MOMENT DUALITY FOR ORTHOGONAL POLYNOMIALS

MOURAD E.H. ISMAIL AND DENNIS STANTON

ABSTRACT. The Laguerre, Charlier, and Meixner polynomials are polynomials in two
variables: in x they are classical orthogonal polynomials, and in a parameter b they
are type Ry orthogonal polynomials. Thus they have two types of orthogonality rela-
tions. Remarkably, the type R; moments are identified as the orthogonal polynomial
moments for another set of classical polynomials. A general notion of moment duality
is introduced for polynomials in two variables. This program is continued for two and
three parameter Askey-Wilson polynomials. The equality of the moments is equivalent
to the equality of two continued fractions.

Dedicated to George Andrews and Bruce Berndt for their 85th birthdays

1. INTRODUCTION

The classical orthogonal polynomials, for example Jacobi, Gegenbauer, Laguerre,
Meixner, and Charlier, depend upon parameters besides the polynomial variable z (see
[1]). They may be considered as polynomials in two variables: x and one of the pa-
rameters. In the variable x they satisfy classical orthogonality relations. As monic
polynomials in a parameter they may satisfy another type of orthogonality relation:
type R; orthogonality.

We will consider orthogonal polynomials in z, p,(z,b), which depend on a parameter
b. If the recurrence coefficients b,, and A, in (2.1) are linear polynomials in b, then the
moments L(z") are also polynomials in b. Additionally, p,(z,b) is a degree n type R;
polynomial in b which depends on a parameter . The type R; moments are polynomials
in .

We introduce moment duality for these polynomials in two variables.

Definition 1.1. Suppose that {p,(x,b)}n>0 and {P,(b,z)}n>0 are both polynomials in
x and b of degree n. Suppose that p,(x,b) is orthogonal in x and type Ry orthogonal in
b, while P,(b,x) is orthogonal in b and type Ry orthogonal in x. We say p,(z,b) and
P, (b, ) have moment duality if

(1) the type Rr moments in b of p,(x,b) equal the moments in b of P,(b, ),
(2) the type Rr moments in x of P,(b,x) equal the moments in x of p,(x,b).

The R; and Rj; biorthogonal rational functions were introduced by Ismail and Mas-
son [8] through continued fractions which extended the T-fractions of Thron, [9]. Later
Zhedanov [14] showed that the R; and R;; biorthogonal polynomials arise through the
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generalized eigenvalue problem AX = AMX, where M is a positive definite matrix.
When M is the identity matrix, we have orthogonal polynomials. M. Derevyagin [4]
formulated and explored the connection between spectral theory of operators and the
multipoint diagonal Pade approximation through the theory of R-fractions. Cooper,
Jones, and Thron studied the orthogonal Laurent polynomials associated with the log-
normal distribution, see [3].

The purpose of this paper is to identify five examples of classical polynomials which
have moment duality: Laguerre, Charlier, Meixner, Al-Salam-Chihara, and continuous
dual g-Hahn, and find the explicit linear functional for their type R; orthogonality.

2. ORTHOGONAL POLYNOMIALS AND TYPE R; POLYNOMIALS

Monic orthogonal polynomials p,,(x) satisfy the three-term recurrence relation [2, The-
orem 4.1 p. 18]

(21)  pona(@) = (@ = b)pa(@) = Apr(2), 120, po(a) =0, polx)=1.

Proposition 2.1. There is a linear functional L, [2, (1.9)], defined on the vector space
of polynomials in x which satisfies

L(pn(2)pm(x)) =0, n#m.

The moments p,, = L(x™) are non-negative polynomials in the three-term recurrence
coefficients {by }r>0 and {A;}x>1. For example
Mo = bg —+ )\1.

For the classical orthogonal polynomials an explicit representing measure du(z) is known
for L,

L(z") = /_ " ardu(a).

For example for the Laguerre polynomials L%(z),a > —1, we have du(x) = % *dx on
[0,00) and p,, = (a+1)---(a +n) = (a+ 1),. We will use the linear functional rather
than explicit measures in this paper.

The Pochhammer notation for shifted factorials and the g-shifted factorials found in
[6],[7] will be used.

The moment generating function has a continued fraction expansion, [5],[13].

Proposition 2.2. The moment generating function for orthogonal polynomials, as a
formal power series in t, satisfies

ntn =
DK JWE
= 1 — byt —

Aot?

A3t?
1 — byt — 22

1 —b1t —

Type R; polynomials P, (z) [8, (1.1)] allow a more general recurrence.
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Proposition 2.3. Monic type Ry orthogonal polynomials P,(x) satisfy the three term
recurrence

Poi(x) = (x — Bp)Pu(z) — (Apx + Ap)Poi(z), n>0, Py(x)=0, PFy(z)=1

We assume A,, # 0, and let

n

Dy(x) = ¢ [ [(Arz + Ax)

k=1
for an appropriately chosen constant c,,. We also assume the non-degeneracy condition

P,(—A,/A,) #0.
Let V' be the vector space
V =span{l,z,--- 2", -+ 1/Dy(x),1/Ds(x), - }.
Note that V' contains r(z)/D,(x) for any polynomial r(z), see [10, Corollary 2.5].
The type R; polynomials also have an orthogonality relation [8, Theorem 2.1].

Proposition 2.4. There is a linear functional L on V' such that

L (Pk(x)l];:((?)) =0, 0<k<n-—1.

The linear functional L acts on a larger vector space than polynomials, but the mo-
ments L(z") still exist.

Proposition 2.5. The moments L (z™) are polynomials in By, Ak, and Ay and may be
found recursively [10, Corollary 3.12, m = 0] from

L(Py(2)) = A Ay -+ A,

The value of the linear functional L ( Dnl(x)> may be found recursively from

For example,
L(2%) = A2 + A1 Ay + 24, By + B2 + A\ By + Ay,

The moment generating function for type R; polynomials also has a continued fraction
expansion, [10, Proposition 5.5].

Proposition 2.6. The moment generating function for type Ry orthogonal polynomials,
as a formal power series in t, satisfies

0 1
ntn -
; H ALt + A f2

1 — Byt —
0 Aot + Aot?
Ast + A3t2

1— Byt —

1 — Byt —
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3. b-LAGUERRE POLYNOMIALS

In this section we consider the Laguerre polynomials L (z) as polynomials in 2 and

b.

Definition 3.1. The b-Laguerre polynomials are

Pub) =Y (_k—?f)’“(b F 14 k)2t n>0.
k=0 ’

The three-term recurrence for the Laguerre polynomials L’(x) becomes a type R;
recurrence for the b-Laguerre polynomials.

Proposition 3.2. Forn > 0,
Poi1(b) =(b—ax+2n+1)P,(b) —n(n + b)P,—1(b).

Proposition 3.3. The b-Laguerre polynomials satisfy the type Ry recurrence relation in
Proposition 2.3
Poi1(b) = (b— By)Pu(b) — (Anb+ Ay) Pu1(b)

B,=z—-2n—1 A,=n, A,=n’

The non-degeneracy condition is x # 0 because
Po(=n) = (—=z)".
So there is a linear functional L on
which satisfies
B (b)
L(b* n =0, 0<k<n-—1.
( (b+1)(b+2)---(b+n)) =r=n

The moments L(b") of L are uniquely determined by

(3.1) L(1)=1, L(P,(b)=A1A5--- A, =nl

Theorem 3.4. The type Ry moments of L for the b-Laguerre polynomials are the same
as the Charlier moments,

L") = S(n,k)a*.
k=1
Proof. We first verify the connection relation to Charlier polynomials

(32) P0 =3 () (- Bl

k=0
where

an(®) = (21 S 0 ) (g

S!
s=0
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Assuming (3.2) is true, applying the Charlier linear functional C' gives
C(P,(b)) =n!,
so C' = L on polynomials.

So it remains to prove (3.2). Using

(-2 ()0

with j =n, p =n — k, we have

while the same coefficient on the right side of (3.2) is

n 2
n —S S
(3.3 5 () (0= Bt-bn o1y
k=s
These are equal, after replacing k by k + s in (3.3). O

The values of the b-Laguerre functional on the rational functions may be found.

Theorem 3.5. The values of the b-Laguerre linear functional on the rational functions
are given by

L((b+1)(b+;)...(b+n)> :xin.

Proof. We prove this by induction on n using

L( Pa(b) )_O
b+1)(b+2)--(b+n))
for n > 1.
The defining relation becomes
P(b) - (=n)k 1 k

b+1)(0+2)---(b+n) = Kk (b+1)(b+2)---(b+k

xt.
)
Applying L and induction we have

() (0, 1 .
0_; W L((b+1)(b—|—2)---(b+n))x

which implies

L((b+1)(b+;)...(b+n)> inn.
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O

The moment generating function for L(b™) has two continued fraction expansions.
One for the classical Charlier polynomials (see Section 4), and the other for the type R;
b-Laguerre polynomials.

Theorem 3.6.
Z ZS(n,k)m "= 5
At
n=0 \ k=1 1 — byt — 5
Aot
1 -6yt — 5
Ast
1— byt — —
B 1
_1 B At + A t?
0 B Aot + Aot?
! Ast + Agt?
1—-Byt — ——m———
where

b,=n+x, M\, =nzx
B,=zx—2n—-1, A,=n, A,=n%
and S(n,k) are the Stirling numbers of the second kind.

4. b-CHARLIER POLYNOMIALS

The b-Charlier polynomials as a monic polynomial of b of degree n are

P(b) = b i EM=De g e

k!
k=0
In this section we consider these as type R; polynomials in b.

The Charlier recurrence becomes a type R; recurrence relation (2.3)
Poi1(b) = (b— B,)Pu(b) — (Ab+ Ay) Py (b)
B,=x—n, A,=n, A,=0.

Thus the vector space V for the b-Charlier linear functional L is
V = span{1,b,b*,--- ,1/b,1/b* ---}.
The non-degeneracy condition is z # 0, 1,2, - - - because
Po(0) = (—2)n-

Theorem 4.1. The moments of the b-Charlier linear functional L are the same as the
Laguerre moments,

L") =(x+1)(x+2)--(z+n).
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Proof. Again we use induction and
(4.1) L(P,(b)) = AjAg--- A, =nl.
This time (4.1) becomes

Z (_k,?)k(_%)k(_l)k(x + 1)17,7]@ —

k=0

which is a special case of the Chu-Vandermonde theorem. 0

Theorem 4.2. The negative moments of the b-Charlier linear functional L are

1
rlx—1)--(x—n+1)

L) =

Proof. Again we use induction and
(4.2) L(P,(b)/b") =0, n>1.
This time (4.2) becomes

kzg k!kx<x—1)---(;—k+1)(_1> =0 nz2l

which is a special case of the binomial theorem. 0

Corollary 4.3. The Laguerre polynomials p,(x,b) = L% (z) and the Charlier polynomials
P,(b,z) = C,(b;x) have moment duality.

Again we have two expressions for the moment generating function: Laguerre and
b-Charlier.

Theorem 4.4.
> 1
Z(CL’ + 1),t" = 5
n=0 1 — bot — Mt
0 1— byt dot”
! \st?
1— byt — —
B 1
N At + At?
1 — Byt — .
ey Aot + Aot
— Byt —
Ast 4+ Ast?
1— Byt — 221787
where

by =2n+z+1, X\, =n(n+x)
B,=x—n, A,=n, A,=0.
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5. [-MEIXNER POLYNOMIALS

The monic Meixner polynomials satisfy (2.1) with
_n+(B+n)c \ _n(n+p5—-1)c

l—c =" (1—c)?
Thus as polynomials in 8 they are type R; polynomials.

(5.1) by

Definition 5.1. The monic 3-Meizner polynomials are defined by

PL(B) = (3 Y T 1 = 1/

k=0
Proposition 5.2. The monic S-Meizner polynomials satisfy the type R; recurrence
relation in (2.3)

Poi1(B) = (8 = Bn) Pu(B) — (Anf + An) Bra(B)
B,=((1-cx—n(l+c¢))/e, A,=n/c, A,=n(n-1)/c

The non-degeneracy condition is  # 0,1,2,--- and ¢ # 1 because
P,(1—n)=(—x),(1—1/c)".
The vector space in this case is

stpan{l,ﬁ,52,-~- al/ﬁulﬁ(6+1>) 7}'

The b-Laguerre and the b-Charlier polynomials had two nice features. Their moments
were equal to moments of classical orthogonal polynomials, and there were simple explicit
formulas for the rational part of the linear functional. This phenomenon persists for the
Meixner polynomials.

First we relate the ([-Meixner moments back to classical Meixner moments. Let
Lseiz ge(2") = p,(B, ¢) be the moments for the Meixner polynomials given by (5.1).

Proposition 5.3. The type R; moments of the 3-Meizner polynomials are the moments
of the orthogonal polynomials with

bp=02n+1—nc+ (1 —c)x)/e, A\y=n(l—c)(n+z)/c

This may be rewritten as

n

L(B") = Z (Z) ps(x+1,1—=¢) = Lyeizpr1,1-c((B+1)").

k=0

Proof. Let M, (x; 3, c) be the monic Meixner polynomial in x of degree n

M, (23 8.¢) = (B)a(1=1/c) " > W

k=0

(1—1/c)k.
We will show the connection coeflicient relation

(5.2) P(p+1)=Y <") (n_k>!]\/[k(ﬁ;x+1,1—c)

k Cn—k
k=0
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Applying the Meixner functional Lpseiz z+1,1—c, only the constant term k = 0 survives
on the right side

Lyseizzt11—c(Po(B+1)) =nl/c" = A1Ay - - - A,,.

So the composition of Lyjeizot1,1- With the translation f — 8+ 1 must agree with the
type Ry linear functional L,

n

L(B") = Lyteiza1,1-c((B+1)") = Z (Z) ps(z+1,1—c).

k=0

The proof of (5.2) is similar to the proof of (3.2). O

Remark 5.4. Proposition 5.3 is equivalent to

(1—o"

Cn

LIB-1)(B—-2)---(-n)) =

(24 1)(x+2) - (x+n).

We give the value of the g-Meixner linear functional on the rational part.

Proposition 5.5. The type R; linear functional L of the 5-Meizner polynomials satisfies

1 c” 1
L(ﬂ(ﬁ—l—l)---(ﬁ+n—1)) - l1—crz(z—1)--(r—n+1).

Proof. We have by induction that this choice works. If n > 1,

{(B50) % o o)

again by the binomial theorem. ([

The Meixner duality results can be summarized by the next Proposition.
Proposition 5.6. The polynomials
pn(z,0) = M, (x;b,¢) and P,(b,x) = M, (b—1;2+1,1—¢)

have moment duality.
Proof. This follows by iterating the map M, (x;3,¢) = M, (f — 1,z 4+ 1,1 —¢). O

Finally we have the two forms of the moment generating function.
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Theorem 5.7. The moment generating function for the 5-Meizner is

> 1
Z L(ﬁn)tn = Ath
n=0 1— bot — )\2t2
1= byt — W
1 — byt — 22
1
_1 B At + A2
0 B Aot + Aot?
! Ast + Agt?
1 — Byt — 221727

where
bp=2n+1—nc+(1—c)x)/c, A\=n(l—c)(n+z)/c

B,=((1-=c¢cx—n(l+c¢))/c, A,=n/c, A,=n(n-1)/c

6. b-AL-SALAM-CHIHARA POLYNOMIALS

The monic Al-Salam-Chihara polynomials [7, §15.1] are
1 (@7"59) i~
y4)k i i
Qu(x/20,blq) = — Y L5 (abg"; q)nid® [[(1 — azg’ + a’™).
a L= (¢; )k pan
which satisfy (2.1) with

b= (a+0b)q", M= (1—¢")(1—abg"™").

This is a polynomial in b with a type R; recurrence.

Definition 6.1. The monic b-Al-Salam-Chihara polynomials are defined by
k—1

1 n -n. ) ]
ST D gy T g+ g
(—a)”q(Q) =0 (Qu Q)k =0

Pn(b> =

Proposition 6.2. The monic b-Al-Salam-Chihara polynomials satisfy the type Ry re-
currence relation (2.3)

Poi1(b) = (b— B,)P,(b) — (Anb + Ay) Puoq (D),
B,=xq¢"—a, A,=-aqg"(1-¢"), A,=¢(1-¢").

The non-degeneracy condition is z # a¢’ +q 7 /a,j =0,1,2,--- , because

Pa(g ™" /a) = ¢ B (=1)"(az,a/z ) /0"
The vector space in this case is

V= Span{l,b, b27 T 71/(1 - ab), 1/(ab§ Q)27 t 7}'
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Theorem 6.3. The type Ry moments of the b-Al-Salam-Chihara polynomials are the
moments of the orthogonal polynomials with (2.1)

n+1 4 an+1>/q2n+17 )\n — _qlfn(l _ qin)(l - q*”a/z)(l - q*”az).

b, = (—a—aq+aq

where v = z + 2z~ 1.

Definition 6.4. The monic big ¢~'-Laguerre polynomials [12, §3.11] R, (b;, 8;q¢71) in
b are defined by (2.1) with

= aq—n—l +Bq—n—1 + OZ/Bq_n_l . a/Bq—l—Zn . CY/Bq_Q_Qn
My =—afq (1= ¢ ")(1—ag")(1 - Bg")
Theorem 6.5. The orthogonal polynomials in Theorem 6.3 are big ¢~ -Laguerre poly-
nomials (q/a)"R,(ab/q;a/z,az;q7 1), where v = z + 271,

Proof. Rescaling a monic orthogonal polynomial p,(x) to s,(z) = C"p,(z/C) multiplies
(b, An) for pu(z) in (2.1) by (C,C?) for s,(z). The choice of C' = g/a shows the

recurrence in (6.4) becomes that given in Conjecture 6.3. U

Proof. Again we use a connection coefficient relation. The rescaled big ¢~!-Laguerre
polynomials are ||

ta(b) = (q/a)"(a/2q;q " Vnlaz/qiq " )n Y (;qu,qq__ﬁ)’“k @ qu;a_qlgk;(z; /Z; q_l)kq‘k :

The connection relation between the b-Al-Salam-Chihara polynomials and t,(b) is

n

1) Pty = 32 CCE B a2 )

Applying the linear functional 7" for t,,(b) we have

n+1

T(Pu(b) = (=a)"(: )ug F) = A1 Ay A,
so T equals the b-Al-Salam-Chihara linear functional L on polynomials in b.

To prove (6.1), we use

(4/Ci ) = (Cia (=€) g3) 3 (I tE e

with
A=ablq, C=q¢ " m=n—k

to rewrite P,(b) as a linear combination of (ab/q; ¢7!)s. Equating the resulting coefficient
of (ab/q;q~1)s on both sides is equivalent to
4q; Q) .

s—n’ az, alz A svn—s s—n’ 2 s+1 a, s+1 az
302 (q o é (];Q) = (a®q7 )" 300 (q qqs+1/ I ()/

This is a special case of a 3¢9 transformation, [6, (II1.11), e = 0] O
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Proposition 6.6. The type Ry linear functional L of the b-Al-Salam-Chihara polyno-
mials satisfies

1 1
L( b; ): k-1 i L 02027
(ab; q)r. [T;20(1 — azqg? + a*q*)

Proof. Again we have by induction that this choice works. If n > 1,

() 3 e T+ ()

—o &4k
— (¢7"9) (4™ Dn . TT 1
sk k id)n g i 2 2
= ¢ + q (l—cwcqj+aq])L( )
,; (¢ @) (¢:0)n J[IO (abs q)y,
:Z (q . §Q>qu -0
= (GO
by the g-binomial theorem. ([

Theorem 6.7. The moments for the Al-Salam-Chihara polynomials which have
by = (a+b)q", A= (1—q")(1—abg"™").

are equal to the type Ry moments of the rescaled big q~'-Laguerre polynomials which
have

B, =b¢"+ (a+aq—aq"™) /", A,=a(l—q¢ ™), A,=(1-q¢")(1+a*qg™).

Proof. The inverse relation to (6.1) is
2

(6.2) ta(b) = zn: %akq-k@"—k@n_k(b).

This also holds as polynomials in z, and we need the degree n monic in z versions:
(=1)"q)t,(b) and ¢13) P, (),

(=1)"¢(t, (b) = (1) Zn: %akq—mn—m(?)—(”z’“)q("z") Py (b).

Applying the linear functional L for q(g)Pn(b) as a function of z we have

L(-1"q@D1,0) = (s @)a(-a)"g (2) = 414, - 4,
where in Theorem 6.7 A, = a(1 —q¢™"). O

Corollary 6.8. The continued fractions in Proposition 2.2 and Proposition 2.6 are equal
if
b= (a+b)q", A= (1-q")(1—abg" ).

B, =b¢"+ (a+aq—aq"™) /"™, A,=a(l—q¢ ™), A,=(1-q¢")(1+a*qg™).
Corollary 6.9. The Al-Salam-Chihara polynomials p,(z,b) = Qn(z;a,blq) and the
rescaled big ¢~ -Laguerre polynomials P,(b,x) = (¢/a)"R,(ab/q;az,a/z; .q~"). have mo-
ment duality, z+ 1/z = .
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7. CONTINUOUS DUAL ¢-HAHN POLYNOMIALS

The monic continuous dual ¢g-Hahn polynomials in x are

k—1

1 ¢ "k : 4
pa(/2; 0,0, clg) = — > ﬁ(abq’“; Dn-rlacq’; Q)nrd" [[(1 — azg’ + a*¢”).
k=0 ’

n

=0
which satisfy (2.1) with
by =(a+b+c)g" + abeq™ ' — abeg®™ — abeg®™ !,
A =(1 —¢")(1 —abg" ") (1 — acg™ ") (1 — beg™ ™).

Note that these polynomials in x are symmetric in the parameters a, b, c. If ¢ = 0 these
are the Al-Salam-Chihara polynomials.

As a function of b, A\, is quadratic, not linear. So we must renormalize the parameters
to have linear functions b in the recurrence, and thus a type R; polynomial recurrence
in b.

7.1. y-continuous dual ¢-Hahn polynomials. Let
a=A/B, b=DBz, c¢=B/z, wherez+1/z=y.
Now A, and b,, are linear polynomials in y,
b, = (A/B + By)¢" + AB¢" ' — AB¢™" — AB¢*"!
A= (1=¢")(1 = Ayg"™ + A" *)(1 - B*"™).
We need the leading term in b, to be y, so we replace y by y/B, and multiply by
(—1)rg ().
Definition 7.1. The monic y-continuous dual g-Hahn polynomials are defined by

k—1

Pat) = (- S SO T a5+ A 52)

X (1-— quj/B + A2q2j)
k

I
—

<.
Il

Proposition 7.2. The monic y-continuous dual g-Hahn polynomials satisfy the type Ry
recurrence relation (2.3)

Poa(y) = (y — Bn)Pu(y) — (Any + M) P (y),
W= (—ABg"' — A¢"/B + AB¢®" + AB¢*" ' + ) /(¢")

n=(1=q")(1—- BQQ”‘I)#7

, = (1 o qn)<1 . B2qn—1)(1 4 A2q2n—2>/q2n—1‘

-~ = W
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The non-degeneracy condition is @ # A¢’/B + Bq 7 /A,j =0,1,2,--- because
n—1
P,(Bq"™™/A+ BAq"™") = (B/A)"q " H(1 — Az¢? /B + A%¢¥ | B?).

=0
The vector space in this case, with D,,(y) = H;:é(l — Ayg? + A%¢¥), is
V= SpCLTL{]_, 97927 T 1/D1(y)7 1/D2(y)7 R }

Theorem 7.3. The R; moments of the y-continuous dual q-Hahn polynomials are the
moments of the orthogonal polynomials (2.1)

by =(—A — Aq + AB*¢" + A¢""' + Bxg"™) /B¢,
A=(1—-¢ ™1 -¢""/B*)(1 - Awqg"/B)(1 — A" /Bw)B>.

1

and x =w +w. These monic orthogonal polynomials are the continuous dual q-Hahn

polynomials
B"pa(y/2B; A/q,w/B,1/Bz|q™).

Corollary 7.4. The continued fractions in Proposition 2.2 and Proposition 2.6 are equal

if
" :(—A—Aq—i-AB?q”—i—Aq“H +qun+1)/Bq2n+1’

b
M =(1=q")(1~q¢"/B*)(1~Azq"/B)(1 ~ Ag™"/Bz) B,
B, = (=ABq" ' — Aq"/B + AB¢** + AB¢*" " + 2)/(¢"),
Ap=(1-q")(1 - qunl)(—ATg”)’
Ap=(1—q")1-B" )1+ A% 2) g
Corollary 7.5. The continuous dual q-Hahn polynomaials
ro(x,y) = pn(x/2; A/B, Bz, B/z|q) withy = z+1/z

and
Ru(y,z) = B"p,(y/2B; A/q, 2/B,1/Bz|lg) withx = 2+ 1/2

have moment duality.

Proof. Again we use connection coefficients between the two sets of monic polynomials
iny, P,(y) and R,(y,x). It is

Pn(y) = Z Cn,kRk(yv 93'), where

(7.1) k=0 . .

(¢";q” )k(qunq;qq)k(—/}g) q—2kn+3<k;1)—2k.
(¢ D) B

Applying the linear functional R for the y-polynomials R, (y,x) gives

Cnk =

— A\
R(Pn(y)) =Cnn = (Q§ Q)n(B2q"_1; q_l)n%q_n(n"'l)/z = A1Ay--- A,

so that R coincides with the type R; linear functional of Corollary 7.2 on polynomials
in y.
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Equation (7.1) may be proven inductively using the three-term recurrences in y for
Pn(y) and Rk(y7 :U)

Moment duality follows from iterating the map from r,(z,y) to R,(y, x). O

8. CONCLUDING REMARKS

Question 8.1. Is there a general moment duality result which includes Corollary 4.3,
Corollary 6.9, and Corollary 7.57

Question 8.2. Type R; wversions of the Askey-Wilson and q-Racah polynomials are
given in [10, Theorem 8.33, Theorem 8.37]. The corresponding moments are equal to
the Askey-Wilson and q-Racah moments. Is there a moment duality result for these
polynomials?

Question 8.3. Is there an Askey scheme for type R; polynomials with corresponding
moment dualities?

Remark 8.4. Another equality of moments and Ry moments is given in [11, Cor. 5.13].
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