q-Taylor theorems, polynomial expansions, and interpolation of entire functions^∗

Mourad E.H. Ismail Department of Mathematics University of South Florida

Tampa, FL 33620-5700

Dennis Stanton School of Mathematics University of Minnesota Minneapolis, MN 55455

Abstract

We establish q-analogues of Taylor series expansions in special polynomial bases for functions where ln M (r; f) grows like ln^2 r. This solves the problem of constructing such entire functions from their values at [aq^n +q^{−n}/a]/2, for 0 < q < 1. Our technique is constructive and gives an explicit representation of the sought entire function. Applications to q-series identities are given.

Running Title: q-interpolation

Mathematics Subject Classification. Primary 33D45, 33D20. Secondary 33C45, 30E05.

Key words and phrases. q-Taylor series, polynomial bases, Askey-Wilson operators, integral representations, q-exponential function, Carlson’s theorem.

1 Introduction

Two important problems in complex function theory are the problems of expanding a function in a series of polynomials and the interpolation problem of finding an entire function from its values on a given sequence {x_n}, x_n → ∞ as n → ∞. The polynomial expansion problem has a long history. J. M. Whittaker [17], [18] introduced the concept of basic sets of polynomials where the polynomials are ordered but not necessarily according to

∗Research partially supported by NSF grants DMS 99-70865, DMS 02-03282.

their degrees and all degrees are present. A more recent treatment of Whittaker’s approach is in the interesting monograph [14] by B. H. Makar. Boas and Buck [4] restricted the polynomials to having a generating function of a special type which guarantees that p_n(x) has precise degree n, n = 0, 1, · · ·. As a result of the specialization imposed by Boas and Buck, they have been able to obtain more refined results than those which hold for general basic sets of polynomials.

In this paper we solve the interpolation problem for the sequence {x_{2n}}, x_n = [aq^{n/2} + q^{−n/2}/a]/2, 0 < q < 1, 0 < a < 1, (1.1)

for entire functions f satisfying

lim sup r→+∞ ln M(r; f) ln^2 r = c, (1.2)

for a particular c which depends upon q. Here M(r; f) is [3] M(r; f) = sup {|f(z)| : |z| ≤ r}. (1.3)

In the process of solving this problem we also solve the expansion problem of entire functions in two specific bases of polynomials, namely {ϕ_n(x; a)} and {ρ_n(x)} defined in (1.9)–(1.10) and the coefficients in the expansion on {ϕ_n(x; a)} involve function evaluations at {x_{2n}}. In the case of {ρ_n(x)}, the interpolation points are u_n = i(q^{n/2} − q^{−n/2})/2, n = · · · , −1, 0, 1, · · · . (1.4)

Carlson’s theorem [3] states that an entire function f of order one and type less than π is uniquely determined by the sequence {f(n) : n = 0, 1, . . .}. Moreover if f(x) is entire of order 1 and type < ln 2 then f(x) = ∞∑ n=0 ( x n ) (Δ^nf)(0),

(1.5)

and the series converges uniformly on compact subsets of the complex xplane, [3, Theorem 9.10.7]. In the above (Δf)(x) = f(x+1)−f(x). Another representation was obtained by Ramanujan in his first notebooks, where he wrote ∫_∞ 0 x^{s−1} ∞∑ k=0 f(k)(−x)^kdx = π sin πs f(−s). (1.6)

Hardy [8, (11.2A), p. 186] proved (1.6) by contour integration and pointed out that it holds under the assumptions in Carlson’s theorem. Therefore Ramanujan’s formula (1.6) provides a constructive proof of Carlson’s theorem by showing how to construct the function f from {f(n)}. Therefore, in some sense, our formulas are closer in spirit to (1.5). An interesting question is to find the analogue of Ramanujan’s formula (1.6).

Ramis [15] defined an entire function f to have a q-exponential growth of order k and a finite type if there exist real numbers K, α, K > 0, such that |f(x)| < K|x|^α exp ( k ln^2 |x| 2 ln^2 q ) . Thus functions satisfying (1.2) are of q-exponential growth of order 2c ln^2 q.

Two of our main results are Theorems 3.1 and 3.3 which are stated and proved in §3. Before we can state our results we need to explain the notation used, which is mainly from [1] and [7]. The q-shifted factorials are

(a; q)_0 := 1, (a; q)_n := n∏ k=1 (1 − aq^{k−1}), n = 1, 2, . . ., or ∞, (1.7)

while the multiple q-shifted factorials are defined by

(a_1, a_2, . . ., a_k; q)_n := k∏ j=1 (a_j ; q)_n.

(1.8)

The bases of polynomials we are interested in are defined by

ϕ_n(cos θ; a) = (ae^{iθ}, ae^{−iθ}; q)_n = n−1∏ k=0 [1 − 2axq^k + a^2q^{2k}],

(1.9)

ρ_n(cos θ) = (1 + e^{2iθ})(−q^{2−n}e^{2iθ}; q^2)_{n−1}e^{−inθ} .

(1.10)

The motivation for considering these special bases is our desire to establish Taylor-like series where the Askey-Wilson operator plays the role of^d_{dx} and these polynomials play the role of monomials. The basis {ϕ_n(x; a)} was introduced in the Askey-Wilson memoir [2] but the basis {ρ_n(x)} does not seem to have been considered before we inroduced them in [11].

We now define the Askey-Wilson operator D_q introduced in [2]. Given a function f we set f̆ (e^{iθ}) := f(x), x = cos θ, that is f̆(z) = f((z + 1/z)/2), z = e^{iθ} . (1.11)

In other words we think of f(cos θ) as a function of e^{iθ} . In this notation the Askey-Wilson divided difference operator D_q is defined by

(D_qf)(x) = f̆(q1/2eiθ ) − f̆(q−1/2eiθ ) (q^{1/2} − q^{−1/2}) i sin θ , x = cos θ. (1.12)

For example with f(x) = 4x^3 − 3x, f̆(z) = [z^3 + z^{−3}]/2, and D_qf(x) = q^{3/2} − q^{−3/2} q^{1/2} − q^{−1/2} (4x^2 − 1).

It is a fact that D_q reduces the degree of a polynomial by one and

lim_{q→1} D_qf(x) = d dx f(x), (1.13)

at the points where f is differentiable. Furthermore in the calculus of the Askey-Wilson operator the basis {ϕ_n(x; a) : n ≥ 0} plays the role played by the monomials {(1 − 2ax + a^2)^n : n ≥ 0} in the differential and integral calculus.

Note that although we use x = cos θ, θ is not necessarily real but e^{±iθ} are defined as e^{±iθ} = x ± √ x^2 − 1,

and the branch of the square root is taken such that √ x^2 − 1 ≈ x as x → ∞.

This makes |e^{−iθ}| ≤ |e^{iθ}|, with equality if and only if x ∈ [−1, 1].

The action of D_q on the bases in (1.9)–(1.11) is given by

D_qϕ_n(x; a) = −

2a(1 − q^n) 1 − q ϕ_{n−1}(x; aq^{1/2}), (1.14)

D_qρ_n(x) = 2q^{(1−n)/2} 1 − q^n 1 − q ρ_{n−1}(x). (1.15)

As already mentioned the values of an entire function f on the nonnegative integers determine f, [3], when f is of order one and type less than π. On the other hand f(z) = sin πz is order 1 and type π and vanishes at all the integers, so type π is a cut off point. A similar situation occurs for the interpolation points {x_{2k} : k = 0, 1, . . .}. The function ϕ_∞(x; a) vanishes at all the points x_{2k}, so if {f(x_{2k}) : k ≥ 0} determine an entire function f uniquely then f is expected to grow slower that ϕ_∞(x; a). It turned out that when c in (1.2) is < 1/(2 ln q^{−1}) then f can be interpolated from {f(x_{2k})} and f has a polynomial expansion in {ϕ_n(x; a)}. For f(x) = ϕ_∞(x; a), c = 1/(2 ln q^{−1}), so the barrier, which corresponds to type π, is 1/(2 ln q^{−1}). This will be proved in §3.

One purpose of this work is to extend the following theorem from polynomials to entire functions. Theorem 1.1 combines results from [10] and [11].

Theorem 1.1. Let f(x) be a polynomial and assume that x_n is defined by (1.1). Then f(x) = ∞∑ k=0 f_kϕ_k (x; a), with

f_k =

(q − 1)^k (2a)^k(q; q)_k q^{−k(k−1)/4}(D^k_q f)(x_k). In addition we have f(x) = ∞∑ k=0 f_kρ_k(x), where

f_k = q^{(k2−k)/4}(1 − q)^k 2^k(q; q)_k

(D^k_q f)(0).

The idea in our extension of Theorem 1.1 to entire functions f is to first expand 1/(y − x) in {ϕ_n(x; a)} and {ρ_n(x)} then use Cauchy’s theorem to expand entire functions in the same bases. The expansion of the Cauchy kernel is in Theorem 2.1. The expansion of entire functions is established in §3. It is interesting to note that although none of the series in Theorem 1.1 converge to f(x) when f(x) = 1/(y − x), the expansions with an additional term can be used via Cauchy’s theorem to expand slow growing entire functions in the bases under consideration.

In Section 4 we rewrite Theorem 3.1 in the form of a Mittag-Leffler expansion, see (4.2). This expansion turns out to be very useful in studying summation theorems for basic hypergeometric series. Some examples are give in Section 5. Section 6 contains concluding remarks and the evaluation of c in (1.2) for the q-exponential function E_q(z; α). We have only included few examples of the implications of the material derived here and we avoided including technical special functions results, which will appear in a more specialized publication.

One interesting byproduct of our results is the following version of a formula of Cooper [5] D^n_q f(x) (1.16) = 2^nq^{n(1−n)/4} (q^{1/2} − q^{−1/2})^n n∑ k=0 [ n k ] q q^{k(n−k)}z^{2k−n}f̆(q^{(n−2k)/2}z) (q^{1+n−2k}z^2; q)_k(q^{2k−n+1}z^{−2}; q)_{n−k} ,

where z = e^{iθ} , x = cos θ, and [ n k ] q = (q; q)_n (q; q)_k(q; q)_{n−k} , (1.17)

is the q-analogue of the binomial coefficient.

The key tool used to establish the expansion of the Cauchy kernel is the theory of basic hypergeometric functions. An interesting open problem is to find a purely complex variable proof of this expansion or of the expansions of entire functions. For convenience we include the definition of a basic hypergeometric series rϕ_s ( a_1, . . ., a_r b_1, . . ., b_s | | | q, z ) =_rϕ_s(a_1, . . ., a_r; b_1, . . ., b_s; q, z) (1.18) = ∞∑ n=0 (a_1, . . ., a_r; q)_n (q, b_1, . . ., b_s; q)_n z^n(−q^{(n−1)/2})^{n(s+1−r)}. Finally we use the Bailey notation

W (a^2; a_1, · · · , a_r; q, z)

:=_{r+3}ϕ_{r+2} ( a^2, qa, −qa, a_1, . . ., a_r a, −a, qa^2/a_1, . . ., qa^2/a_r | | q, z ) . (1.19)

The ϕ function in (1.19) is called very well-poised.

2 Expansions of the Cauchy kernel

In this section we expand the Cauchy kernel 1/(x−y) in terms of {ϕ_n(x; a)} and {ρ_n(x)}. This is done in Theorem 2.1. The Cauchy kernel expansion is then used in Theorems 2.2 and 2.3 to expand entire functions in the same bases with coefficients represented by contour integrals. These integral representations are analogues of the Cauchy formulas. Let ψ_n(x; a) := 1/(ae^{iθ}, ae^{−iθ}; q)_n. (2.1)

It is easy to prove that

D_qψ_n(x; a) =

2a(1 − q^n) 1 − q ψ_{n+1}(x; aq^{−1/2}). (2.2)

It is clear that 1 cos ϕ − cos θ

= 2e^{iϕ}ψ_1(cos θ; e^{iϕ}).

(2.3)

Theorem 2.1. The Cauchy kernel 1/(x − y) has the expansion 1 y − x = 1 y − x ϕ_∞(x; a) ϕ_∞(y; a) − 2a ∞∑ n=0 ϕ_n(x; a) ϕ_{n+1}(y; a) q^n, for all y such that y ≠ x, and ϕ_∞(y; a) ≠ 0. The above expansion also holds if y = y_0, ϕ_∞(y_0; a) = 0, but x ≠ y_0 in the sense that the left-hand side at y = y_0 equals the limit of the right-hand side as y → y_0. Moreover the expansion of the Cauchy kernel in {ρ_n} is 1 y − x = x y^2 − x^2 (−qe^{2iθ} , −qe^{−2iθ}; q^2)_∞ (−qe^{2iϕ}, −qe^{−2iϕ}; q^2)_∞ + y y^2 − x^2 (−e^{2iθ}, −e^{−2iθ} ; q^2)_∞ (−e^{2iϕ}, −e^{−2iϕ}; q^2)_∞ +4 ∞∑ n=0 yρ_n(x) [(1 − q^n)^2 + 4y^2q^n]ρ_n(y) q^n, provided that y ≠ x and ρ_n(y) ≠ 0 for all n, n = 0, 1, . . ..

First note that ρ_n(x)/ρ_n(y) is uniformly bounded if y is not a zero of (−e^{2iϕ}, −e^{−2iϕ}; q)_∞, since we have lim_{N →∞} ρ_{2N} (x) ρ_{2N} (y) = (−e^{2iθ}, −e^{−2iθ} ; q^2)_∞ (−e^{2iϕ}, −e^{−2iϕ}; q^2)_∞ lim_{N →∞} ρ_{2N +1}(x) ρ_{2N +1}(y) = x(−qe^{2iθ}, −qe^{−2iθ}; q^2)_∞ y(−qe^{2iϕ}, −qe^{−2iϕ}; q^2)_∞ . Hence the second series in Theorem 2.1 converges absolutely and uniformly for x and y in compact sets. Moreover Theorem 2.1 provides a motivation to expand the Cauchy kernel in {ϕ_n(x; a)} and {ρ_n(x)}. The respective expansions may not converge to the Cauchy kernel, so we evaluate the difference explicitly using the theory of basic hypergeometric functions [1], [7].

Proof. With x = cos θ, y = cos ϕ we get (q − 1)^kq^{k(1−k)/4} (2a)^k(q; q)_k D^k_q (y − x)^{−1} | | |_{x=xk} = 2(−1)^kq^{k(1−k)/2}e^{i(k+1)ϕ} a^k(ae^{iϕ}, q^{−k}e^{iϕ}/a; q)_{k+1} = −2aq^k ϕ_{k+1}(cos ϕ; a) , after a simple calculation. Thus the sum on the right-hand side of the first formula in Theorem 2.1 is −2a ∞∑ k=0 (ae^{iθ} , ae^{−iθ}; q)_k (ae^{iϕ}, ae^{−iϕ}; q)_{k+1} q^k (2.4) = −2a 1 − 2ay + a^{2 3} ϕ_2 ( q, ae^{iθ}, ae^{−iθ} qae^{iϕ}, qae^{−iϕ} | | | q, q ) . Applying the transformation [7, (III.9)] we see that the last expression is given by − 2a (1 − q)(1 − ae^{iϕ}) ×_3ϕ_2 ( q, qe^{i(ϕ−θ)}, qe^{i(ϕ+θ)} qae^{iϕ}, q^2 | | | q, ae^{−iϕ} )

= 2e^{iϕ} (1 − e^{i(ϕ−θ)})(1 − e^{i(ϕ+θ)}) × [ 1 −_2ϕ_1 ( e^{i(ϕ−θ)}, e^{i(ϕ+θ)} ae^{iϕ} | | q, ae^{−iϕ} )] . The_2ϕ_1 is summable by the q-analogue of Gauss’ theorem [7, (II.8)] and its sum is (ae^{iθ}, ae^{−iθ} ; q)_∞/(ae^{iϕ}, ae^{−iϕ}; q)_∞. The result is the first expansion in Theorem 2.1.

To prove the second expansion we evaluate the sum on the right-hand side of the second formula in Theorem 2.1. After the application of (1.10) the sum we are concerned with is found to be 2 ∞∑ n=0 e^{i(n+1)ϕ}(1 + e^{2iθ})(−q^{2−n}e^{2iθ} ; q^2)_{n−1} e^{inθ} (iq^{−n/2}e^{iϕ}, −iq^{−n/2}e^{iϕ}; q)_{n+1} . (2.5)

We next sum over n even and over n odd. The even sum is 2e^{iϕ} 1 + e^{2iϕ} ∞∑ n=0 (−e^{2iθ} , −e^{−2iθ}; q^2)_nq^{2n} (iqe^{iϕ}, iqe^{−iϕ}, −iqe^{iϕ}, −iqe^{−iϕ}; q)_n = 2e^{iϕ} 1 + e^{2iϕ 3} ϕ_2 ( q^2, −e^{2iθ}, −e^{−2iθ} −q^2e^{2iϕ}, −q^2e^{−2iϕ} | | | q^2, q^2 )

= 2e^{3iϕ}(1 + e^{−2iϕ}) (1 − e^{2i(ϕ+θ)})(1 − e^{2i(ϕ−θ)}) × [ 1 −_2ϕ_1 ( e^{2i(ϕ−θ)}, e^{2i(ϕ+θ)} −e^{2iϕ} | | | q^2, −e^{−2iϕ} )] , where the transformation [7, (III.9)] was applied in the last step. Again Gauss’ theorem [7, (II.8)] sums the_2ϕ_1 and we see that the even sum is y y^2 − x^2 [ 1 − (−e^{2iθ} , −e^{−2iθ}; q^2)_∞ (−e^{2iϕ}, −e^{−2iϕ}; q^2)_∞ ] . (2.6)

The odd sum can be similarly handled and can be simplified to x y^2 − x^2 [ 1 − (−qe^{2iθ} , −qe^{−2iθ}; q^2)_∞ (−qe^{2iϕ}, −qe^{−2iϕ}; q^2)_∞ ] . (2.7)

Equating (2.5) to the sum of (2.6) and (2.7) gives the second part of the theorem and the proof is complete.

Theorem 2.2. Let f be analytic in a bounded domain D and let C be a contour within D and x belong to the interior of C. If the distance between C and the set of zeros of ϕ_∞(x; a) is positive then f(x) = ϕ_∞(x; a) 2πi ∮ C f(y) y − x dy ϕ_∞(y; a) − a πi ∞∑ n=0 q^nϕ_n(x; a) ∮ C f(y) dy ϕ_{n+1}(y; a) . Proof. It is clear that ϕ_n(x; a)/ϕ_{n+1}(y; a) → ϕ_∞(x; a)/ϕ_∞(y; a) uniformly in y on compact subsets not intersecting the set of zeros of ϕ_∞(y; a). Thus we can multiply the first expansion in Theorem 2.1 by f(y) and integrate with respect to y and interchange integration and summation. The result then follows from Cauchy’s theorem.

Theorem 2.2 gives the q-analogue of expanding f(x) around x = (a + 1/a)/2. From the theory of functions we know that if f(a) = 0 and f^{(j)}(a) = 0 for 1 ≤ j ≤ m − 1, then the Taylor series starts with the term f^{(m)}(a)(x − a)^m/m!. This feature continues to hold but we have define a q-analogue of a multiple zero.

Definition. Let x = (a + 1/a)/2 be a zero of f(x). We say that it has q-multiplicity m if

f(z_k) = 0, 1 ≤ k ≤ m − 1, and f(z_m) ≠ 0, z_k := 1 2 (aq^k + q^{−k} /a). (2.8)

Similarly x pole of f has q-multiplicity m if x is a zero of 1/f with qmultiplicity m.

It must be emphacized that the above definition is completely analogous to the definition of a multiple zero in difference equations in Hartman [9]. With this definition one can see that if (a + 1/a)/2 is a zero of f of qmultiplicity m then the terms corresponding to n = 0, 1, · · · , m − 1 in the sum in Lemma 2.2 vanish and the sum starts from n = m. Theorem 2.3. Let f be analytic in a bounded domain D and let C be a contour within D and x is interior to C. If the contour C is at a positive distance from the set {±i(q^{n/2} − q^{−n/2})/2; n = 0, 1, . . .}, then f(x) = 2x πi ∮ C yf(y) y − x (−qe^{i(θ+ϕ)}, −qe^{i(θ−ϕ)}, −qe^{i(ϕ−θ)}, −qe^{−i(θ+ϕ)}; q)_∞ (−q, −q; q)_∞ (−e^{2iϕ}, −e^{−2iϕ}; q)_∞ dy + 2 πi ∞∑ n=0 ρ_n(x)q^n ∮ C y f(y) dy [(1 − q^n)^2 + 4y^2q^n]ρ_n(y) , with x = cos θ and y = cos ϕ.

Proof. The proof is very similar to the proof of Theorem 2.2. The only step requiring justification is the identity x y^2 − x^2 (−qe^{2iθ}, −qe^{−2iθ} ; q^2)_∞ (−qe^{2iϕ}, −qe^{−2iϕ}; q^2)_∞ + y y^2 − x^2 (−e^{2iθ}, −e^{−2iθ}; q^2)_∞ (−e^{2iϕ}, −e^{−2iϕ}; q^2)_∞ (2.9) = 4xy y − x (−qe^{i(θ+ϕ)}, −qe^{i(θ−ϕ)}, −qe^{i(ϕ−θ)}, −qe^{−i(θ+ϕ)}; q)_∞ (−q, −q; q)_∞ (−e^{2iϕ}, −e^{−2iϕ}; q)_∞ . The proof of (2.9) uses the relationships [16, Chapter 21] ϑ_2(z) = 2Gq^{1/4} cos z(−q^2e^{2iz} , −q^2e^{−2iz} ; q^2)_∞ = Gq^{1/4} 2 cos z (−e^{2iz} , −e^{−2iz}; q^2)_∞, ϑ_3(z) = G(−qe^{2iz}, −qe^{−2iz} ; q^2)_∞, and the product formulas in Exercise 3, page 488 in Whittaker and Watson [16]. The notations ϑ_j := ϑ_j (0), G := (q^2; q^2)_∞ [16] were used. We omit the details.

We record the following equivalent form of the representation of f in Theorem 2.3 f(x) = x 2πi ∮ C f(y) y^2 − x^2 (−qe^{2iθ}, −qe^{−2iθ}; q^2)_∞ (−qe^{2iϕ}, −qe^{−2iϕ}; q^2)_∞ dy (2.10) + 1 2πi ∮ C y f(y) y^2 − x^2 (−e^{2iθ}, −e^{−2iθ}; q^2)_∞ (−e^{2iϕ}, −e^{−2iϕ}; q^2)_∞ dy + 2 πi ∞∑ n=0 ρ_n(x)q^n ∮ C y f(y) dy [(1 − q^n)^2 + 4y^2q^n]ρ_n(y) . 3 Expansions of entire functions

In this section we establish expansion theorems for entire functons of qexponential growth. The expansions are in terms of the bases {ϕ_n(x; a)} and {ρ_n(x)}.

Observe that M(r; ϕ_∞(x; a)) = ϕ_∞(−r; a), since a > 0. Hence with r_m = [aq^{m+δ} + a^{−1}q^{−(m+δ)}]/2, −1 < δ < 0, m = 0, 1, . . . (3.1)

we find M(r_n; ϕ_∞(x; a)) = ϕ_∞(−r_n; a) = (−q^{−n−δ} ; q)_n (−q^{−δ}, −a^2q^{n+δ} ; q)_∞ = q^{[δ2−n−(n+δ)2 ]/2}(−q^{δ+1}; q)_n(−q^{−δ}, −a^2q^{n+δ} ; q)_∞

(3.2)

so that lim_{n→∞} ln M(r_n; ϕ_∞) ln^2 r_n = 1 2 ln q^{−1} . The fact that ϕ_∞(x; a) vanishes at x_{2n} for all n motivates our next theorem.

Theorem 3.1. Any entire function f satisfying (1.2) with c < 1/(2 ln q^{−1}) has an convergent expansion f(x) = ∞∑ k=0 f_kϕ_k (x; a). Moreover any such f is uniquely determined by its values on {x_{2n} : n ≥ 0}.

Note that (D^k_q f)(x_k) is a linear combination of f(x_0), · · · , f(x_{2k}), so that the coefficients f_k in Theorem 1.1 also depend on the points {x_{2n} : n ≥ 0}.

The proof of Theorem 3.1 relies on a lemma which we now state and prove.

Lemma 3.2. Let f be entire and satisfy the condition in Theorem 3.1. Then lim_{n→∞} ∮ |y|=r_n f(y) y − x dy ϕ_∞(y; a) = 0.

Moreover, the same conclusion holds if lim_{n→∞} q^{n(n+2δ+1)/2} sup{|f(r_ne^{iθ} | : 0 ≤ θ < 2π} = 0. Proof. It is clear that inf{|ϕ_∞(y; a)| : |y| = r} = |ϕ_∞(r; a)|. Hence for |y| = r_n, we have |ϕ_∞(y; a)| ≥ |(q^{−n−δ}; q)_n|(q^{−δ}, a^2q^{n+δ} ; q)_∞ = q^{−n(n+2δ+1)/2} (q^{δ+1}; q)_n (q^{−δ}, a^2q^{n+δ}; q)_∞ Therefore ln M(r_n; f(y)/ϕ_∞(y; a)) ≤ 1 2 [n + (n + δ)^2] ln q + ln M(r_n; f) + O(1) = ln M(r_n; f) − 1 2 ln^2 r_n ln q^{−1}

+ O (ln r_n) , and the lemma follows.

Instead of proving the expansion in Theorem 3.1 in the basis {ϕ_n(x; a)} we shall prove the following equivalent result. Theorem 3.3. The expansion formula f(x) = ∞∑ n=0 q^nf_nϕ_n(x; a), with f_n = n∑ k=0 (−1)^kq^{k(k−1)/2} (1 − a^2q^{2k}) (q; q)_k(q; q)_{n−k}(a^2q^k ; q)_{n+1} f(x_{2k}), holds for functions f satisfying the assumptions of Theorem 3.1.

Proof. In Theorem 2.2 we choose C to be C_m, a circle centered at y = 0 and radius r_m. Lemma 3.2 shows that the first integral in Theorem 2.2 is small if m is large. We split the remaining sum in Theorem 2.2 into tail terms with n > m, and initial terms with n ≤ m. We will show that the tail is small, leaving the initial terms. Then a residue calculation establishes the expression for f_n, because the poles of f(y)/ϕ_{n+1}(y; a) are at y = x_{2k}, k = 0, 1, · · · , n. Note that if n > m then min{|ϕ_{n+1}(y)| : y ∈ C_m} = |ϕ_{n+1}(r_m; a)| = | |(q^{−m−δ} , a^2q^{m+δ} ; q)n+1 | | = (q^{−m−δ} ; q)_m (−1)^m (q^{−δ}; q)_{n+1−m}(a^2q^{m+δ} ; q)_{n+1} = q^{−m(m+2δ+1)/2}(q^{δ+1}; q)_m, (q^{−δ}; q)_{n+1−m}(a^2q^{m+δ} ; q)_{n+1} ≥ q^{−m(m+2δ+1)/2}A = q^{−((m+δ)2+1−δ2 )/2}A, where A is a positive constant independent of n and m. Therefore for sufficiently large m, and y ∈ C_m,

ln[M(r_m; f/ϕ_{n+1})] ≤ [c_1 + 1/(2 ln q)] ln^2 r_m + O(m)

for some c_1, c ≤ c_1 < 1/(2 ln q^{−1}).

This is a uniform bound of e^{−D(ln rm)2} , D > 0, for each integral for n > m. Since ϕ_n(x; a) → ϕ_∞(x; a), there is a uniform bound B for ϕ_n(x; a) on compact sets. Thus the tail is bounded by ∞∑ n=m+1 Bq^ne^{−D(ln rm)2} ≤ Bq^{m+1}e^{−D(ln rm)2} /(1 − q), which is small for m large.

For polynomials f we equate the coefficients f_n in the expansions of f in {ϕ_n(x; a)} in Theorems 3.3 and 1.1 and discover the identity

D^n_q f(x_n)

(3.3) = (2a)^nq^{n(n+3)/4} (q − 1)^n n∑ k=0 [ n k ] q (−1)^kq^{k(k−1)/2} (a^2q^k; q)_{n+1}

(1 − a^2q^{2k}) f(x_{2k}).

Since (3.3) holds for arbitrary polynomials it must hold for all continuous functions. Using the notation η^{±1}_q f(x) = f̆(q^{±1/2}z), (3.4) and noting that a, is a general parameter and x_n = η^nx_0, we can rewrite (3.3) in the form D^n_q f(x) (3.5) = (2z)^nq^{n(3−n)/4} (q − 1)^n n∑ k=0 [ n k ] q (−1)^kq^{k(k−1)/2} η^{2k−n}f(x) (z^2q^{k−n}; q)_k(z^2q^{2k+1−n}; q)_{n−k} , with x = (z + z^{−1})/2. Equation (3.5) can be shown to be equivalent to Cooper’s (1.16).

Theorem 3.4. Let f be an entire function satisfying (1.2) and assume that c < 1/ ln q^{−1}. Then f has the expansion f(x) = ∞∑ n=0 f_nρ_n(x), where

f_n = i^n n∑ k=0 (−1)^k

(q^k + q^{n−k} )q^{(k2+(n−k)2 )/2} 2(q^2; q^2)_k(q^2; q^2)_{n−k} f(u_{n−2k}), and {u_n} is given by (1.4).

For general entire functions not necessarily satisfying (1.2), we note that the property u_j = −u_{−j} , allows one to conclude that for even functions f, f_{2n+1} = 0 for all n ≥ 0, while for odd functions f, f_{2n} = 0, for all n ≥ 0, confirming that f and its formal expansion ∑_∞ n=0 f_nρ_n(x) have the same parity.

Proof. We basically repeat the proof of Theorem 3.3, with some changes in the technical details. We will use

ρ_{2N} (x) ρ_{2N} (y) = (−e^{2iθ}, −e^{−2iθ} ; q^2)_N (−e^{2iϕ}, −e^{−2iϕ}; q^2)_N (3.6)

ρ_{2N +1}(x) ρ_{2N +1}(y) = x(−qe^{2iθ}, −qe^{−2iθ}; q^2)_N y(−qe^{2iϕ}, −qe^{−2iϕ}; q^2)_N . (3.7)

Let C_m be a circle centered at y = 0 with radius r_m, r_m = [q^{−(m+δ)/2} − q^{(m+δ)/2}]/2, −1 < δ < 0, (3.8)

and m is even. We use the form of the Cauchy kernel in (2.10) and show that the first integral in (2.10) with C = C_m tends to zero as m → ∞. Thus we minimize the modulus of the denominators in order to give an upper bound for the integral. The first denominator is minimized by choosing y^2 = −r^2_m, min{|(−qe^{2iϕ}, −qe^{−2iϕ}; q^2)_∞| : y ∈ C_m} = |(q^{1−m−δ}, q^{m+δ+1}; q^2)_∞| = |(q^{1−m−δ}; q^2)_{m/2}| (q^{1−δ}, q^{m+δ+1}; q)_∞ ≥ Aq^{−(m+δ)2/4} for some positive constant A independent of m.

Similarly min{|(−e^{2iϕ}, −e^{−2iϕ}; q^2)_∞| : y ∈ C_m} = |(q^{−m−δ}, q^{m+δ}; q^2)_∞| = |(q^{−m−δ}; q^2)_{m/2}| (q^{−δ}, q^{m+δ}; q)_∞ ≥ Aq^{−(m+δ)2 /4−m/2}. So the sum of the first two integrals, |I_m|, is bounded by |I_m| ≤ B M(r_m, f) q^{(m+δ)2/4}, for some B independent of m. Thus

ln |I_m| ≤ ln M(r_m, f) +

(ln r_m)^2 ln q

+ O(ln r_m)

which proves that |I_m| → 0 as m → ∞, m even.

Next we show that ∑_∞ n=m+1 q nI_{m,n} tends to zero as m → ∞ and for x in compact sets, where {I_{m,n}} are the integrals I_{n,m} = ∮ C_m yρ_n(x) f(y) dy ρ_n(y)[(1 − q^n)^2 + 4y^2q^n] . (3.9)

For y ∈ C_m, and n > m, we have |(1 − q^n)^2 + 4y^2q^n| = |(1 + q^ne^{2iϕ})(1 + q^ne^{−2iϕ})| ≥ |(1 − q^{n−m−δ} )(1 − q^{n+m+δ} )| ≥ (1 − q^{1−δ})(1 − q^{1+δ}).

Moreover after applying (3.6) and (3.7), we get for y ∈ C_m and n > m, | | | ρ_{2n}(x) ρ_{2n}(y) | | | ≤ |(−e^{2iθ}, −e^{−2iθ}; q^2)_n| |(q^{−m−δ}, q^{m+δ}; q^2)_n| ≤ |(−e^{2iθ}, −e^{−2iθ}; q^2)_n| |(q^{−m−δ}; q^2)_{m/2}|(q^{−δ}; q^2)_{n−m/2}(q^{m+δ}; q^2)_n ≤ A_1q^{(m+δ)2/4}, for some constant A_1, and | | | ρ_{2n+1}(x) ρ_{2n+1}(y) | | | ≤ |x(−qe^{2iθ}, −qe^{−2iθ}; q^2)_n| |y(q^{1−m−δ}, q^{1+m+δ}; q^2)_n| ≤ |x(−qe^{2iθ}, −qe^{−2iθ}; q^2)_n| |y(q^{1−m−δ}; q^2)_{m/2}(q^{1−δ}; q^2)_{n−m/2}(q^{1+m+δ}; q^2)_n| ≤ A_2q^{(m+δ)2 /4},

The constants A_1 and A_2 depend on the compact set x to which x is restricted but do not depend on y, m or n.

As before this shows that ln |I_{n,m}| ≤ ln M(f, r_m) + (ln r_m)^2 ln q

+ O(ln r_m)

≤ (c_1 + 1/ ln q)(ln r_m)^2,

for some c_1, 0 < c_1 < 1/ ln q^{−1} which shows that ∑_∞ n=m+1 q n|I_{n,m}| tends to zero as m → ∞.

Next we evaluate the sum ∑_m n=0 q^nI_{m,n} by residues then let m → ∞ .

From (1.10) it follows that

ρ_{n+2}(y) = q^{−n}[(1 − q^n)^2 + 4y^2q^n] ρ_n(y),

hence we need to evaluate ∮ C_m yf(y)dy ρ_{n+2}(y) . The poles {y_k} of y/ρ_{n+2}(y) are i[q^{−k+n/2} − q^{k−n/2}]/2, k = 0, 1, · · · , n. Let y_k = cos ϕ_k , hence e^{iϕk} = { iq^{−k+n/2}, 0 ≤ k ≤ n/2 −iq^{k−n/2}, n/2 < k ≤ n. It is routine to find that the residue of y/ρ_{n+2}(y) at i[q^{−k+n/2} − q^{k−n/2}]/2 is i^n (−1)^k(q^{n−k} + q^k) 8(q^2; q^2)_k(q^2; q^2)_{n−k} q^{k(k−n)+n2 /2}, k = 0, · · · , n, and the theorem follows.

Remark. The first part of the proof can be replaced by estimating the first integral in Theorem 2.3 directly. Let |e^{iθ} | ≤ A for all x in a compact set. Hence for y ∈ C_m and fixed x, we have ln (| | | y(−qe^{i(θ+ϕ)}, −qe^{i(θ−ϕ)}, −qe^{i(ϕ−θ)}, −qe^{−i(θ+ϕ)}; q)_∞ (−e^{2iϕ}, −e^{−2iϕ}; q)_∞ | | | )

≤ ln ( (−Aq^{1−(m+δ)/2}, −q^{1−(m+δ)/2}/A; q)_∞ )

− ln (| |(q^{−m−δ}; q)∞ | |) + O(1) ≤ ln ( (−Aq^{1−(m+δ)/2}, −q^{1−(m+δ)/2}/A; q)_{m/2} )

− ln (| |(q^{−m−δ}; q)m | | ) + O(m) = m(m + 2δ) 4 ln q + O(m) = − ln^2 r_m ln q^{−1}

+ O (ln(r_m)) .

Therefore the first integral on the right-hand side of in the equation in Theorem 2.3 tends to zero as m → ∞.

4 A Mittag-Leffler Expansion

It is tempting to substitute for f_n in the first formula in Theorem 3.3 then rearrange the sum and find the coefficient of f(x_{2k}). The formal interchange of sums gives f(x) = ∞∑ k=0 (−1)^kq^{k(k+1)/2}(1 − a^2q^{2k}) (q; q)_k(a^2q^k; q)_{k+1} (ae^{iθ} , ae^{−iθ}; q)_k (4.1)

×_2ϕ_1 ( aq^ke^{iθ} , aq^ke^{−iθ} a^2q^{2k+1} | | | q, q ) f(x_{2k}). The_2ϕ_1 can be summed by the q-analogue of Gauss’ theorem [7, (II.8)] and its sum is (aq^{k+1}e^{iθ}, aq^{k+1}e^{−iθ} ; q)_∞/(a^2q^{2k+1}, q; q)_∞ and (4.1) becomes f(x) ϕ_∞(x; a) = ∞∑ k=0 (−1)^kq^{k(k+1)/2}(1 − a^2q^{2k}) (q; q)_k(q, a^2q^k; q)_∞ f(x_{2k}) 1 − 2axq^k + a^2q^{2k} . (4.2)

Theorem 4.1. Formula (4.2) holds for entire functions f satisfying (1.2) with c < 1/(2 ln q^{−1}).

Proof. Let r_m be as in (3.1) and C_m be a circle centered at the origin and have radius r_m. Let x be fixed and m be large enough so that x is interior to C_m. Consider

I_m := 1 2πi ∮ C_m f(y) ϕ_∞(y; a) dy y − x . (4.3)

From Lemma 3.2, I_m → 0 as m → ∞. On the other hand

I_m = f(x) ϕ_∞(x; a) − m∑ k=0 (−1)^kq^{k(k+1)/2}(1 − a^2q^{2k}) (q; q)_k(q, a^2q^k; q)_∞ f(x_{2k}) 1 − 2axq^k + a^2q^{2k} , and the theorem follows.

Clearly Theorem 4.1 is a Mittag-Leffler expansion.

5 Applications

Recall that the conclusion of Lemma 3.2 holds provided that lim_{n→∞} M(r_n; f) q^{n(n+2δ+1)/2} = 0.

(5.1)

where r_n is defined in (3.1). By examining the proof of Theorem 3.3 we see that it continues to hold under the assumption (5.1). In fact we can replace the sequence {r_n} in (5.1) by any subsequence {r_{nk} }.

As a first application of the above observation we let g(z) = (be^{iθ}, be^{−iθ}; p)_∞, p ≤ q, z := cos θ. (5.2) To verify (5.1) we employ M_n(r_n; g) ≤ (−|b/a|q^{−n−δ}, −|ab|q^{n+δ}; p)_∞ ≤ (−|b/a|q^{−n−δ}, −|ab|q^{n+δ}; q)_∞ ≤ |b/a|^nq^{−n(n+2δ+1)/2}(−|b/a|q^{−δ}, −q^{1+δ}|ab|; q)_∞. Thus (5.1) holds when |b/a| < 1, and (4.2) will then hold for |b| < |a| and we have established the series summation (be^{iθ}, be^{−iθ}; p)_∞ (qae^{iθ}, qae^{−iθ}; q)_∞ = ∞∑ k=0 (−1)^kq^{k(k+1)/2}(a^2, aq, −aq; q)_k (q, a, −a; q)_k(q, a^2q; q)_∞ × (ae^{iθ}, ae^{−iθ} ; q)_k (aqe^{iθ}, aqe^{−iθ} ; q)_k (abq^k, bq^{−k}/a; p)_∞, (5.3)

valid for 0 < p < q, or p = q and |b| < |a|.

Mizan Rahman pointed out that (5.3) follows from a result of George Gasper. Gasper’s formula is (5.13) on p. 68 in [6] and can be stated as 6+2mW5+2m ( A; B, A B , d, e_1, ..., e_m, Aq^{n1+1} e_1 , ..., Aq^{nm+1} e_m ; q, q d q^{− ∑mj=1 nj} )

= (q, Aq, Aq/Bd, Bq/d; q)_∞ (Bq, Aq/B, Aq/d, q/d; q)_∞ m∏ j=1 (Aq/Be_j , Bq/e_j ; q)_{nj} (Aq/e_j , q/e_j; q)_{nj} .

We put A = a^2, B = ae^{iθ} , d = q^{−m}, e_j = aqp^{1−j} /b, n_j = 1, 1 ≤ j ≤ m. Write the_{6+2m}W_{5+2m} as a sum over k, k ≥ 0. The terms containing e_1, · · · , e_m contribution to the k term is m−1∏ r=0 (aqp^{−r}/b, abqp^r; q)_k (abp^r, ap^{−r}/b; q)_k = m−1∏ r=0 (1 − aq^kp^{−r}/b)(1 − abp^rq^k ) (1 − ap^{−r}/b)(1 − abp^r) = q^{km} (abq^k, bq^{−k}/a; p)_m (ab, b/a; q)_m . Now (5.3) follows by letting m → ∞.

When p = q in (5.3), a simple calculation using (abq^k, bq^{−k}/a; q)_∞ = (ab, b/a; q)_∞ (bq^{−k}/a; q)_k (ab; q)_k = (−b/a)^k(aq/b; q)_k q^{k(k+1)/2}(ab; q)_k (ab, b/a; q)_∞, shows that the right-hand side of (5.1) is (ab, b/a; q)_∞/(q, a^2q; q)_∞ times a 6ϕ_5 function. Thus (5.3) with p = q is equivalent to

6ϕ_5 ( a^2, aq, −aq, aq/b, ae^{iθ}, ae^{−iθ} a, −a, ab, aqe^{−iθ} , aqe^{iθ} | | | q, b a )

= (q, a^2q, be^{iθ}, be^{−iθ}; q)_∞ (aqe^{iθ} , aqe^{−iθ}, ab, b/a; q)_∞ . (5.4)

Formula (5.4) is the sum of a very well-poised_6ϕ_5, [7, (II.20)]. The most general_6ϕ_5 has four free parameters, but our (5.4) has only three free parameters.

Another application of (4.2) is to choose f(z) = m∏ j=1 f_j (z), f_j (cos θ) := (b_j e^{iθ}, b_je^{−iθ} ; p_j )_∞.

(5.5)

Here we will only mention the case when the p_j = p for all j. In this case we choose a positive integer l such that q^{l+1} < p ≤ q^l. It suffices to take n = ls in (5.1) and for sufficiently large s, we get M(r_{ls}; f_j ) ≤ (−|b_j /a|q^{−ls−δ}, −|ab_j|q^{ls+δ}; p)_∞ ≤ (−|b_j/a|q^{−ls−δ}; p)_s (−|b_j /a|q^{−δ}, −|ab_j|q^{ls+δ}; p)_∞ ≤ |b_j/a|^s q^{−s(ls+δ)}p^{s(s−1)/2}C_j , (5.6)

where C_j is a constant depending only on a, b_1, · · · , b_m, δ but not on s. With r defined through p = q^{lr}, 1 ≤ r < 1 + 1/l, (5.7)

we obtain M(r_{ls}; f)q^{ls(ls+2δ+1)/2} ≤ C q^{−(ls+δ)sm+ls(ls+2δ+1)/2}p^{ms(s−1)/2} m∏ j=1 |b_j/a|^s, (5.8)

for some constant C. Substitute for p in (5.8) from (5.7) to see that the coefficient of s^2 in the exponent of q is nonnegative if and only if l ≥ m(2 − r). (5.9)

If l = m(2 − r) then the coefficient of s in the exponent of q is m[δ + 1 − rδ − r(1 + m(2 − r))/2]. Thus we have established the following theorem.

Theorem 5.1. Formula (4.2) holds for the function f defined by (5.5) if (i) or (ii) holds, where (i) l > m(2 − r) (ii) l = m(2 − r) and B q^{1−r(1+m(2−r))/2} < |a|, with B = |b_1 · · ·b_m|^{1/m}.

The details of consequences of Theorem 5.1 will be explored elsewhere. We just mention the case p_j = p = q^m, so r = 1 and m = l. Thus (4.2) holds if m∏ j=1 |b_j/a| < q^{m(m−1)/2}. (5.10)

Thus (4.2) gives ∏_m j=1(b_j e^{iθ} , b_je^{−iθ} ; q^m)_∞ (ae^{iθ}, ae^{−iθ}; q)_∞ = ∞∑ k=0 (−1)^kq^{k(k+1)/2}(1 − a^2q^{2k})

(q; q)_k(q, a^2q^k ; q)_∞ ∏_m j=1(b_j q^{−k} /a, ab_jq^k ; q^m)_∞ (1 − aq^ke^{iθ} )(1 − aq^ke^{−iθ} ) . (5.11)

The special case m = 2 of (5.13) follows from [7, (III.38)]. To see this we first write upper case letters for the parameters a, b, · · · , q in [7, (III.38)]. We make the choices Q = q^2, A = B = e^{iθ} , C = e^{−iθ} , D = q^2/b_1, E = q^2/b_2, F = a, G = aq.

(5.12)

The resulting_8ψ_8 on the left-hand side of (III.36) in [7] reduces to 1 because its numerator parameter AB is 1, while the corresponding denominator parameter (=AQ/B) is q^2, which the base of the_8ψ_8.

6 Remarks

In [11] we pointed out the importance of the polynomial basis ϕ_n(cos θ) = (q^{1/4}e^{iθ} , q^{1/4}e^{−iθ} ; q^{1/2})_n,

(6.1) in the theory of basic hypergeometric functions (q-series). We also established the q-Taylor series f(x) = n∑ k=0 f_k ϕ_k(x), (6.2) for polynomials f, where

f_k =

(q − 1)^k 2^kq^{k/4}(q; q)_k

(D^k_q f)(ζ_0)

(6.3) and ζ_n = [q^{(n+1/2)/2} + q^{−(n+1/2)/2}]/2.

(6.4)

The proof of (6.2) uses

D_qϕ_n(x) = −2q^{1/4} 1 − q^n 1 − q ϕ_{n−1}(x). (6.5)

One can also extend (6.2) to entire functions satisfying (1.2) with c < 1/ ln q^{−1} using an argument similar to what we used to prove Theorem 3.1. In fact this is essentially Theorem 3.1 because upon close examination one sees that the interpolation points used in (6.4) amount to replacing q by q^{1/2}.

The q-exponential function of [13] is

E_q(cos θ; t) =

(t^2; q^2)_∞ (qt^2; q^2)_∞ ∞∑ n=0 (−it)^n (q; q)_n q^{n2/4} (6.6) ×(−iq^{(1−n)/2}e^{iθ} , −iq^{(1−n)/2}e^{−iθ} ; q)_n. The function E_q(x; t) is entire in x for all t, |t| < 1. Corollary 2.5 of [11] is

E_q(cos θ; t) =

(−t; q^{1/2})_∞ (qt^2; q^2)_∞^2 ϕ_1 ( q^{1/4}e^{iθ} , q^{1/4}e^{−iθ} −q^{1/2} | | | q^{1/2}, −t ) (6.7)

We now show that (6.7) enables us to determine the exact limiting behavior of the maximum modulus of the E_q function. Let r = cosh u, u > 0. Thus (6.7) implies

ln M(cosh u; E_q) ≤ ln ( (−q^{1/4}e^u, −q^{1/4}e^{−u}; q^{1/2})_∞ ) + O(1),

as u → ∞. It is clear that for any sequence of u’s tending to infinity, e^u can be written in the form q^{−(nm +δm )/2}, with −1/2 < δ_m < 1/2. From here it is not difficult to see that

lim sup r→∞ ln M(r; E_q)

ln^2 r ≤ 1 ln q^{−1} . (6.8)

On the other hand the sequence r_m = [q^{−(m+1/2)/2} + q^{(m+1/2)/2}]/2 makes

(qt^2; q^2)_∞ (−t; q^{1/2})_∞

E_q (r_m; t) =_2ϕ_1 ( q^{−m/2}, q^{m+1)/2} −q^{1/2} | | | q^{1/2}, −t ) . (6.9)

The right-hand side of (6.9) is a little q-Jacobi polynomial Φ^{(α,β)}_m (x), with α = β = −1 and x = −t/q^{1/2}, [12], hence the_2ϕ_1 in (6.9) is asymptotically equal to

t^mq^{−m(m+1)/4}(−q^{1/2}/t; q)_∞/(−q^{1/2}; q^{1/2})_∞,

by (1.5) in [12]. Therefore

lim sup r→∞ ln M(r; E_q) ln^2 r ≥ lim_{m→∞} ln M(r_m; E_q) ln^2 r_m = 1 ln q^{−1} . (6.10)

Therefore (6.8) and (6.10) establish the following theorem.

Theorem 6.1. The maximum modulus of E_q has the property

lim sup r→∞ ln M(r; E_q) ln^2 r = 1 ln q^{−1} . It is worth mentioning that Theorem 6.1 shows that (6.7) does not follow from the general approach developed here. It is of interest to find a function theoretic approach to development of identities like (6.7).

Acknowledgments. Part of this work was done while the first author was visiting the Liu Bie Ju Center of Mathematical Sciences of City University of Hong Kong and the Hong Kong University of Science and Technology. He gratefully acknowledges the financial support and the hospitality of both universities. Both authors thank Yik-Man Chiang and Mizan Rahman for many discussions and for their interest in this work.

References

[1] G. E. Andrews, R. A. Askey, and R. Roy, Special Functions, Cambridge University Press, Cambridge, 1999.

[2] R. A. Askey and J. A. Wilson, Some basic hypergeometric orthogonal polynomials that generalize Jacobi polynomials, Memoirs Amer. Math. Soc., Number 319 (1985).

[3] R. P. Boas, Entire Functions, Academic Press, New York, 1954.

[4] R. P. Boas and R. C. Buck, Polynomial Expansions of Analytic Functions, Springer-Verlag, Berlin 1964.

[5] S. Cooper, The Askey-Wilson operator and the_6ϕ_5 summation formula, preprint, March 1996.

[6] G. Gasper, Elementary derivations of summation and transformation formulas for q-series, in ”Special functions, q-series and related topics”, Fields Inst. Commun., 14, M. E. H. Ismail, D. R. Masson, and M. Rahman, eds., American Mathematical Society, Providence, 1997, pp. 55–70.

[7] G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cambridge, 1990.

[8] G. H. Hardy, Ramanujan : Twelve Lectures on Subjects Suggested by his Life and Work, Chelsea, New York, 1978.

[9] P. Hartman, Difference equations: disconjugacy, principal solutions, Green’s functions, complete monotonicity. Trans. Amer. Math. Soc. 246 (1978), 1–30.

[10] M. E. H. Ismail, The Askey-Wilson operator and summation theorems, in ”Mathematical Analysis, Wavelets, and Signal Processing”, M. Ismail, M. Z. Nashed, A. Zayed and A. Ghaleb, eds., Contemporary Mathematics, 190, American Mathematical Society, Providence, 1995, pp. 171–178.

[11] M. E. H. Ismail, and D. Stanton, Applications of q-Taylor theorems, J. Comp. Appl. Math., (2003), to appear.

[12] M. E. H. Ismail and J. Wilson, Asymptotic and generating relations for the q-Jacobi and the_4ϕ_3 polynomials, J. Approximation Theory 36 (1982), 43–54.

[13] M. E. H. Ismail and R. Zhang, Diagonalization of certain integral operators, Advances in Math. 109 (1994), 1–33.

[14] B. H. Makar, The Theory of Coordinates, a book manuscript, 1973.

[15] J. P. Ramis, About the growth of entire functions solutions of linear algebraic q-difference equations, Ann. Fac. Sc. Toulouse (6) 1 (1992), 53–94.

[16] E. T. Whittaker and G. N. Watson, Modern Analysis, fourth edition, Cambridge University Press, Cambridge, 1927.

[17] J. M. Whittaker, Interpolatory Function Theory, Cambridge Tracts in Mathematics and Mathematical Physics, No. 33, Cambridge 1935.

[18] J. M. Whittaker, Sur les Séries de Base de Polynomes Quelconques, Gauthier-Villars, Paris, 1949.

emails: ismail@math.usf.edu, stanton@math.umn.edu