ORTHOGONALITY OF VERY WELL-POISED SERIES

MOURAD E.H. ISMAIL, ERIC M. RAINS, AND DENNIS STANTON

ABSTRACT. Rodrigues formulas for very well-poised basic hypergeometric series of any order
are given. Orthogonality relations are found for rational functions which generalize Rahman’s
10¢9 biorthogonal rational functions. A pair of orthogonal rational functions of type Rjs is
identified. Elliptic analogues of some of these results are also included.

1. INTRODUCTION

The Rodrigues formula plays an important role in the theory of classical orthogonal polyno-
mials [17], [22]. By a Rodrigues-type representation of a sequence of functions f,(x), we mean
representing f, as

Cn

(11) fule) = -

where the ¢,,’s are constants and 7' is a linear operator which does not depend on n.

Tngn(l‘)a TLZO,l,"' )

In a recent paper [12] Ismail and Stanton showed that the Watson transformation of a
balanced terminating 4¢3 to a very well-poised g¢7 is exactly the Rodrigues formula for the
Askey-Wilson polynomials. This prompted us to explore Rodrigues type formulas for the 19¢9
biorthogonal rational functions R,, and S,, of [14], and consider orthogonality relations for
higher order very well-poised series. Rahman and Suslov [15] have a Rodrigues type formula
for a 19¢9 function, but their formulas do not resemble the classical Rodrigues formula. Indeed
instead of 7" the Rahman-Suslov formulas involve T3, 1,1 - - - T1, where T} is linear but depends
on j. In a recent paper [11], Ismail and Rahman gave a three term recurrence relation of type
R;r for the Rahman functions.

In Theorem 3.4 we give a Rodrigues formula of the type (1.1) for a 9,,+8Wam7 function
(see Definition 3.3) which generalizes Rahman’s rational functions R,, and S,,. We then provide
a general orthogonality relation for a 9,,+8Waop+7, Theorem 4.2, which generalizes Rahman’s
biorthogonality relation. A polynomial orthogonality for a 10Wjy is given in Theorem 6.5. Our
analysis is completely analogous to polynomials orthogonal with respect to varying weights.
There is extensive literature in this area, a sample of which is in [19].

The paper is organized as follows. After preliminary material is introduced in §2, in §3 we
define the rational functions and give the Rodrigues formula. The orthogonality relation is es-
tablished in §4. The special case of 19¢g’s is considered in §6, where Rahman’s biorthogonality
results are reproven. Asymptotics are given in §7. The polynomial behavior of our rational
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functions are determined in §5. The elliptic generalizations of our main results are given in §8.
Section 9 establishes a three term recurrence relation for a system of polynomials {U, (z;t)}
we introduce in §6.

2. PRELIMINARIES

We shall use the notation and terminology in [2], [7], and [9] for basic hypergeometric series.
In this section we collect the results to be used in the rest of the paper.

We shall use the inner product associated with the Chebyshev weight (1 — xg) /2 6on (—=1,1),

namely
< fug > / @) 5@) .

The operator we iterate for the Rodrigues formulas is the Askey-Wilson operator Dy, (see

[9)
f(a'2) = fla?2)
(qu)(.%') =2 1/2 _1/2
(¢"? = q71%)(z = 1/2)

where © = (2 + 1/2)/2 = cos 0, f(x) = f(2),z = €. It must be noted that = = (z + 1/2)/2
makes z and 1/z interchangeable. However to specify which branch of the Riemann surface
we assume that |z| > |1/z|. Indeed |z| = |1/z]| if and only if x € [—1, 1], in which case we put
x = cos 6 for a unique 6 € [0, 7] and z = €. The operator D, was first introduced in [3].

Observe that the definition of D, requires f (z) to be defined for !qil/ 22‘ =1 as well as for
|z| = 1. In particular Dy is well-defined on H, /5, where

H, :={f: f((z+1/2)/2) is analytic for ¢" < |2| < ¢ 7"}.

The key fact of Cooper [5] which we shall use is that the n' iterate of the Askey-Wilson
operator may be expanded via very well-poised series.
Proposition 2.1. The n'" iterate of the Askey-Wilson operator D, satisfies

( 2/2’ q2 n Z q q) 1 _ 22q7n+2k k o o
o/ (7) (q'/%2 — g=1/2)n 1/2:2 )n kzo @ gar  1—-z22¢m ! fa )

The right side of Proposition 2.1 is invariant under z — 1/z, this is reversing the finite
series.

3. RODRIGUES FORMULAS AND VERY WELL-POISED SERIES

In this section we give in Theorem 3.4 a Rodrigues formula for the general very well-poised
basic hypergeometric series

2m+8W2m+7(q7n22; qinv a1z, -+ ,Am+44=<, qlinz/bh T 7qlinz/bm; q, Z)7

where
Z = q27nb1...bm/a1 SRR R

The first application of Proposition 2.1 uses

F(zab) Hbzb/zq

GZG, A
o (aiz,ai/2q)s
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where a = (ay,...,ay) and b = (b1, ..., b,). Note that

F(h="/22 "8, "/?b) = F(z:a.b (ai23 @)k (ai/2 On—r
fla e, ) = I )E(biZQQ)k(bi/Z;Q)nk

Proposition 3.1. The functions

_ B (=2/z)" q2 i (ai/z;Q)n
) = LG,
X 2m+4W2m+3(q Z 54 n’ a1z, ,(]sz,ql_nZ/bl, e 7q1_nz/bm; q, Z)’
where b b
Z — 1 -Ym qn
aq A
satisfy the Rodrigues formula
1 v
rp(z;a,b) = ———— aq”/Qb
(riab) = £ Di(feia ).

The next application incorporates an Askey-Wilson weight into g.

Definition 3.2. Let
2i(2%,4/2% @)oo [Tim1 (02, bi/ 23 @)oo
21 (@i, ai/2 0) o

where a = (a1, ...,am+4) and b = (by, ..., by).

g(z;a,b) =

9

Note that

m+4 . .
o k:—n/QZ; n/2 a, n/2p) — zab [ (aizs @k (ai/Z7Q)n—k22n—4k: _1yng— () g2k
L | AN =T Oy~ ‘

Definition 3.3. For a non-negative integer n define

SN - AR I | e TN
(@2 =123 q)n T (bi/ 2 @)
X om+sWomt7(q 2% ¢ " a1z, amyaz, @ "2 /b1, @ "2 b g, Z),
where
S biebn o,
ai...0m+4

Theorem 3.4. The functions p,(z;a,b) satisfy the Rodrigues formula
1

n(z;8,b) = ————=
Pale;2,b) 9(z;a,b)

DI(9(2; 4" ?a, ¢"/?b)).

4. ORTHOGONALITY OF VERY-WELL POISED SERIES

In this section we use Theorem 3.4 and g¢-integration by parts to give an orthogonality
relation for p,(x;a,b) in Theorem 4.2. When m = 0 Theorem 4.2 is the orthogonality relation

for Askey-Wilson polynomials.

To derive orthogonality from a Rodrigues formula we need an appropriate integration by
parts formula. Brown, Evans and Ismail proved the following analogue of g-integration by

parts in [4].
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Theorem 4.1. The Askey—Wilson operator D, satisfies

<D, f,g>= fl/z [f <; (ql/2 +q_1/2)) g(1)— f (—; (q1/2 +q_1/2)> 9—1)}

- < f,V1—-22D, <g(ac) (1- x2)_1/2> >,

for f, g € Hy.

Let -
h(z,a) = H(l — 2axq" + a2q2k) = (aeie, ae™ Q)oos X =cosb,
k=0
and ) o
2z —1,1 m i
w(m;a,b) — h( T ) ) Hz:l (Jj’ )

Vv1—22 H;’:{Al h(z, az-)'

If m =0, w(z;a,d) is the Askey-Wilson weight function.

Theorem 4.2. For any polynomial 7(x) of degree at most n — 1,

1
/ pn(x,a,b)r(z)w(x;a, b)de = 0.
-1

Proof. Note that w(xz;a,b) = g(z;a,b). Use Theorem 3.4 and Theorem 4.1 n times. Each
boundary term in the formula for g-integration by parts is 0 because of the presence of the
factor v/1 — 2. The analyticity assumptions in Theorem 4.1 are satisfied since g(z;a,b) =0
if z = ¢//2 for any integer j. O

5. POLYNOMIAL NATURE OF py(x;a,b)

From Definition 3.3 it would appear that

m
Qn(x; a, b) = H(bjza bj/ZS Q)npn(w; a, b)
j=1
has poles at the zeros of (1/22;q),,. However these singularities are removable. The main result
of this section is Corollary 5.7 which establishes the polynomial character of ¢, (z;a,b).

We shall use the Rodrigues formula to give an inductive proof of this fact. First we refor-
mulate the Rodrigues formula as a recursive procedure.

Proposition 5.1. For any positive integer n we have
1

= D (i(z:a ?a. g Vb 1 (2 124 o1/2p)).
e, g I E TR b R D)

Qn(‘na’ b) =

Proof. The case n =1 is the case n = 1 of Theorem 3.4. The inductive step follows from

1 VR §
Pn+1(z;a,b) = mi}qﬂ §(z: g2 g +1>/2b)}
1 v
= j(zab) |9(2:4%a,0"/*b)pa (w0 2, ¢'/7D)|
1

— D (2 a'/ 2a. g T1/2 - L 1/2 1/2 _
g(z;a7b) q [g(z7q aaq b>q (-T,q avq b)j|

Multiplying both sides by [[7_,(bj2,b;/2; @)n+1 gives the desired result for n + 1. O
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In Theorems 5.3 and 5.6 we find the leading term of ¢, (z;a, b) and the next lemma enables
us to do this.

We denote the coefficient of z™ in a Laurent polynomial ¢(z) by [2™]c(z).

Lemma 5.2. Let ¢(z) be a Laurent polynomial with degrees bounded between —m—2 and m+2,
and let f(z) be a symmetric Laurent polynomial of degree k. Then

o(2)f(g"?2) — e(1/2) (g V/*2)
z—1/z
is a symmetric Laurent polynomial of degree m + 1 + k, with leading coefficient

(" 2e(z) — a2 (7" e(2)) 241 (2).

Proof. The poles at z = 1 and z = —1 are cancelled by zeros of the numerator (since f (+q'/?) =
f(£q~1/?) by the symmetry of f), and thus the result is a Laurent polynomial, the symmetry
of which follows from the symmetry of f. The claim about the leading coefficient follows by
dividing by 2™*1** and taking the limit z — co. O

Theorem 5.3. For any a, b, ¢,(x;a,b) is a polynomial in x of degree at most (m—+1)n. The
inequality on the degree is strict if and only

n—l—i—sa

bl"‘bm:q 17 Qmed,

for some 0 < s<n-—1.

Proof. A straightforward induction using Proposition 5.1 and Lemma 5.2 with

—1/2 m m—+4 5
o(z) = 4 S 0=t /2) [T (1= aj2), f(2) = tn-1(¢"*a,¢"?b), k= (n — 1)(m + 1)
i=1 j=1

shows that g, (z;a, b) has degree < (m + 1)n, with leading coefficient
n—1
9(m+1n m(3) H(al e aq" T = by by,
s=0
and the result follows. 0

If one experiments with the special cases when the degree bound is not attained, one finds
that for otherwise generic parameters such that

n—l—i—sa1

by bm =¢q  Omg

for some 0 < s < n — 1, ¢,(z;a,b) has degree nm + s. Unfortunately, the above inductive
argument does not suffice to give this stronger bound, though it does allow one to reduce to the
case s = 0. To resolve this case, we need a stronger version of Proposition 5.1. This requires
an operator identity satisfied by the Askey-Wilson operator, which we now state.

Lemma 5.4. Let

On(2;0) = (az,a/2; q)n.
The Askey-Wilson operator satisfies the operator identity
1 v 1
Dl+m = - Dl (Z)l Z;qi(l+m)/2’0 Dm _ .
T mlzigm ) ol s di(z;471/v)
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Proof. We verify that both sides give the same result when applied to gzuﬁs(z; q"/ 2v). We use

Dybn(z;a) = ngnq(zmql/?), Dy~ L 2a(1 — q") ] 1 |
a1 On(2;a) 1=q  Gnii(zaq-1/2)
and
G1(2:4720)ds(2:4%0) = Psri(z47 ),
Orm(z; g H™/20) 1
Grpmas(z;q~EFM/20) G (z; qU+m)/20)
Gor1(2: 4™ 0) (2 ¢7?0) = Goprym(z: ¢ ).
This completes the proof. -

Remark 5.5. Apply Lemma 5.4 to a function f. Comparing coefficients of f(qj_(H'm)/Q) on
both sides of Proposition 2.1 gives a special case of Jackson’s g¢7 summation, [7, (I1.22].

This allows us to prove the following result, from which the claim about ¢,(x;a,b) follows
immediately.

Theorem 5.6. Let f(z) be a symmetric Laurent polynomial of degree k, and define
1

hn(z:a,b) = ———
( ) d(z;a,¢"b)

DI(§(z: 4" *a, ¢"/?b) f(2)).

Then hy(z;a,b) is a symmetric Laurent polynomial of degree at most (m+1)n+k. Moreover,
if for some s with0 < s<n-—1,

_ n—1+s+k
biby by =q a1a2 - - Qg4

then hy(z;a,b) has degree at most mn + s + k.

Proof. If s # 0, the claim follows by the argument of the previous induction. Proposition 5.1
holds with ¢, (z;a, b) replaced by h,(z;a,b). Thus the leading term of h,(z;a,b) is a nonzero
multiple of a1 - - - @y 4™t — by - - - by, times the leading term of h,,_1(z; ¢/?a, q1/2b). If a and
b satisfy the hypothesized restriction with parameters n and s, then q?a and ¢*/?b satisfy
the same relation with parameters n — 1 and s — 1. Thus by induction h,_1(z; q'/2a, ql/zb)
has degree at most m(n — 1) + s — 1 + k. Lemma 5.2 implies h,(z;a, b) has degree at most

mn—1)+s—1+k+m+1=mn+s+k.

It remains only to establish the s = 0 case, namely to show that if

biby - -bm = ¢"Farag - - amya,
then h,(z;a,b) has degree at most mn + k.

We shall use Lemma 5.4 to derive another recurrence for h,(z;a,b)

1
hni1(z;a,b) = -
(5.1) # ) 9(z; (¢"a1,’),q"*'b)

xDy((2 (4" %a1,¢*2a), ¢"FV/2b) hn (25 (¢ 2a1, ¢V/2a’), ¢'/?b)),
)

where a = (ay,a’
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To prove (5.1) apply Lemma 5.4 with (I,m) = (1,n) and v = ¢"/2a; to give the operator
identity

1

a8 a2 )

1 y . )
- <§(Z‘ (q"ay,a) qn+1b)Dq9(Z; (¢"2aq,¢'?a), q +1/2b)>

1 ny i . (. n/2—1/2 n/2+1/2 n/2+1/2
<§(Z, (q71/2a17q1/2a),qn+1/2b)Dqg(Zv (q / / ai,q / / a),q / / b) .

Suppose by induction that h,(z; A, B) has degree mn + k whenever
BBy By =q¢" A Ay Apgs.
Suppose that
biby by = ¢" Fajay- - ptd-

holds. We must show that hy41(2;a,b) has degree at most m(n + 1) + k.

‘We now use Lemma 5.2 with

q,l/g m+4 m
c(z) = —7(1 —a1q"z) H (1 —a;z) H(l —b;q"/2)
i=2 Jj=1

F(2) = ha(z; (7Y %a1, ¢/2a), ¢1/?b)

to conclude that h,11(2;a, b) has degree at most m+1 more than hy,(z; (¢~/%ay1, ¢'/2a’), ¢*/?b).
Moreover the leading term of h,41(2;a,b) is a multiple of by ...b, — ¢"**a1 - - - amys, which
is zero. So the degree of h,y1(z;a,b) is at most m more than hy,(z; (¢~"/%a1, ¢'/?a’), ¢*/?b).
We see that (A,B) = ((q_1/2a1,q1/2a’),q1/2b) satisfies the hypothesized relation for n. So
by induction the degree of hy(z; (q_1/2a1, q1/2a’)7 q1/2b) is at most mn + k, and the degree of
hn+1(2;a,b) has degree at most mn +k+m=m(n+1) + k. O

Corollary 5.7. Ifbiby--- b, = ¢ "Tajay- - 44 for some 5,0 < s <n—1, then q,(z;a,b)
is a polynomial in x of degree at most mn + s.

6. RAHMAN’S BIORTHOGONAL 19¢9’S

In this section we derive Rodrigues formulas and the biorthogonality relation [14, §3] for
Rahman’s very-well poised 19¢g’s from Theorem 3.4 and Theorem 4.2. We also give a poly-
nomial orthogonality in Theorem 6.5.

Rahman’s [14] biorthogonal rational functions which depend upon five parameters t =
(t1,t2,ts,t4,t5). The functions are denoted by R,, and S,, and given by

Ro(z5t| q) = 10Wo(E3tatstats/q; titstats, titatats, titatsts, t12,t1 /2, titatstsq™ ¢ ™ ¢; ),
Sn(z;t]q) = 10Wo(t1/ts; q/tats, q/tsts, q/tats, t12, t1/ 2, titatstad™ L a ™™ 43 q).
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First we rewrite Rahman’s functions as another 19Wy function, our p,(x;a,b). Bailey’s 1909
transformation [7, (II1.28)] is
q, Q>

¢ Aa qA1/27 _qA1/2a Ba 07 D7 Ea Fa )‘Aqn+1/EFa q_n
WP AY?, - A2 qA/B,qA/C,qA/D,qA/E,qA/F,EFq "/, Aq™+!
Q;Q> )
Proposition 6.1. The Rahman functions are given by
Ry(z;t|q) =copn(mia,b1), a= (t1,to,ts,ta,tsq" "), by = titatstats =T,
n .
o — (q - 1) 40 GVE Q)ln "
2 (t1t2, t1ts, tits, g1 ~"t1ts5; q)n
Sn(l', t | (]) :dnpn(l'» a, bl)) a= (tlv t27 t37 t47 t5q_n)a bl = t1t2t3t4t5/q = T/q,

Q- (q - 1)" 46 _(T2/0,T/a% g (@ "5/t Dn
" 2 (¢ "zts,q "5/ q)n (trte, trts, trta, T/qtr; q)n '

(6.1) _ (gA,qA/EF,q\/E, q\/F; q)n
(qA/E,qA/F,q\/EF, qX; q)n
- A, gA\V2, —gA\Y2. AB/A, A\C/A, AD/A, E, F, NA¢"*'/EF, ¢~
T AY2, N2, qA /B, qA/C,qA/D, g\ E, g\ F, EFq~" /A, \g" !
where \ = ¢A%/BCD.

Proof. Both assertions follow from two applications of (6.1).

For Rn use A = t%t2t3t4t5/q, B = tl/Z, C = t1t3t4t5, D= t1t2t3t5 followed by A= t1t2t42’/q,
B = qn_1t1t2t3t4, C = 1/t3t5, D = titatyts.

For S, use A = t1/ts, B = t1/z, C = q/tats, D = q/tsts followed by A = titats3z/q,
B = q/tsts, C = q" ! /titatsts, D = titatsts/q. O
Thus we have Rodrigues formulas for the Rahman functions.

Theorem 6.2. The Rahman functions have the Rodrigues formulas
1

-1 . _ nieo,. n/2 n/2
R, (x;t = D ; a, b
cn Ru(zit|q) izab) g (G(z1q q"'*b)),
a=(t1,t2,t3,ta, t5q" "), b1 = titatstyts
1

-1 . —
dn Sn(xvt ‘ Q) _g(z;a’ b)

a=(ti,ta,t3,t4,t5q" "), b1 = titatststs/q

D (4(z; 4" *a, ¢"/*b)),

We next show that Rahman’s biorthogonality follows from Theorem 4.2.

Theorem 6.3. If n £ m, T = titatstyts, then

1
/ w(zx; (t1,t2,t3,ta,t5), T) Ry (x;t | @) S (x5 | ¢)dr = 0.
-1

Proof. First assume that n > m. Then from Theorem 4.2 and Proposition 6.1 we have

1
0 :/ UJ(l’, (tla t2a t37 t47 t5q1_n)’ T)RTL(J:7 t | q)ﬂ-(:ﬂ)dl‘
-1

_/1 w(zx; (t1,te, t3,ta, ts5), T)Ry(x;t | q) : 7;@) g
o (¢ "t52, ¢ "5/ 2 @)n1
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for any polynomial 7(x) of degree at most n — 1. By Corollary 5.7 with m = 1 and s = 0, we
can choose 7(x) to be a multiple of

pm (73 (B, to, s, ta, ¢ "t5), T/0)(T2/q, T/ qz; Q) (@ 52, "t5/2 Q) n—1-m

which by Proposition 6.1 is a multiple of

St @) (¢ 52, ¢ "5/ 2 @)

Next suppose that n < m. From Theorem 4.2 and Proposition 6.1 we have

1 TMats,q "5 /24)m
o=/‘wmmmxmmx%%q"wﬂvm&ﬂmtmﬁq 0405/ 5 Dm0

» (Tz/q,T/qz;q)m
h m(z)
= s (T, b2, t3, 84, 85), T) S (25 d
/_lw(ac (t1,t2,t3,t4,t5), T)Sm(w;t | ) (Tz,T/z;q)m-1 !

for any polynomial 7(x) of degree at most m — 1. This time use Corollary 5.7 with m = 1 and
s =0, and choose 7(x) to be a multiple of

Pl (tr,t2, 1, ta, 4" "), T) (T2, T/ 2 0)n(T 24", T4" /23 @)m-1-n
which by Proposition 6.1 is a multiple of
R (z;6]q) (T2, T/ 2 ¢)m1,
and the proof is complete. O
One may ask for a polynomial orthogonality relation for a 19Wy. We provide one for poly-
nomials in x of degree n (see Theorem 6.5).

Definition 6.4. Let

5
T2q""';q)
Un(z;t|q) = 1/22q e | (CTETI
! =1

x10Wolq "% t12, taz, t32, taz, ts2, 2> 2" /T, ¢~ "; ¢; q)

Note that Definition 6.4 is equivalent to
Un(#;t]q) = anpa(@;t,¢" ' T)(T2q" ", Tq" " /2,q)n, T = titatstats,

where «, is a non-zero constant. Thus Corollary 5.7 with m = 1 and s = 0 shows that
Un(x;t]|q) is a polynomial in x of degree n.

Theorem 6.5. The polynomials Uy (z;t|q) of degree n satisfy the orthogonality relation

! w(z;t,T)
Up(z;t x;t de =0, n>m.
[ Ot Ut 10 g

Proof. This follows directly from Theorem 4.2 using

w(z;t,T) Un(z;t]q)
(T2, T/2q)n-1" (Tq"12,Tq" 1 /2;q)n
This completes the proof. O

w(z;t, Tq"™ 1) anpn(x;t,q"_lT) =
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The polynomials U,, are symmetric in the parameters t;. If t5 = 0 (and thus 7' = 0) Theo-
rem 6.5 is the orthogonality relation for Askey-Wilson polynomials. We note that t5 = 0 does
give the Askey-Wilson polynomials with the symmetric normalization

Un($7 (tlatQat37t47 0)70) = pn(x7t‘Q)

A three-term relation for U, generalizing the Askey-Wilson three-term recurrence, is given
in §9.

7. ASYMPTOTICS

In this section we give in Theorem 7.2 the large n asymptotics of the polynomials Uy, (z;t,T).
Although these polynomials are not, strictly speaking, orthogonal polynomials, we show that
orthogonal polynomial techniques can lead one to guess an orthogonality relation such as
Theorem 6.5.

The following theorem relates the asymptotics of orthonormal polynomials to the weight
function, see [22, Chapter 12].

Theorem 7.1. Assume that {p,(z)} are orthonormal with respect to a weight function w on

[—1,1] and that f_ll |In f(cosB)|df < oo, f(x) = w(x)V1— 2. Let

1 T 1 _i_zefi@
D(Z) = exp |:4 /_7T h’lf(COSG)W ,|Z| < 1.
Then
R 1
lim 27 "p,(2) = —————

n—00 V2r D(1/z)’

where x € C\ [-1,1] and = = (2 + 1/2)/2,|z| > 1. Moreover the radial limit exists,
lim,_,;- D(re??) = D(e) and w(cos ) = |D(e?)|?/sin 6.

When we do not know the weight function w but do know asymptotics of p,(z), Theorem
7.1 will provide a good candidate for the weight function.

First we transform U, (x;t,T) using (6.1) with A = ¢7"2%, B =t1z, C = taz, and D = t3z.
The resulting expression may be written as
2"(q, tita, tits, tat, tats, ¢"tatats /2, Tq" ' /21 q)n
(tit1ts/qz; q)2n
(t1/z,ta/ 2, t3) 2, titats/qz, ¢" T /ta, ¢" T /ts; Q)n—k titats — zq' 2" H2F

Un(x;t,T) =

n

D (g tata, tats, tots, ¢ tatats /2, Tq" 1 21 q)n—k titats — 2g' 2"
taz,t52;
><( 42,1521 @k z)—Qk'
(q, tats; @)
Therefore for |z| > 1 we have the limiting relation
3
lim 27" Up(z;t) = (tats; @)oo | [(ti/2 @)oo 261 (taz, ts2 tats; q,1/2%)
n—o00 1
]:

Applying the g-analogue of Gauss’s theorem [7] we establish the following theorem.
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Theorem 7.2. The large n asymptotics of U, for |z| > 1 is given by

R 1=t/ @)
A Ut = 2 e e

If the U,,’s were orthogonal polynomials Theorem 7.1 would give

(2) = =230
Hj:l(tj/za q)oo
one would expect the weight function to be

(€2i9 e—2i9.q)oo
sin 0 TT5_; (¢, tje~?; q)oc
This agrees with Theorem 6.5 except for the part of the weight function which depends on n.
In fact the weight function in Theorem 6.5 is exactly analogous to the the problem of varying
weights in orthogonal polynomials, see for example [19]. If we let n — oo in the weight function

in Theorem 6.5 we indeed get the quantity in (7.1). So the asymptotics seems to give the n
independent part of the weight function.

(7.1)

6 € [0, 7.

8. ELLIPTIC ANALOGUES

In this section we give elliptic analogues of the main results of the previous sections. An
elliptic version of the iterated Askey-Wilson operator is given in Proposition 8.1. An ellip-
tic analogue of the polynomials g, (x;a,b) is given in Definition 8.4, and their orthogonality
relation is Theorem 8.9.

The operator identity, Lemma 5.4 above, satisfied by the Askey-Wilson operator, is a limiting
case of an identity satisfied by a family of elliptic difference operators. We recall the elliptic
analogue of the infinite g-shifted factorials, the elliptic Gamma function of [18]

1 —pitl k+1
T,q(2) = H p7—q/z’

ks 1P

which satisfies the recurrence

[p,q(qz) = 0p(2)Lp4(2),
where

Op(z) = [J(1 = p'*/2)(1 = pl2).
Jj=0
This function, in turn, satisfies the following quasiperiodicity property:
Op(pz) = =210, (2),

making 6,(exp(2my/—1z)) a theta function for the lattice (1,log(p)/2m/—1). We also define
finite elliptic shifted factorial by

0y ) = 2292 _ T g(2).

Fp,q(z) 0<j<m

The analogue of a polynomial of degree n in the elliptic context is a “symmetric theta func-
tion” of degree n, a holomorphic function f such that f(1/z) = f(2) and f(pz) = (pz?) " f(2).
As with polynomials, these form a vector space of dimension n + 1.
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The most natural analogue of the Askey-Wilson operator is the operator D, which acts by

- f(g"?2)  flg'/%2)

Parf)) =5, G2y g, 07)
which manifestly preserves the space of functions invariant under z — 1/z. This is not quite a
direct analogue, in so far as the limit as p — 0 is not quite the same operator (the coefficients
differ by powers of z), but is more convenient for dealing with questions of orthogonality. The
key point is that this operator is formally self-adjoint with respect to the density

(D5 P) oo (45 @)oo 1 dz
Alzip.q) =
(2:p.) 2 Ty (22 Tpq(1/22) 2my/— 12

the fixed part of the density of the elliptic beta integral [20]. To be precise, if f and g are
invariant under z — 1/z, then the integral

JRCIICPEING

is, by symmetry, equal to
2 [ f(q'2)9(2)0p(z*) " A(2).
Sl
The change of variables z — ¢~ 1/2 /z makes this equal to
2 [ i@ 6, A)
|z|=q—1/2
Moving the contour back to the unit circle and symmetrizing gives
RO

assuming that there are no poles for 1 < |z| < g V2. (The possibility of poles is why we refer
to this as “formal” self-adjointness above.)

Unlike the Askey-Wilson operator, however, the powers of this operator are not well-behaved;
if we try to square the operator, we find that the two contributions to the constant term are
quasiperiodic, but with different multipliers, and thus the sum is not even a (meromorphic)
theta functions. However, in [16, §9], the second author introduced a family of multivariate
operators satisfying an analogue of Lemma 5.4 above; in the univariate case, this is the operator
identity
Fp,q(qu/%z)lﬂp’q(qu/%/z) Di(q:p) Fp,q(q(Hm)/%Z)Fp

L@ P02 (qP0fz) Y Ty (g P2,
a7 P02)0 (g0 /)
Lpq(a"?v2)Tpq(q"?v/2)

where D1 (¢;p) = Dgp. The above identity is not explicitly stated in [16].

o(¢" P )z2)
glq= ™20 /z)

)

Dl+m<Q§p) =

)

XD (q; )

From this, it is straightforward to deduce the analogue of Proposition 2.1. Indeed, when
m = 1, the simple fact that the right-hand side is independent of v means that the residue at
v = ¢/?z must be 0, but this gives a first-order recurrence for the coefficients of D;(¢;p). The
leading coefficient is also straightforward to compute.

Proposition 8.1. The operator Dy (q;p) has the expansion

-1y, ("2 0p(q: 9)n
Dolq;p) f)(z) = —1)igiU-0/22 P2
(Polt:0) 1)) Oén( ) Op(a772% @)n+1 0p(q; 0)0p(¢; Dn—j

F(g"*z)
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As remarked after Lemma 5.4, this expression turns the operator identity into a (Zariski
dense) special case of the Frenkel-Turaev summation [6], the elliptic analogue of Jackson sum-
mation.

Note that just as for n = 1, D,(¢;p) is formally self-adjoint with respect to the density
A(z:p,q).

Theorem 8.2. Let f be a symmetric theta function of degree k, and let a be a sequence of
length 2m + 4 satisfying

gD R gy = p™ L
Then
1
Dnla:p) L0 ai2)Tp (4" %0i/2) £ (2)
[Li<icomsa Ipa(@iz)lpq(ai/2) " 1gi£[m+4 P i2)p.q ;

is a symmetric theta function of degree mn + k.

Proof. As before, this reduces easily to the case n = 1. In that case, we verify that the resulting
function has the correct symmetry and quasi-periodicity, so the only obstruction to being a
theta function is the potential poles coming from zeros of Hp(ZQ). By symmetry, however, the
function must have even order at such points, and thus the apparent simple poles are in fact
removable singularities as required. O

Remark 8.3. To relate this to Theorem 5.6 above, note that the elliptic Gamma function
satisfies the reflection principle Iy o(2)}, ¢(pg/x) = 1, and thus we can write a ratio of elliptic
Gamma functions as a product. Moreover, we can shift one of the parameters by a factor
of p at the cost of introducing some powers of q and z to the coefficients of the operator (as
I (px) /Ty 4 () is quasiperiodic under g-shifts!).

Applying the operator when k& = 0 in Theorem 8.2 to 1 gives a symmetric theta function of
degree mn.

Definition 8.4. Let

1
Gn(z;2:p) = Dn(g; ) Lpq(q"%ai2) Ty q(q" ai/2)(1)
! [hi<icomiaIpa(aiz)pq(ai/z) ! 19£Im+4 i o '

¢

Note that Proposition 8.1 implies that ¢,(z;a;p) has an expression as a “very-well-poised

balanced” elliptic hypergeometric series.

If we take m = —1, then we find that the operator decreases the degree. Since theta functions
of negative degree do not exist, we obtain the following result.

Corollary 8.5. If f(z) is a symmetric theta function of degree n — 1, then for any a,

Together with self-adjointness of D, (q;p), Corollary 8.5 allows us to prove orthogonality
results. The simplest interesting case is a Rodrigues formula for the biorthogonal functions of
Spiridonov and Zhedanov, which are now defined.
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Definition 8.6. For parameters satisfying totitotsuous = pq, let
fn(z;to, t, ta, t3; uo, u1)
: 1
I;I (tj2,t5/2) Tpq(uoz)lpq(uo/2)lpq(purg'—"2)lp q(puag'—"/z)
xDn(q;p)H (),

H(z) = 11107q(‘17n/21‘02)r q(qin/QUO/Z)Pp q((pulqlinﬂ)z)rnq((pulqlinm)/z)

X Hqu 25200 (0" 5/ 2).

Also, define a family of densities by
A(z;a) := H Ipg(aiz)pq(ai/z)A(2).
1<i<2m+4

Lemma 8.7. The function

Op((pa/u0)z; )nbp((pa/uo0) /25 a)nfn(zito, t, b2, 35 U0, ur)
is a symmetric theta function of degree n, so that f,(z;to,t1,t2, t3; uo, u1) is a symmetric elliptic
function. Next, suppose |to|, [t1], [t2|, |ts], |g " uo|, |¢*""u1| < 1. Then for any symmetric elliptic
function g such that

Op((Pq/u1)2; QIn-10p((pa/u1)/ 2 @)n-19(2)
s holomorphic,
fu(zito, 1,2, t33u0, 1) g (2) A(z; to, 1, 2, 83, w0, u1) = 0.

S
In particular, fn(z;to,t1,t2,t3;u0,u1) is proportional to the elliptic biorthogonal function of
[21].

Proof. We have
0,((pq/10)2; )nbp((Pq/10)/ %5 @)n fr 23 to, t1s ta, 330, ut) = qn(z;to, t1, ta, t3, ¢ "o, ¢'~"pus; p),

which is indeed a symmetric theta function of degree n. We can also write

/1 fn(z;t07t17t27t3; uO?“l)Q(Z)A(Za t07t17t27t37u07u1)
S

B . . Lp.q(u12)0 4 (u1/2)
_/Sl[Dn(q,p)H( )]vaq((pul/qn—l)z)l—\pvq((pul/qn—l)/z>

9(2)A(2),

where H(z) is given by (8.1).

The conditions on the parameters ensure that the residue terms in the formal self-adjointness
do not appear (i.e., the integrand has no poles between the shifted contour and the unit circle),
so the integrand is

. Dpq(u12)Lyq(u1/2) 5
AP s )y (G 072
may be rewritten as
A(2)Dn(g; p) Dy q(u12)lp ¢(u1/2)

Fp,q(pulz)rp,q (pu1/z)

Op((Pg/u1)z; @)n—10p((pa/u1)/2; ¢)n-19(2).
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Because
Dpq(u12)lpq(ua/2) _ 1
Dy q(pur2)hyq(pui/z)  Oq(urz)0q(ur/z)’
the integrand vanishes by Corollary 8.5. O

Remark 8.8. The constant can be recovered from the fact that when z = ty, only one of the
n + 1 terms in the Rodrigues formula is nonzero, so that

Op(tot1, tote, tots, 1/tour; ¢)n
0p(pgto/uo; q)n

fn(tosto, t1,ta, t35u0,u) =

Essentially the same argument gives the following more general orthogonality result. When
m = 1, this recovers the above orthogonality (for the numerator of f,, to be precise).

Theorem 8.9. Let ¢t (n—1) H0§i<2m+4 a; = p™, so that the function

an(z;pag, ai, . . ., a2m+3; D)

is a symmetric theta function of degree mn, and suppose |ag|,...,|azm+s| < 1. Then for any
symmetric theta function g of degree n — 1,

/1 qn(2;pag, a1, - - -, a2m+3;p)g(2)A(z; ao, - - -, azme3) = 0.
S

Note that since the function

Qq(bz)Hq(b/z)
04(az)0q(a/z)

is periodic in ¢, it follows from Proposition 8.1 that the operator

Oq(q™""2az)0(a~"*a/2)Du(q; p) [W}

is independent of a.

In fact, the same theta functions satisfy a number of different orthogonality relations, arising
from the fact that

qn(2;pag, a1, . .., a2m43;p) = qn(2; ag, pas, ..., a2m13;Dp),

which in turn follows immediately from the above observation that

1
0 —n/2 0 —n/2 D .
q(qa""7az)04(q"""a/2)Dn(q; p) 5.(@2)0a(a/7)
is independent of a. It seems likely that these orthogonality relations determine ¢, (indeed, it
should typically be enough to take the first m such relations), though to prove this in general
requires the computation of a fairly complicated determinant.

We also have the following analogue of Theorem 6.5.
Corollary 8.10. Let U, (2;t1,t2,t3,t4,t5;p) := qu(z;t1,ta, t3, ta, ts5, p?q> 2" /t1tatstyts). Then
form < n,

/1 Un(2)Um (2)0p (a2, /2 @)n1-mA(2; t1, ta, t3, Ly, ts5, pg* 2" [t1tatststs) = 0.
s

Remark 8.11. Note here that the density depends on m in a crucial way. Of course, in the
limit p — 0, one may as well take a = 0, and thus recover Theorem 6.5.
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9. A RECURSION RELATION

Proposition 9.1. The polynomial Uy (z) = Uy (zn;t|q) satisfies the following 3-term recur-
rence relation

Ups1 — Ap1 (1= @"72T2) (1 — ¢*" 2T /2)(1 — ¢*">T2)(1 — ¢*"°T/2)Un—1

(9.1)
—(Bp(1—=t1/2)(1 —t12) + Cy)) U, =0,
where
4 5 5 N
A, = H H (1 —titjq" ) (1 — q"fl)(—qs)/H(l - e5q"*2/ti)5, where
i=1 j=i+1 i1

N :(qlo eéan + 65( 3n+5 q5n+5) — eaq 2n+-8 +e 64(q6n—i-3 5n+3) + ese: q3n+6
te 61q6n+2 6 e q5n+4 + 6561(q3n+7 . q2n+7))

D :(q18 6%(]8” + 85( 3n+10 q5n+8) _ 64an-i-14 + e§e4(q6n+5 _ q5n+6)
+eses®™ 1 + eder gt — e2eaq®™ T + eger (¢3H12 — ¢T3,

(L= P tstts) (1 — ¢ hatstats)
=111 —q"taty) 3
ol t1(1 — g tatstats)
A, (1 — 2totstatsq®2) (1 — t3atstatsq®3) (1 — tatstatsq" )t
Hj:2(1 —q"ty)
5
(1 = ¢*"'tatgtats) (1 — ¢*"t1tstats)
B, =((1 — tltgq" 1-— q"t2t~

. I e e

A (1 = tatitatatsg™ ) (1 = titstatatsq™ ) (1 — titatatsg" *)ta )
n n

H?;g(l — " Mot;) (1 — titeg™ )
/(1 —t1/t2) (1 — taty).

and e; 1is the elementary symmetric function of t1,t2,t3,t4,t5 of degree j.

This was verified using computer algebraic techniques by Christoph Koutschan [13].

It must be noted that equation (9.1) when written in z,x = (2 + 1/2)/2 is of the form of a
recurrence relation of an Ry fraction, [10, (3.1)]. In the notation of §3 of [10], the interpolation
points are

Ung1 = [Tq2n72 4 q272n/T]/2, bn+1 — [Tq2n73 4 q372n/T]/2'

The interpolation points are also manifested in the orthogonality relation in Theorem 6.5.
Moreover Uy, (z;t|q) can be evaluated at these special points. To see this use the symmetry of
U, in z and 1/z to put 1/z = T¢**~2 in (6.2). Indeed we have

Qn(n 1 ° 1 1 2n—2 2—-2
Un(zn; tlg) = H "t an = 5[Tq"T 4 ¢ T,

Similarly we may just set z = TqQ"_3 in (6.2) and the W7 is now a sum of two terms, so we
can find a closed form expression for U, (yn; t|q), where y, = [T'¢*" 3 + ¢>~2"/T]/2.
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