e(2,C),

1

e’

@ (7.0, po} ={T + 2 p p}: e(2,C),

coordinate implementation X’ = x, y' =y —

coordinate implementation X' = x + £,y =y — 1.

W. Miller (University of Minnesota) Contraction Askey Scheme Askey80th 11/56



Wigner-Inonu contractions of o(3, C):

o
{J1, Tz, T3} = {e, 2, T3} : €(2,C),

coordinate implementation X = 81/e,y = Sp/e, 83 ~ 1, T = T,

o
{\71/ + Ij2/a *71/ - I~72/, \—73,} = {\71 + i~72a 6(‘71 - i~72)7 GJS} : Heisenberga
; : ; __ Ccos¢ __ sing __ sinhy
coordinate implementation sy = 5+%, So = Sosh i’ S8 = coshy

o
(T + T3, T = iTs, T3} ={T1 + T2, e(T1 — iT2), T} : €(2,C).

coordinate implementation S; + iSp = €z, §1 —iSp =2, Sz ~ 1,
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The other natural contraction of o(3, C):

(T 4158 T4~ i Ty = e+ 172, T2 75y 0(3,0),

coordinate implementation

, ete ! e — ¢! ’ e—e ! et+e ! ,
S1+I——82, S = —I S1 + Sp, Sz = S3.
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Lie algebra contractions

Free 2nd order superintegrable systems, (no potential,
K =2)

We apply these ideas to 2nd order systems in 2D (2n — 1 = 3). The complex
spaces with Laplace-Beltrami operators admitting at least three 2nd order
symmetries were classified by Koenigs (1896). They are:
@ The two constant curvature spaces, 6 linearly independent 2nd order
symmetries and 3 1st order symmetries,

@ The four Darboux spaces, 4 2nd order symmetries and 1 1st order

symmetry,
2
ds? = 4x(ax® + dy?), ds? = = Xer L (dx® + dy?),
dgs2 = &1 (dx? + dy?), ds? = w(dx2 +dy?),
e sin® 2x

@ Eleven 4-parameter Koenigs spaces. Example

C

C C
ds? — (W1y2 +5+ y—z + Ca)(dx® + dy?).
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2nd order systems with potential, K = 2

@ The symmetry operators of each system close under commutation to
generate a quadratic algebra, and the irreducible representations of this
algebra determine the eigenvalues of H and their multiplicity
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2nd order systems with potential, K = 2

@ The symmetry operators of each system close under commutation to

generate a quadratic algebra, and the irreducible representations of this

algebra determine the eigenvalues of H and their multiplicity

@ All the 2nd order superintegrable systems are limiting cases of a single

system: the generic 3-parameter potential on the 2-sphere, S9 in our
listing. Analogously all quadratic symmetry algebras of these systems

are contractions of S9.

S9: H= A2+—+—+ , S5+ s54sE=1,
S1 32 33
a3S 823
Ly = (5205, — 8305,)° + —52 + —2, Lo, Ls,
s2 s3

H=Li+L+Ils3+a+a+as
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3 types of 2nd order superintegrable systems:

@ Nondegenerate:
V(x) = a1 V(1)(X) + @2 V(2)(X) + a3 V(3)(X) + as

© Degenerate:
V(x) = ay V(1)(X) + as

Q Free:
V = a4, no potential

W. Miller (University of Minnesota) Contraction Askey Scheme Askey80th
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Nondegenerate systems (2n — 1 = 3 generators)

The symmetry algebra generated by H, Ly, L, always closes under
commutation. Define 3rd order commutator R by R = [L, L»]. Then

L, Rl = AV15 + AD 12 + AV H? + AV{Ly, Lo} + AVHLy + AV HL,

FAV L+ AP L+ AVH+ AD, (L, Lo} = LiLe + LoLy,
= bi L3 + bol3 + bsH® 4 ba{ L5, Lo} + bs{Ly, L5} + bsLiLoLy + brLoLiLy

+bgH{Li, Lo} + boHLF + bioHLS + bi1 H?Ly + biaH? Lo + bials + brals + bis{Ly, Lo}

+bigHL1 + bi7HLy + bigH* + bigLy + boola + bat H + bog,
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Nondegenerate systems (2n — 1 = 3 generators)

The symmetry algebra generated by H, Ly, L, always closes under
commutation. Define 3rd order commutator R by R = [L, L»]. Then

(L, Rl = AV13 + AD 12 + AVH? + AD{Ly, Lo} + ADHLy + AV HL,

FAV L+ AP L+ AVH+ AD, (L, Lo} = LiLe + LoLy,
= biL3 + bal3 + bsH® + ba{L5, Lo} + bs{L1, L5} + beL1LaLy + brLoLiLo

+bgH{Ly, Lo} + boHL + bioHLS + biy H?Ly + bioH? Lo + bigls + bials + bis{Ly, Lo}

+bigHL1 + bi7HLy + bigH* + bigLy + boola + bat H + bog,

This structure is an example of a quadratic algebra.
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Degenerate systems (2n— 1 = 3)

There are 4 generators: one 1st order X and 3 second order H, Ly, L.
X.L]=CVL + YL+ CPH+CPX*+ CY, j=1,2,
[L1,L2] = E1{L1,X} =+ EQ{LQ, X} + EsHX + E4)(3 =+ Es)(7
Since 2n — 1 = 3 there must be an identity satisfied by the 4 generators. It is
of 4th order:

ciLl% + cols + csH? + ca{Ly, Lo} + csHLy + csHLy + c7X* + ca{X?, L1} + co{X?, Lo}

-l-CwHX2 + et XLi X + cioXLo X + ci3ly + Ccralo + cisH + C16X2 +c17=0
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Stackel Equivalence Classes

All such systems are known. There are 59 types, on a variety of manifolds,
but under the Stéckel transform, an invertible structure preserving mapping,
they divide into 12 equivalence classes with representatives on flat space and
the 2-sphere, 6 with nondegenerate 3-parameter potentials

{S9,E1,E2,E3', E8,E10}
and 6 with degenerate 1-parameter potentials

{S3, E3, E4, E5, E6, E14)}
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Representatives of Nondegenerate Systems

H=l+h+L+2 2. 2
s 5 S
where J; = s10s, — 5205, and Js, J3 are obtained by cyclic permutations of indices.

Basis symmetries: (Js = 205, — 10s,, - - -)

2 2
a:;S a S 2 ai S ass 323 a s

Li=f+ 224+ 28 L=K+ 732+ 200 L=Jd5 + 20 + 212,
3 2 s s5 s5 1
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Representatives of Nondegenerate Systems

ay as as
H=li+B+B+S5+5+3
sz s5 st
where J; = 510s, — 5205, and Js, J3 are obtained by cyclic permutations of indices.
Basis symmetries: (J3 = 8205, — 510s,, - - )

Ly :J$+azgg+a;§§, L2:J§+a‘s1f§+af, L3:J32+a:;2+a11f§,
Structure equations:

[Li, R] = 4{Li, L} — 4{L;, L;} — (8 + 16a))L; + (8 + 16a)Lx + 8(a) — ),

R — g{L1,L2, Lo} — (162, + 12)L2 — (163 + 12)L3 — (1685 + 12) L2+

1 1 1
533({L1 R L2}+{L2, L3}+{L3, Ly })+§(16+1 76a; )L1 +§(16+17632)L2+§(16+17683)L3

32
+?(a1 +ap + a3) + 48(a1az + axa3 + aza) + 64a1a2a3, R =[Ly,Lo].

Interesting 2 variable O.P.s: Prorial-Karlin-MacGregor, (right triangle)



Representatives of Nondegenerate Systems

H=
Generators:

O+ 05 — Wi (x? +y)+—+b2
L1=6§—0.)X +

y?
Lo

2 b2

y2

b
82—wy + ) 3—(X8y yax) +y2 1+X
2

=} F = = DA
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Representatives of Nondegenerate Systems

, b b
H:a§+d§—w2(x2+y2)+x—‘2+y—§
Generators:
2 2.2 b 2 2 2 bo 2 2 by 2bo
L1 :8)(—0.) X +F, ngay—wy +F, L3:(X8y_yax) +y F"‘X F
Structure relations:
[R, Ly] = 8L5 — 8HLy — 16w°Ls + 82,
[R, L3] = 8HL3 — 8{L1,L3} + (16b1 + 8)H — 16(b1 + b2 + 1)L17
176 176
H2+§{L1,L1,L3}—8H{L1,L3}+(16b1 +16b2+T)L?—16w2L§—(32b1 + 5 )HLs
17 2
+(16by +12)H* + T6w2L3 + 160%(3by 4 3ba + 4by by + 3)=0
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Representatives of Nondegenerate Systems

H:a§+a§—oﬁ(4x2+y2)+bx+y—c2

Generators:

c 1 b, cx
Ly = 0 —4w?x*+bx, Lp = aﬁ—w2y2+ﬁ, Ls = 5{(xay_yax),ay}+y2(w2x_z)+ﬁ
Structure equations:

[Ly, R] +2bL, — 16W?Ls = 0, [Ls, R] + 2L5 — 4LiLy + 2bLs + w?(8¢c + 6) = 0,

R? = 4Ly L5 + 16w°L5 — 2b{Lp, L3} + (12 + 16¢)w’Ly — 32w°Ly — bP(c + %)

Here, the algebra generators are H, Ly, L3, R = [L1, L3]
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Representatives of Nondegenerate Systems
E3'

H:3f+8f*w2(X2+y2)+C1X+Czy: L1+ Lo
Generators:

CX +C1y

Ly =35 — X%t oix, Lo =8 — WPy + aoy, Ls = By — oxy + 5

Structure relations:

[Ly, R] = 4w®Ls — ci1Co, [L3, R) = —20°Ly + 20°Lp + %(012 - c),

R? = 4uw®(L5 — LyLo) — 2cicols + G5 Ly + Lo + 4u*
The algebra generators are H, L1, L3, R = [L1, L3].
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Representatives of Nondegenerate Systems

- 3. - 1.
H=0;+d +az+p(z— 522)—&-7(22— 523)

Generators:
Ly = (0x — i8y)? + v2% + 282,

Ly = 2i{xdy—ydy, Ox— iy} +(0x+idy)* — 422 —n2Z° —22° — %7244—7224—04224—2042
Structure equations:
[R, L] +32vLy +328% =0, [R, L] — 9612 — 648H + 128l — 321, — 3207,

R? = 6413 —64yH?*—128al2+1288HL1+32~v{Ly, Ly} —12803H+6407 L1 +643° L, —256+2
Here R=[Li,LL],z=x+iy,z=x— 1y,
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Representatives of Nondegenerate Systems

c1z
H:85+82+ _13 +_2+03zz

Generators:
a2 5 z? z
L1 = (8)( - Iay) - =5 + C3Z L2 (Xay - ya)() + C1 ? + CZE
Structure relations:

[R, Li] = 8L% + 32¢ic3, [R, L2] = —8{L1, Lo} + 8coH — 16L4,

R = 00 1) 2 Loty - T8 L2 1160 H 1BeoLy H- 6401 GoLo 1601~ Ch).

Here,R:[L1,L2],z:x+iy,2:x—iy,
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Representatives of Degenerate Systems

Relations between nondegenerate/degenerate
systems

@ Every 1-parameter potential can be obtained from some 3-parameter
potential by parameter restriction.
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new 2nd order symmetry.
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Representatives of Degenerate Systems

Relations between nondegenerate/degenerate
systems

@ Every 1-parameter potential can be obtained from some 3-parameter
potential by parameter restriction.

@ It is not simply a restriction, however, because the structure of the
symmetry algebra changes.

@ A formally skew-adjoint 1st order symmetry appears and this induces a
new 2nd order symmetry.

@ Thus the restricted potential has a strictly larger symmetry algebra than is
initially apparent.
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S3 (Higgs oscillator)

H=B+B+5+32
S3
The system is the same as S9 with a; = a» = 0, as = a with the former L, replaced by

asi Sy
S5

1
L= E(Ju/z + Jody) —

and
X=Jds= 32853 — 33852.
Structure relations:
[L1,X] = 21_2, [LQ,X] = —X2 -2y +H— a, [L1,L2] = —(L1X—|— XL1) — (% + 23)X,
1
3

11 1 2 5
(X2L1 + XL X + L1X2) + L L5 HLy + (a+ 55)X0— gH+ (a- 5)Li — g =0.

Interesting 2-variable O.P’s: Koschmieder, Zerneke, (disk)
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E3 (Harmonic oscillator)

H=08 43, — (X +y?)
Basis symmetries:

Structure equations:

Ly = 82 — w?X%, Ls = By — w®xy, X = xdy — yox.
Also we set L, = 8 — w?y? = H — Ly.

[Li,X] = 2Ls, [Ls, X] = H — 2L, [Ly, Ls] = 27X,

L2415 —LiH-—w?X?+u?=0

=] F = = DA
W. Miller (University of Minnesota) Contraction Askey Scheme



Representatives of Degenerate Systems

H = 0% + 8 + a(x + iy)
Basis Symmetries: (with M = x9, — ydx)

Structure equations:

L= +ax, Lp = é{M, X} — g(x+ iy)%, X = 0y + i0,

(L1, X] = &, [La, X] = X2, [L1, Lo] = X® 4+ HX — {Ly, X},

X4—2{L1,X2}+2HX2+H2+4aL2 -0

=] F = = DA
W. Miller (University of Minnesota) Contraction Askey Scheme



Representatives of Degenerate Systems

H = 0% + 05 + ax
Basis symmetries: (where M = x9y — y0x)

1 1 1
Li =0y + za, o= 5{M.X} ~ Zayz, X =29,
Structure equations:

Ly, L2] = 2X° — HX, [L1,X] = —g, (Lo, X] = Ly,

Xt —HX®+13+al,=0

=] F = = DA
W. Miller (University of Minnesota) Contraction Askey Scheme



Representatives of Degenerate Systems

a
H=0+0+

Basis symmetries: (M = x8, — yox)
1 ay o ay?
L1 :E{M,&(}—?, L2:M +77 X:ay
Structure equations:

(L1, Lel = {X L} + (2a+ )X, [L1,X] = H= X2, [Lo, X] = 2L,

1 1 3
L3+ {Lo, X*} + s XLoX — LbH+ (a+ 5)X* =0
4 2 4
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Representatives of Degenerate Systems

H=
Basis symmetries: (with M = x9,

94+ 2
X = o«
Structure equations

Yox,Z=X+1y,Z=x
iy, L1 =

{M X}—i—?,

L = M? +

bz
[L1, Lo] = —{X, Lo} —

L3 + XLoX — bH

Ixe—o
=] F = = DA
W. Miller (University of Minnesota) Contraction Askey Scheme
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Contractions of nondegenerate systems. 1

Suppose we have a nondegenerate superintegrable system with generators
H., Ly, Ly, R = [L4, L,] and the usual structure equations, deflnlng a quadratlc

algebra Q. If we make a change of basis to new generators H, L1, [, and
parameters ai, &, az such that

Ly Air Al Aigs Ly Bi1 Bi2 Bigs a
Lo | =| A1 Ase Aogs L | +| Bt Boo Begs a |,
2] 0 0 Asgs H Bs1 B2 Bsgs as

a Cii Gz GCig a

& | = C1 Cp Cos a

as Cs1 Cs2 Cs3 as

for some 3 x 3 constant matrices A = (A;), B, C such that detA - det C # 0,

we will have the same system with new structure equations of the same form
for R = [L4, Lo], [L;, R], AR?, but with transformed structure constants.
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Contractions of nondegenerate systems. 2

@ Choose a continuous 1-parameter family of basis transformation matrices
A(e), B(e), C(e, 0 < e < 1 such that A(1) = C(1) is the identity matrix,
B(1) = 0 and det A(e) # 0, det C(e) # 0.

W. Miller (University of Minnesota) Contraction Askey Scheme Askey80th 34/56



Contractions of Superintegrable Systems

Contractions of nondegenerate systems. 2

@ Choose a continuous 1-parameter family of basis transformation matrices
A(e), B(e), C(e, 0 < e < 1 such that A(1) = C(1) is the identity matrix,
B(1) = 0 and det A(e) # 0, det C(e) # 0.

@ Now suppose as ¢ — 0 the basis change becomes singular, (i.e., the
limits of A, B, C either do not exist or, if they exist do not satisfy
det A(0) det C(0) # 0) but the structure equations involving
A(e), B(e), C(e), go to a limit, defining a new quadratic algebra Q'.
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Contractions of nondegenerate systems. 2

@ Choose a continuous 1-parameter family of basis transformation matrices
A(e), B(e), C(e, 0 < e < 1 such that A(1) = C(1) is the identity matrix,
B(1) = 0 and det A(e) # 0, det C(e) # 0.

@ Now suppose as ¢ — 0 the basis change becomes singular, (i.e., the
limits of A, B, C either do not exist or, if they exist do not satisfy
det A(0) det C(0) # 0) but the structure equations involving
A(e), B(e), C(e), go to a limit, defining a new quadratic algebra Q'.

@ We call Q' a contraction of Q in analogy with Lie algebra contractions.

There is a similar definition of a contraction of a degenerate superintegrable
system.

W. Miller (University of Minnesota) Contraction Askey Scheme Askey80th 34/56



Free triplets

We say that the 2D system without potential,
Ho = Az

and with 3 algebraically independent second-order symmetries is a 2nd order
free triplet. The possible spaces admitting free triplets are just those classified
by Koenigs.

Note that every nondegenerate or degenerate superintegrable system defines
a free triplet, simply by setting the parameters a; = 0 in the potential.
Similarly, this free triplet defines a free quadratic algebra, i.e., a quadratic
algebra with all g; = 0.

In general, a free triplet canot be obtained as a restriction of a superintegrable
system and its associated algebra does not close to a free quadratic algebra.
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Closure Theorems

Theorem

With the single exception of the free nondegenerate quadratic algebra EQ, a
free triplet extends to a superintegrable system if and only if it generates a
free quadratic algebra Q.

Theorem

A superintegrable system, degenerate or nondegenerate, with quadratic
algebra Q, is uniquely determined by its free quadratic algebra.Q.

Remark: These theorems are constructive. Given a free quadratic algebra Q
one can compute the potential V and the symmetries of the quadratic algebra
Q. The exceptional algebra is the flat space system

EO: Ly = (dx+idy)?, Lo = (0x +i0,)(X0y — y0y), H= 0% + 7,
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Contractions of Superintegrable Systems

Lie algebra contractions = quadratic algebra
contractions

Theorem

Every Lie algebra contraction of A= e(2,C) or A = 0(3, C) induces uniquely a
contraction of a free quadratic algebra Q based on A, which in turn induces

uniquely a contraction of the quadratic algebra Q with potential. This is true
for both classical and quantum algebras.
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Contraction interplay

Lie algebra Free Quadratic
Contraction symmetry algebra
Unique

’ lift
——

Quadratic algebra
with potential
Ale)

Unique

| T®
—-

v 0@ Qe
Contraction Contraction
limit limit
Unique
lift
. —

Induced Contraction of Quadratic algebras
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. .
Example: S9 — E1

Use so(3, C) contraction: {J{, 73, T3} = {eJ1, €J2, T3} = {p}, P5, J5}.
Eq = j32 = Ly
L, = ETR=pi" =L
H = EH=EJTE+TE+T5) =p)° + 05"

The primed symmetries are a basis for £1.

It follows from the closure theorems that under this Lie algebra contraction,
the 4-dimensional solution space for the potentials V of S9 will deform
continuously into the 4-dimensional solution space for the potentials V' of E1.
Thus the target space of solutions V' is uniquely determined. However, there
is still the freedom of choosing bases for these two spaces.
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Example: S9 — E1

In terms of coordintes ¢, ¥ on the sphere where s; = 282 g, — Sin¢

cosh )’ cosh )’
__ sinhy fal
S3 = Gosh> the S9 potential is

_ajcosh®y  apcosh?ey  azcosh®y
cos? ¢ sin® ¢ sinh? ¢

+ aa,

where we have made a choice of basis. For E1 and using polar coordinates
y1 = R, y» = ¢/ where x = eficos ¢/, y = e sin ¢/, the general potential is

bzefZR b3672H
cos?) sin® ¢

V' = b e + + by.

The Lie algebra contraction from the sphere to flat space is expressed as
¢~ FIn(1)— R, ¢ = ¢ Inthe limit the 4 dimensional space of potentials
must go to the 4 dimensional vector space of potentials V.

W. Miller (University of Minnesota) Contraction Askey Scheme Askey80th 40/56



Example: S9 — E1. 2

However our chosen basis functions for the S9 potential,

cosh?y cosh?y cosh?
cos?2¢ ’ sin¢  sinh?y’

will not go to a new basis in the limit; 2 basis functions become unbounded
and 2 go to a constant. There are many ways to choose an ¢ dependent basis
so that the limit can be taken. One of the simplest choices is

1 cosh®

V() = —(F—5— —1) — é*F,
(=7 sinh®y )
2 —2R 2 —2R
V@(e) = eCOSh ¥ — © , VO(e) = eCOSh ¥ ° L V@) =151,
cos?y ' cosZo sn?o  sito
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Hypergeometric polynomials

4,__3( ai, &, as, & ;X) :i (a1)k(a2)k(a3)k(aa)k ok

bi, b2, bs = (b1)k(b2)k(bs)kk!
(@o=1, (ak=ala+1)(a+2)---(a+k—-1)ifn>1.
Here k! = (1)k. If & = —nfor n a nonnegative integer then the sum is finite

with n+ 1 terms.

Wilson polynomials (of order nin t2):

¢n(a,ﬁ,%5;t):4,:3(—”, at+ft+y+d+n—1, a-t, a+t;1)

at+f, a+ty, a9

Racah polynomials: If « + 8 = —m for m a nonegative integer then only finite
set &g, 4, , Py,
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The Askey Scheme. 1

The irreducible representations of S9 have a realization in terms of difference
operators in 1 variable, exactly the structure algebra for the Wilson and Racah
polynomials! By contracting these representations to obtain the
representations of the quadratic symmetry algebras of the other
superintegrable systems we obtain the full Askey scheme of orthogonal
hypergeometric polynomials. This relationship ties the structure equations
directly to physical phenomena.
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Contractions of Superintegrable Systems

The Askey Scheme. 2

The Askey Scheme organizes the theory of hypergeometric orthogonal
polynomials of one variable by exhibiting the relations such that each of these
polynomials can be obtained as a sequence of pointwise limits from either the

Racah polynomials in the finite dimensional case or the Wilson polynomials in
the infinite dimensional case.

H /
lim ®,(7) = ¢},
T—00
W. Miller (University of Minnesota) Contraction Askey Scheme
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Contractions of Superintegrable Systems

The Askey Scheme. 3

ASKEY SCHEME
or
HYPERGEOMETRIC
ORTHOGONAL POLYNOMIALS
50 ﬂ -
B0) ‘du'mn C"""““"“‘ ‘mm‘ )
2R (2) acobi ‘ ‘ m ‘ ‘ Meixner ‘ ‘Kmvm:hnuk‘ 2Fi(2)
Jacobi
1Fi(1)/2Fo(1) ‘ Laguerre ‘ ‘ Beasel ‘ ‘ Charlier ‘ 1£1(1)/2Fo(1}
2F(0) 2F(0)

W. Miller (Universit
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What are models?

@ A representation of a quadratic algebra Q is a homomorphism of Q into
the associative algebra of linear operators on some vector space:
products go to products, commutators to commutators, etc.

@ A model M is a faithful representation of Q in which the vector space is a
space of polynomials in one complex variable and the action is via
differential/difference operators acting on that space. We study classes of
irreducible representations realized by these models.

What are model contractions?

@ Suppose a quadratic algebra Q contracts to a algebra Q' via a
continuous family of transformations indexed by e. If we have a model M
of Q we can try to “save" this representation by passing through a
continuous family of models M(¢) of Q(e) to obtain a model M’ of Q'.

@ We will show that as a byproduct of contractions to systems from S9 for
which we save representations in the limit, we obtain the Askey Scheme
for hypergeometric orthogonal polynomials.

«0O>» «4F>r «=» 4

3

Qv
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@ Suppose a quadratic algebra Q contracts to a algebra Q' via a
continuous family of transformations indexed by e. If we have a model M
of Q we can try to “save" this representation by passing through a
continuous family of models M(¢) of Q(¢) to obtain a model M’ of Q'.

@ We will show that as a byproduct of contractions to systems from S9 for

which we save representations in the limit, we obtain the Askey Scheme
for hypergeometric orthogonal polynomials.




Model interplay
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The S9 difference operator model. 1

1
Lofn,m = (—42 — 5 82 + B3)fn,m,

Lafn,m = (=477 — 2[By + 1][By + 1] + 5)/,,,m,
3
H=lLy+ly+1lg+ = — (B2 + B2+ B3) = —4(m+1)(By + By + By + m+1) — 2(By By + By By + BpBg) + — — (B3 + B3 + B
4
Heren=0,1, ... , mif mis a nonnegative integerand n = 0, 1, - - - otherwise. Also
1
_ 2 _
aj = ; - B/ , o=
Arp — _
EAF(t) = F(t+ A), =

2).
—(By +By+1)/2—m, B=(By +By+1)/2, v =(By — By +1)/2, 6 = (B + By — 1)/2+ By + m+2,
1
- =
2t

/2 ET12) ot ek 0B 406+ 06+ 08"/ = (@ = 08 - 0 - 06 - 0T /2]
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The S9 Difference Operator Model

The S9 difference operator model. 1

1
Lofp,m = (—af? — 3 + 312 + Bg)fn,m
. 1
Lsfn,m = (=477 = 2[By +1][By +1] + E)fn’my

2

@R S @R
:L1+L2+L3+;—(1+ 2+Bs)7—4(m+1)(B1+BZ+B3+m+1)—2(B1BZ+B1B3+BZB3)+;—(1+ 5 + B:

, mif mis a nonnegative integerand n = 0, 1, - - - otherwise. Also

Heren=0,1, .-
oo
aj=— —B,a=—(B;+B3+1)/2—m, 8= (B +B3+1)/2, v=(By —Byg+1)/2, § = (By + B3 —1)/2+ By + m+2,
4

EAR() = F(t+ A), 7 = 217(15‘/2 B 2% [+ 08 + 00+ 006 + 0E"/Z = (2 = 005 — 0y — 05 = 0ET1/2].

a+B+~y+d5+n—1,

Wn(f2):('1+ﬂ)n(a+’v)n('1+5)n4F3 ( ;1’37 o+, « _;' e+t ;1)

a+

= (a+ B)n(a + nla + ol P B) | o = inm,

Trrop =n(n+ o+ B4y + 6 — )b,
where (&) is the Pochhammer symbol and 4 F3(1) is a hypergeometric function of unit argument. The polynomial wn(t2) is symmetricin «, 3, v, 8. For

the finite dimensional representations the spectrum of 2is {(a + k)2, k =0,1, .-, m} and the orthogonal basis eigenfunctions are Racah

polynomials. In the infinite dimensional case they are Wilson polynomials.
Contraction Askey Scheme
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The S9 difference operator model. 2

The action of L, and L3 on an L3 eigenbasis is

1
Lofom = —4K(N+1,Mfyi1.m — 4K(0,N)fom —4K(N— 1,004 m + (BF + B5 — E)fn,m,

1
Lafom = —(41° +4n[By + By + 1] + 2[B; + 1][B2 + 1] — E)fn,m,

K(n+1,n) = (Bi+Bo+n+1)(n—m)(—Bs—m+n)(Bo+n+1)

’ (B1+Bz+2n+1)(B1+Bg+2n+2) ’

n(Bi+n)(Bi+B+Bs+m+n+1)(Bi+B:+m+n+1)
(Bi + B +2n)(Bi + B> +2n+ 1) ’

B +B+2m+1
2

K(n—1,n) =

K(n,n) =] P—K(n+1,n —K(n—1,n),

W. Miller (University of Minnesota) Contraction Askey Scheme Askey80th
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Example: S9 — E1. 1

Quantum system limit:

a a a
Hso =2+ B+ + 0+ 2423
st s s

where J3 = s10s, — $20s, and J», J3 are obtained by cyclic permutations of the
indices 1,2, 3.
b b
He1 :3f+857w2(xz+y2)+xf12+7§
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Example: S9 — E1. 1

Quantum system limit:

a ao as
HSQ:J$+J§+J§+?+—2 2
1 2 3
where J3 = s10s, — $20s, and J», J3 are obtained by cyclic permutations of the
indices 1,2, 3.

by b
He :a§+8§—w2(x2+yz)+x—;+y—§

In S9 we contract about the north pole of the unit sphere. Set

S1=Vex, s = Vey, ss=\[1-sF—F 1S + ),

2

d=by=ay, @& =by = a, ay = —w® = éas,

in Hsg to get E(Hsg - a3) — Hgyase— 0.
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Example: S9 — E1. 1

Quantum system limit:

a a a
Hso=S+B+B+ 2+ 242
st S5 s

where J3 = s10s, — $20s, and J», J3 are obtained by cyclic permutations of the

indices 1,2, 3.

by b
Heq :8§+8§—w2(x2+y2)+x—;+y—2

In S9 we contract about the north pole of the unit sphere. Set

S1 = Vex, s =1y, 53:MN1—%(X2+y2),

d=by=ay, @& =by = a, ay = —w® = éas,
in Hsg to get e(Hsg — as) — Hey as e — 0.
Quadratic algebra contraction:
Ly =elq, Ly =€lp, Ly = L3, H = ¢(H — a3)
R =¢R, a =bo=ay, d=by = a, & = —w?=c3az.
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Example: S9 — E1. 2

Saving a representation: We set

t=—x+Bs/2+ (B +1)/2+m, Bg:%—n)o —

-n, Bi+B+n+1, —x

fr;,mZSFZ(_m BZ+1

where the Q, are Hahn polynomials.

;1> = Qn(x; B2, By, m)

W. Miller (University of Minnesota) Contraction Askey Scheme Askey80th
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Example: S9 — E1. 2

Saving a representation: We set
t=—x+Bs/2+ (B +1)/2+m, By = % oo =

-n, Bi+B+n+1
fr;,m:3F2< ! 1B at,

_X )
—m, BZ+1 ’1) :Qn(X,BQ,B1,m)

where the Q, are Hahn polynomials. We have the model

Lofy m = 2w(2x—2m—By—1)f; , = —4K'(n+1, n)f 4 m—4K'(n, N)fy mn—4K'(n—1,n)f5_4 .

2
[—4(x —m)(x + Bo + 1)E} +4x(x — m — By — 1)Ex " + 8x + 4x(B; + B, — 2m)

1
Lafpm=— <4n2 +4n[By 4+ By + 1]+ 2[B1 +1][B2 + 1] — 7) fom =

ap
~am(Ba + 1)~ 2(82 + 1)(By + 1)+ 3 fm

H =L+ L = —2w(@m+2 + B + By).
Here the K’ are the appropriate limits of the K as B; — .
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Wilson

F4)

£ ‘ B ‘ ‘ Conmions ‘ ‘ Hahn ‘ ‘ Dual Hahn ‘
Meixner- o L Meixner Krawtchouk

Fi(2 | Pollaczek Jacobi

FFRM ‘ Laguerre ‘ ‘ Charlier ‘

Partial list of contractions of superintegrable systems



Superintegrable system

Infnite dimensional

¢ -Continuous — S

Special Hahn | Special dual Hafin

Special Krawtchouk

ecial Meixner>

Associated Laguerre




Wrap-up. 1

@ Free quadratic algebras uniquely determine associated superintegrable
systems with potential.

@ A contraction of a free quadratic algebra to another uniquely determines
a contraction of the associated superintegrable systems.

@ For a 2D superintegrable systems on a constant curvature space these
contractions can be induced by Lie algebra contractions of the underlying
Lie symmetry algebra.

@ Every 2D superintegrable system is obtained either as a sequence of
contractions from S9 or is Stackel equivalent to a system that is so
obtained.
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Wrap-up. 2

@ Taking contractions step-by-step from the S9 model we can recover the
Askey Scheme. However, the contraction method is more general. It
applies to all special functions that arise from the quantum systems via
separation of variables, not just polynomials of hypergeometric type, and
it extends to higher dimensions.

@ The special functions arising from the models can be described as the
coefficients in the expansion of one separable eigenbasis for the original
guantum system in terms of another separable eigenbasis.

@ The functions in the Askey Scheme are just those hypergeometric
polynomials that arise as the expansion coefficients relating two
separable eigenbases that are both of hypergeometric type. Thus, there
are some contractions which do not fit in the Askey scheme since the
physical system fails to have such a pair of separable eigenbases.
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Wrap-up. 3

@ Even though 2nd order 2D nondegenerate superintegrable systems
admit no group symmetry, their structure is determined completely by the
underlying symmetry of constant curvature spaces.

@ To extend the method to Askey-Wilson polynomials we would need to find
appropriate g-quantum mechanical systems with g-symmetry algebras
and we have not yet been able to do so.
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