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Abstract
This work investigates the relationship between system observability properties and estimator inconsistency for a Vision-
aided Inertial Navigation System (VINS). In particular, first we introduce a new methodology for determining the unobserv-
able directions of nonlinear systems by factorizing the observability matrix according to the observable and unobservable
modes. Subsequently, we apply this method to the VINS nonlinear model and determine its unobservable directions ana-
lytically. We leverage our analysis to improve the accuracy and consistency of linearized estimators applied to VINS. Our
key findings are evaluated through extensive simulations and experimental validation on real-world data, demonstrating
the superior accuracy and consistency of the proposed VINS framework compared to standard approaches.
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1. Introduction

Wide adoption of robotic technologies hinges on the abil-
ity of robots to freely navigate in our human-centric world.
To do so, robots must maintain an accurate estimate of
their six-degrees-of-freedom (DOF) position and orien-
tation (pose) as they navigate in 3D. Ideally, a local-
ization algorithm should work seamlessly outdoors and
indoors. This unfortunately prohibits reliance on GPS, since
coverage is not available everywhere. For this reason,
researchers have focused on designing localization meth-
ods that fuse onboard sensor data to estimate the robot’s
ego motion.

Tracking 3D motion can be accomplished by integrating
the rotational velocity and linear acceleration signals pro-
vided by an Inertial Measurement Unit (IMU). However,
due to integration of sensor noise and bias, pose estimates
based on IMU data alone will quickly accumulate errors.
To reduce the impact of these errors, so-called aided Iner-
tial Navigation Systems (INS) have been proposed. Laser-
aided INS (LINS) methods typically rely on the existence of
structural planes (Hesch et al. 2010) or height invariance in
semi-structured spaces (Shen et al. 2011), and are not easily
generalizable to cluttered or unstructured environments. On
the other hand, Vision-aided INS (VINS) approaches, which
fuse data from a camera and an IMU, can operate in both
structured and unstructured areas. VINS methods have the
additional benefit that both inertial and visual sensors are
lightweight, inexpensive (available in most mobile devices

today), and passive, hence requiring a smaller power budget
compared to LINS.

Existing work on VINS has employed a number of
different estimators such as the Extended Kalman Filter
(EKF) (Kim and Sukkarieh 2007; Mourikis and Roume-
liotis 2007; Bryson and Sukkarieh 2008), the Unscented
Kalman Filter (UKF) (Ebcin and Veth 2007), and Batch-
least Squares (BLS) (Strelow 2004). Non-parametric esti-
mators, such as the Particle Filter (PF), have also been used
for visual-inertial odometry (e.g. Durrie et al. (2009); Yap
et al. (2011)). However, these have focused on the reduced
problem of estimating a 2D robot pose, since the number
of particles required is exponential in the size of the state
vector. Within these works, a number of challenging issues
have been addressed, such as reducing the computational
cost of VINS (Mourikis and Roumeliotis 2007; Williams
et al. 2011), dealing with delayed measurements (Weiss
et al. 2012), increasing the accuracy of feature initializa-
tion and estimation (Jones and Soatto 2011), and improv-
ing the robustness to estimator initialization errors (Lup-
ton and Sukkarieh 2012). Only limited attention, however,
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has been devoted to understanding how estimator incon-
sistency affects VINS.1 The work described in this paper,
addresses this limitation through the following three main
contributions:

• We introduce a novel methodology for identifying the
unobservable modes of a nonlinear system. Contrary
to previous methods (Hermann and Krener 1977) that
require investigating an infinite number of Lie deriva-
tives, our approach employs a factorization of the
observability matrix, according to the observable and
unobservable modes, and only requires computing a
finite number of Lie derivatives.

• We apply our method to VINS and determine its unob-
servable directions, providing their analytical form as
functions of the system states.

• We leverage our results to improve the consistency and
accuracy of VINS, and extensively validate the pro-
posed estimation framework both in simulations and
real-world experiments.

The rest of this paper is organized as follows: we begin
with an overview of the related work (Section 2). In Sec-
tion 3, we describe the system and measurement models
used in VINS. Subsequently, we introduce our method-
ology for analyzing the observability properties of unob-
servable nonlinear systems (Section 4), which we leverage
for determining the unobservable directions of the VINS
model (Section 5). In Section 6, we present an overview
of the analogous observability properties for the linearized
system employed for estimation purposes, and show how
linearization errors can lead to a violation of the observabil-
ity properties, gain of spurious information, and estimator
inconsistency. We propose an estimator modification to mit-
igate this issue in Section 6.1, and validate our algorithm in
simulations and experimentally (Sections 7 and 8). Finally,
we provide our concluding remarks and outline our future
research directions in Section 9.

2. Related work

The interplay between a nonlinear system’s observability
properties and the consistency of the corresponding lin-
earized estimator has become a topic of increasing inter-
est within the robotics community in recent years. Huang
et al. (Huang et al. 2008, 2010, 2011) first studied this
connection for 2D Simultaneous Localization and Map-
ping (SLAM) and extended their work to 2D coopera-
tive multi-robot localization. In both cases, they proved
that a mismatch exists between the number of unobserv-
able directions of the true nonlinear system and the lin-
earized system used for estimation purposes. Specifically,
the estimated (linearized) system has one-fewer unobserv-
able direction than the true system, allowing the estima-
tor to surreptitiously gain spurious information along the
direction corresponding to global orientation.

Extending this analysis to 3D VINS is a formidable task,
most notably since the VINS system state has 15 DOF
instead of 3. Some authors have attempted to avoid this
complexity by using abstract models (e.g. by assuming a 3D
odometer that measures six-DOF pose displacements (Car-
lone et al. 2012)); though these approaches cannot be eas-
ily extended to the VINS. The observability properties of
VINS have been examined for a variety of scenarios. For
example, Mirzaei and Roumeliotis (2008) as well as Kelly
and Sukhatme (2011) have studied the observability prop-
erties of IMU-camera extrinsic calibration using Lie deriva-
tives (Hermann and Krener 1977). The former analysis,
however, relies on known feature coordinates, while the
latter employs an inferred measurement model (i.e. assum-
ing the camera observes its pose in the world frame, up
to scale), which requires a non-minimal set of visual mea-
surements. This limitation is also shared by Weiss (2012),
who employs symbolic/numeric software tools, rather than
providing an analytical study.

Jones and Soatto (2011) investigated VINS observabil-
ity by examining the indistinguishable trajectories of the
system (Isidori 1989) under different sensor configurations
(i.e. inertial only, vision only, vision and inertial). Their
analysis, however, is restrictive due to: (a) the use of a
stochastic tracking model (constant translational jerk and
rotational acceleration), which cannot adequately describe
arbitrary trajectories, and (b) considering the IMU biases to
be known, which is a limiting assumption. They conclude
that the VINS state is observable, if the six DOF of the first
frame are fixed (e.g. by following the approach in Chiuso
et al. (2002)). As a result, their analysis does not provide
an explicit form of the unobservable directions, nor does
it fully characterize the observability properties of rotation
(i.e. that yaw is unobservable).

Finally, Martinelli (2012) used the concept of con-
tinuous symmetries to show that the IMU biases, 3D
velocity, and absolute roll and pitch angles are observ-
able for VINS. In this case, the unobservable direc-
tions are determined analytically for the special case
of a single-point feature located at the origin, but the
unobservable directions for the case of multiple points
are not provided. More importantly, however, among
these VINS observability studies, no one has examined
the link between observability and estimator consistency,
or used their observability study to bolster estimator
performance.

A preliminary version of our investigation was presented
at the International Workshop on the Algorithmic Foun-
dations of Robotics (Hesch et al. 2012b). In comparison
to Hesch et al. (2012b), here we present a novel method
for analyzing the observability properties of an unobserv-
able nonlinear system based on factorizing the observabil-
ity matrix. Moreover, we have included a new derivation
for analytically determining the observability properties of
the nonlinear VINS model. Finally, we have updated our
literature review to include recently published papers and
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expanded the experimental validation to better demonstrate
the robustness of our approach.

Li and Mourikis (2012, 2013) have also presented an
investigation of estimator inconsistency utilizing linearized
observability analysis of a bias-free VINS model. Based on
their findings, they leveraged the First-Estimates Jacobian
(FEJ) methodology of Huang et al. (2008) to reduce the
impact of inconsistency in Visual-Inertial Odometry (VIO).
In contrast, our observability analysis encompasses both the
nonlinear and linearized systems, using the full VINS state
(i.e. including IMU biases). Furthermore, the implementa-
tion of our approach is more flexible since any lineariza-
tion method can be employed (e.g. computing Jacobians
analytically, numerically, or using sample points) by the
estimator.

In what follows, we analytically determine the observ-
ability properties of both the nonlinear VINS model and its
linearized counterpart to prove that they have four unob-
servable DOF, corresponding to three-DOF global transla-
tions and one-DOF global rotation about the gravity vector.
Then, we show that due to linearization errors, the number
of unobservable directions is reduced in a standard EKF-
based VINS approach, allowing the estimator to gain spu-
rious information and leading to inconsistency. Finally, we
propose a solution for reducing estimator inconsistency in
VINS that is general, and can be directly applied in a vari-
ety of linearized estimation frameworks such as the EKF
and UKF both for Visual SLAM (V-SLAM) and VIO.

3. VINS estimator description

We begin with an overview of the VINS propagation and
measurement models, and describe the EKF employed for
fusing the camera and IMU measurements. In the following
analysis, we consider the general case, in which the sys-
tem state contains both the sensor platform state (i.e. pose,
velocity, and IMU biases) and the observed features. How-
ever, it is important to note that the same analysis applies to
VINS applications that do not explicitly estimate a map of
the environment, such as VIO (Mourikis and Roumeliotis
2007).

3.1. System state and propagation model

The system state comprises the IMU pose and linear veloc-
ity together with the time-varying IMU biases and a map of
visual features. The (16 + 3N) × 1 state vector is

x = [
I q̄T

G bT
g

GvT
I bT

a
GpT

I | GpT
f1

· · · GpT
fN

]T

= [
xT

s | xT
m

]T
(1)

where xs(t) is the 16 × 1 sensor platform state, and xm(t) is
the 3N ×1 state of the map. The first component of the sen-
sor platform state, I q̄G(t), is the unit quaternion representing
the orientation of the global frame {G} in the IMU frame
{I} at time t (see Figure 1). The frame {I} is attached to the

Fig. 1. The pose of the camera-IMU frame {I} with respect to the
global frame {G} is expressed by the position vector GpI and the
quaternion of orientation I q̄G. The observed feature is expressed
in the global frame by its 3 × 1 position coordinate vector Gpf ,
and in the sensor frame by I pf = C

(
I q̄G

) (
Gpf − GpI

)
.

IMU, while {G} is a local-vertical reference frame whose
origin coincides with the initial IMU position. The sensor
platform state also includes the position and velocity of {I}
in {G}, denoted by the 3×1 vectors GpI (t) and GvI (t), respec-
tively. The remaining components are the biases, bg(t) and
ba(t), affecting the gyroscope and accelerometer measure-
ments, which are modeled as random-walk processes driven
by the zero-mean, white Gaussian noise nwg(t) and nwa(t),
respectively. The map, xm, comprises N visual features Gpfi ,
i = 1, . . . , N . Note that for the case of VIO, the features
are not stored in the state vector, but can be processed and
marginalized on-the-fly (Mourikis and Roumeliotis 2007)
(see Section 3.2). With the state of the system now defined,
we turn our attention to the continuous-time kinematic
model which governs the time evolution of the system state.

3.1.1. Continuous-time model The system model describ-
ing the time evolution of the state is (see Chatfield (1997)
and Trawny and Roumeliotis (2005)):

I ˙̄qG(t) = 1

2
�( ω(t)) I q̄G(t) (2)

GṗI (t) = GvI (t) (3)
Gv̇I (t) = GaI (t) (4)

ḃg(t) = nwg(t) (5)

ḃa(t) = nwa(t) (6)
Gṗfi (t) = 03×1 , i = 1, . . . , N (7)

In these expressions, ω(t) = [ω1(t) ω2(t) ω3(t) ]T is the
rotational velocity of the IMU, expressed in {I}, GaI (t) is
the body acceleration expressed in {G}, and

�( ω) =
[−�ω ×� ω

−ωT 0

]
, �ω ×� �

⎡⎣ 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎤⎦
The gyroscope and accelerometer measurements, ωm and
am, are modeled as

ωm(t) = ω(t) +bg(t) +ng(t)

am(t) = C( I q̄G(t)) ( GaI (t) −Gg) +ba(t) +na(t)
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where ng and na are zero-mean, white Gaussian noise
processes, and Gg is the gravitational acceleration. The
matrix C( q̄) is the rotation matrix corresponding to q̄. The
observed features belong to a static scene; hence, their time
derivatives are zero (see (7)). Linearizing at the current esti-
mates and applying the expectation operator on both sides
of (2)–(7), we obtain the state estimate propagation model

I ˙̄̂qG(t) = 1

2
�( ω̂(t)) I ˆ̄qG(t) (8)

G ˙̂pI (t) = Gv̂I (t) (9)
G ˙̂vI (t) = CT( I ˆ̄qG(t)) âI (t) +Gg (10)

˙̂bg(t) = 03×1 (11)

˙̂ba(t) = 03×1 (12)
G ˙̂pfi (t) = 03×1 , i = 1, . . . , N (13)

where âI (t) = am(t) −b̂a(t), and ω̂(t) = ωm(t)−b̂g(t). The
(15 + 3N) × 1 error-state vector is defined as

x̃ = [
IδθT

G b̃T
g

GṽT
I b̃T

a
Gp̃T

I | Gp̃T
f1

· · ·G p̃T
fN

]T

= [̃
xT

s | x̃T
m

]T

where x̃s(t) is the 15 × 1 error state corresponding to the
sensing platform, and x̃m(t) is the 3N × 1 error state of the
map. For the IMU position, velocity, biases, and the map,
an additive error model is employed (i.e. ỹ = y − ŷ is the
error in the estimate ŷ of a quantity y). However, for the
quaternion we employ a multiplicative error model (Trawny
and Roumeliotis 2005). Specifically, the error between the
quaternion q̄ and its estimate ˆ̄q is the 3 × 1 angle-error
vector, δθ , implicitly defined by the error quaternion

δq̄ = q̄ ⊗ ˆ̄q−1 � [
1
2δθT 1

]T

where δq̄ describes the small rotation that causes the true
and estimated attitude to coincide. This allows us to repre-
sent the attitude uncertainty by the 3 × 3 covariance matrix
E[δθδθT], which is a minimal representation.

The linearized continuous-time error-state equation is

˙̃x =
[

Fs 015×3N

03N×15 03N

]
x̃ +

[
Gs

03N×12

]
n

= Fc x̃ + Gc n

where 03N denotes the 3N × 3N matrix of zeros,
n = [

nT
g nT

wg nT
a nT

wa

]T
is the system noise, Fs is the

continuous-time error-state transition matrix corresponding
to the sensor platform state, and Gs is the continuous-time

input noise matrix, i.e.

Fs =

⎡⎢⎢⎢⎢⎣
−�ω̂ ×� −I3 03 03 03

03 03 03 03 03

−CT( I ˆ̄qG) �âI ×� 03 03 −CT( I ˆ̄qG) 03

03 03 03 03 03

03 03 I3 03 03

⎤⎥⎥⎥⎥⎦

Gs =

⎡⎢⎢⎢⎢⎣
−I3 03 03 03

03 I3 03 03

03 03 −CT( I ˆ̄qG) 03

03 03 03 I3

03 03 03 03

⎤⎥⎥⎥⎥⎦
where 03 is the 3 × 3 matrix of zeros. The system noise
is modelled as a zero-mean white Gaussian process with
autocorrelation E[n(t) nT( τ ) ] = Qcδ( t−τ ) which depends
on the IMU noise characteristics and is computed off-
line (Trawny and Roumeliotis 2005).

3.1.2. Discrete-time implementation The IMU signals ωm

and am are sampled at a constant rate 1/δt, where
δt � tk+1 − tk . Every time a new IMU measurement is
received, the state estimate is propagated using integra-
tion of (8)–(13). In order to derive the covariance propaga-
tion equation, we compute the discrete-time state transition
matrix, �k+1,k , from time-step tk to tk+1, as the solution to
the following matrix differential equation:

�̇k+1,k = Fc�k+1,k (14)

initial condition �k,k = I15+3N

which can be calculated analytically as we show in Hesch
et al. (2012a) or numerically. We also compute the discrete-
time system noise covariance matrix, Qd,k ,

Qd,k =
∫ tk+1

tk

�( tk+1, τ ) GcQcGT
c�

T( tk+1, τ ) dτ .

The propagated covariance is then computed as

Pk+1|k = �k+1,kPk|k�T
k+1,k + Qd,k . (15)

3.2. Measurement update model

As the camera-IMU platform moves, the camera observes
visual features which are tracked over multiple image
frames. These measurements are exploited to estimate the
motion of the sensing platform and (optionally) the map of
the environment.

To simplify the discussion, we consider the observation
of a single point pfi . The camera measures zi, which is the
perspective projection of the 3D point I pfi expressed in the
current IMU frame {I}, onto the image plane, i.e.

zi = 1

pz

[
px

py

]
+ ηi (16)

where

⎡⎣px

py

pz

⎤⎦ = Ipfi = C
(

I qG

) (
Gpfi − GpI

)
(17)
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where the measurement noise, ηi, is modeled as zero mean,
white Gaussian with covariance Ri. We note that, with-
out loss of generality, we consider the image measurement
in normalized pixel coordinates, and define the camera
frame to be coincident with the IMU. In practice, we per-
form both intrinsic and extrinsic camera-IMU calibration
off-line (Bouguet 2006; Mirzaei and Roumeliotis 2008).

The linearized error model is

z̃i = zi − ẑi � Hi x̃ + ηi, (18)

where ẑ = h
(
x̂
)

is the expected measurement computed by
evaluating (16)–(17) at the current state estimate, and the
measurement Jacobian, Hi, is

Hi = Hc

[
Hθ 03×9 Hp | 03 · · · Hfi · · · 03

]
(19)

where the partial derivatives are

Hc = ∂h

∂ I pfi

= 1

p2
z

[
pz 0 −px

0 pz −py

]
Hθ = ∂ I pfi

∂θ
= �C

(
I q̄G

) (
Gpfi − GpI

) ×�

Hp = ∂ Ipfi

∂GpI

= −C
(

I q̄G

)
Hfi = ∂ Ipfi

∂Gpfi

= C
(

I q̄G

)
i.e. Hc, is the Jacobian of the perspective projection with
respect to I pfi , while Hθ , Hp, and Hfi , are the Jacobians of
Ipfi with respect to IqG, GpI , and Gpfi , respectively.

This measurement model is used, independently of
whether the map of the environment xm is part of the state
vector (V-SLAM) or not (VIO). Specifically, for the case
of V-SLAM, when features that are already mapped are
observed, the measurement model (16)–(19) can be directly
applied to update the filter. In particular, we compute the
measurement residual,

ri = zi − ẑi

the covariance of the residual,

Si = HiPk+1|kHi
T + Ri

and the Kalman gain,

Ki = Pk+1|kHi
TS−1

i

Employing these quantities, we compute the EKF state and
covariance update as

x̂k+1|k+1 = x̂k+1|k + Ki ri

Pk+1|k+1 = Pk+1|k − Ki Si KT
i .

When features are first observed in V-SLAM, we initialize
them into the feature map. To accomplish this, we com-
pute an initial estimate, along with covariance and cross-
correlations, by solving a bundle-adjustment over a short

time window (Hesch et al. 2012a). Finally, for the case
of VIO, the map is not estimated explicitly; instead we
use the Multi-State Constraint Kalman Filter (MSC-KF)
approach (Mourikis and Roumeliotis 2007) to impose a
filter update constraining all the views from which a fea-
ture was seen. To accomplish this, we employ stochastic
cloning (Roumeliotis and Burdick 2002) over a window of
M camera poses.

4. Nonlinear system observability analysis

In this section, we provide a brief overview of the method in
Hermann and Krener (1977) for studying the observability
of nonlinear systems and then introduce a new methodology
for determining its unobservable directions.

4.1. Observability analysis with Lie derivatives

Consider a nonlinear, continuous-time system:{
ẋ = f0( x) +∑�

i=1 fi( x) ui

z = h( x)
(20)

where u = [
u1 . . . u�

]T
is the control input, x =[

x1 . . . xm
]T

is the state vector, z is the output, and
the vector functions fi, i = 0, . . . , �, comprise the process
model.

Our objective is to study the observability properties of
the system and to determine the directions in state-space
that the measurements provide information. To this end, we
compute the Lie derivatives of the system. The zeroth-order
Lie derivative of the measurement function h is defined as
the function itself (Hermann and Krener 1977):

L0h = h( x)

Each subsequent Lie derivative is formed recursively from
the definition of L0h. Specifically, for any ith-order Lie
derivative, Lih, the ( i+1)th-order Lie derivative Li+1

fj
h with

respect to a process function fj is computed as:

Li+1
fj

h = ∇Lih · fj

where ∇Lih denotes the span of the ith-order Lie derivative,
i.e.

∇Lih =
[

∂Lih
∂x1

∂Lih
∂x2

. . . ∂Lih
∂xm

]
In order to determine the directions along which infor-

mation can be acquired, we examine the span of the Lie
derivatives. We do this by forming the observability matrix,
O, whose block-rows comprise of the spans of the Lie
derivatives of the system, i.e.

O =

⎡⎢⎢⎢⎢⎢⎣
∇L0h
∇L1

fi
h

∇L2
fifj

h

∇L3
fifjfk

h
...

⎤⎥⎥⎥⎥⎥⎦
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where i, j, k = 1, . . . , �. Based on Hermann and Krener
(1977), to prove that a system is observable, it suffices to
show that a submatrix of O comprising a subset of its rows
is of full column rank. In contrast, to prove that a system is
unobservable and find its unobservable directions, we need
to: (a) Show that the infinitely many block rows of O can
be written as a linear combination of a subset of its block
rows, which form a submatrix O′; (b) find the nullspace
of O′ in order to determine the system’s unobservable
directions. Although accomplishing (b) is fairly straight-
forward, achieving (a) is extremely challenging especially
for high-dimensional systems, such as the one describing
VINS.

To address this issue, in the following section, we present
a new methodology that relies on a change of variables
for proving that a system is unobservable and finding its
unobservable directions.

4.2. Observability analysis with basis functions

In order to gain intuition for the following derivations,
we provide a brief overview of the motivation for this
methodology. As stated in the previous section, following
the approach of Hermann and Krener (1977) for analyz-
ing the observability properties of a nonlinear system is
quite challenging. The main issue is that we must analyt-
ically compute the nullspace of a matrix with an infinite
number of rows (since there are infinitely many Lie deriva-
tives). However, our analysis can be significantly simplified
if we can find a process for decomposing the observability
matrix into a product of two matrices: (a) a full-rank matrix
with infinitely many rows, and (b) a rank-deficient matrix
with only a limited number of rows. In what follows, we
show how to achieve such a factorization of the observabil-
ity matrix, by computing a set of basis functions of the state,
which comprise its observable modes.

We start by proving the following:

Theorem 4.1: Assume that there exists a nonlinear transfor-
mation β( x) = [

β1( x)T . . . β t( x)T
]T

. These bases are
functions of the variable x in (20), and the number of basis
elements, t, is defined so as to fulfill:

(C1) β1( x) = h( x).
(C2) ∂β

∂x · fi, i = 0, . . . , � is a function of β.
(C3) The system:{

β̇ = g0( β) +∑�
i=1 gi( β) ui

z = h = β1
(21)

where gi( β) = ∂β

∂x fi( x) , i = 0, . . . , �, is observable.
Then:

(i) The observability matrix of (20) can be factorized as:

O = 	 · B

where 	 is the observability matrix of system (21) and
B � ∂β

∂x .

(ii) null(O) = null( B).

Proof:
(i) Based on the chain rule, the span of any Lie derivative

∇Lih can be written as:

∇Lih = ∂Lih

∂x
= ∂Lih

∂β

∂β

∂x

Thus, the observability matrix O of (20) can be factorized
as:

O =

⎡⎢⎢⎢⎢⎢⎣
∇L0h
∇L1

fi
h

∇L2
fifj

h

∇L3
fifjfk

h
...

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂L0h
∂β

∂L1
fi

h

∂β

∂L2
fifj

h

∂β

∂L3
fifjfk

h

∂β

...

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∂β

∂x
= 	 · B (22)

Next we prove that 	 is the observability matrix of the
system (21) by induction.

To distinguish the Lie derivatives of system (20), let I
denote the Lie derivatives of system (21). Then, the span of
its zeroth-order Lie derivative is:

∇I0h = ∂h

∂β
= ∂L0h

∂β

which corresponds to the first block row of 	.
Assume that the span of the ith-order Lie deriva-

tive of (21) along any direction can be written as
∇Iih = ∂Lih

∂β
, which corresponds to a block row of

	. Then the span of the ( i + 1)th-order Lie derivative
∇Ii+1

gj
h along the process function gj can be computed as:

∇Ii+1
gj

h =
∂Ii+1

gj
h

∂β
= ∂( ∇Iih · gj)

∂β
=

∂( ∂Lih
∂β

· ∂β

∂x fj( x))

∂β

= ∂( ∂Lih
∂x · fj( x))

∂β
=

∂Li+1
fj

h

∂β

which is also a block row of 	. Therefore, we conclude that
	 is a matrix whose rows are the span of all the Lie deriva-
tives of system (21), and thus it is the observability matrix
of system (21). �

(ii) From O = 	 B, we have null(O) =
null( B) +null( 	) ∩range( B) (see Meyer (2000, Sec-
tion 4.5.1)). Moreover, from condition C3 system (21)
is observable, and 	 is of full column rank. Therefore
null(O) = null( B). �

Based on Theorem 4.1, the unobservable directions can
be determined with significantly less effort. Specifically, to
find a system’s unobservable directions, we first need to
define the basis functions that satisfy conditions C1 and
C2, and prove that matrix 	 is of full column rank, which
is condition C3. Once all the conditions are satisfied, the
unobservable directions of (20) correspond to the nullspace
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of matrix B, which has finite dimensions and thus is fairly
easy to find.

In the following sections, we will leverage Theorem 4.1
to prove that the VINS model is unobservable and find its
unobservable directions. To do this, in Section 5.1 we first
review the VINS model. In Section 5.2, we find the set of
basis functions that satisfy conditions C1 and C2 of Theo-
rem 4.1, and construct the basis functions’ system as in (21)
for this particular problem. In Section 5.3, we prove that
the observability matrix 	 for the basis functions’ system
is of full column rank, which is condition C3 of Theorem
4.1. Lastly, we determine the unobservable directions of the
VINS model by finding the nullspace of matrix B.

5. Observability analysis of the VINS model

In this section, we present the observability analysis for the
VINS model using basis functions.

5.1. Revisiting the system model

For the purpose of simplifying the observability analysis,
we express the IMU orientation using the Cayley–Gibbs–
Rodriguez (CGR) parameterization (Shuster 1993), which
is a minimal representation. Specifically, the orientation
of {G} with respect to {I} is the 3 × 1 vector of CGR
parameters, I sG. Hence, we rewrite (1) as

x = [
I sT

G bT
g

GvT
I bT

a
GpT

I
GpT

f

]T

The time evolution of IsG is

I ṡG(t) = D
(

Iω(t) −bg(t)
)

(23)

where D � ∂s

∂θ
= 1

2

(
I3 + �s×� + ssT

)
(24)

5.2. Determining the system’s basis functions

In this section, we define the basis functions for the VINS
model that satisfy conditions C1 and C2 of Theorem 4.1.
We achieve this by applying C1 to obtain β1 and recur-
sively employing C2 to define the additional elements β j,
j = 2, . . . , 6. We note that at each step of this process
there may be multiple options for selecting β j, and we mit-
igate this by favoring bases that have a meaningful physical
interpretation. After determining the bases, we present the
model of the corresponding system (43), and show that it is
observable in the next section.

To preserve the clarity of presentation, we retain only a
few of the subscripts and superscripts in the state elements
and write the system state vector as:

x = [
sT bT

g vT bT
a pT pT

f

]T

The VINS model (see (2)–(7), (16)–(17), and (23)) is
expressed in input-affine form as:⎡⎢⎢⎢⎢⎢⎢⎣

ṡ
ḃg

v̇
ḃa

ṗ
ṗf

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
−D bg

03×1

g − CT ba

03×1

v
03×1

⎤⎥⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

f0

+

⎡⎢⎢⎢⎢⎢⎢⎣
D
03

03

03

03

03

⎤⎥⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

f1

ω +

⎡⎢⎢⎢⎢⎢⎢⎣
03

03

CT

03

03

03

⎤⎥⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

f2

a (25)

z = 1

pz

[
px

py

]
, where

⎡⎣px

py

pz

⎤⎦ = I pf = C
(
pf − p

)
(26)

and C � C( s). Note that f0 is an 18 × 1 vector, while f1

and f2 are both 18 × 3 matrices which is a compact way of
representing three process functions:

f1ω = f11 · ω1 + f12 · ω2 + f13 · ω3

f2a = f21 · a1 + f22 · a2 + f23 · a3

Using this model, we define the bases for this system by
applying the conditions of Theorem 4.1. Specifically, we
(a) select β1 as the measurement function z, and (b) recur-

sively determine the remaining bases so that
∂βj
∂x · fi can be

expressed in terms of β for all the process functions. Note
also that the definition of the bases is not unique, any basis
functions that satisfy the conditions of Theorem 4.1 span
the same space.

The first basis is defined as the measurement function:

β1 � h (x) = 1

pz

[
px

py

]
In order to compute the remaining basis elements, we must
ensure that the properties of Theorem 4.1 are satisfied. We
do so by applying C2 to β1.

5.2.1. Satisfying condition C2 of Theorem 4.1 for β1 We
start by computing the span of β1 with respect to x, i.e.

∂β1

∂x
=
[

∂β1
∂θ

∂θ
∂s

∂β1
∂bg

∂β1
∂v

∂β1
∂ba

∂β1
∂p

∂β1
∂pf

]
=
[

1
pz

0 − px
p2

z

0 1
pz

− py

p2
z

]
︸ ︷︷ ︸

∂h
∂Ipf

[�I pf ×� ∂θ
∂s 03 03 03 − C C

]
︸ ︷︷ ︸

∂Ipf
∂x

(27)

where ∂θ
∂s = D−1 (see (24)). Once the span of the first basis

function β1 is obtained, we project it onto all the process
functions, f0, f1, and f2 (see (25)), in order to determine
the other basis functions that satisfy condition C2 of The-
orem 4.1. During this procedure, our aim is to ensure that
every term in the resulting product is a function of the exist-
ing basis elements. Whenever a term cannot be expressed
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by the previously defined basis functions, we incorporate it
as a new basis function.

Specifically, beginning with the projection of ∂β1
∂x along

f0 we obtain

∂β1

∂x
· f0 =

[
1
pz

0 − px
p2

z

0 1
pz

− py

p2
z

] (−�I pf ×�bg − C v
)

= [
I2 −β1

] (−�
[
β1

1

]
×�bg − 1

pz
C v

)
(28)

This is a function of β1 and of other elements of the state x,
namely bg and v, as well as of functions of x, which are 1/pz
and C. Hence, in order to satisfy C2, we must define new
basis elements, which we select as physically interpretable
quantities:

β2 � 1

pz
(29)

β3 � C v

β4 � bg

where β2 is the inverse depth to the point, β3 is the velocity
expressed in the local frame, and β4 is the gyroscope bias.
Rewriting (28) using these definitions we have:

∂β1

∂x
· f0 �

[
I2 −β1

] (−�
[
β1

1

]
×�β4 − β2 β3

)
Note that later on we will need to ensure that the properties
of Theorem 4.1 are also satisfied for these new elements,
β2, β3, and β4, but first we examine the projections of the
span of β1 along f1 and f2.

The projections of ∂β1
∂x along the three directions of f1

(i.e. f1ei, i = 1, 2, 3, where
[
e1 e2 e3

] = I3) are

∂β1

∂x
· f1ei =

[
1
pz

0 − px
p2

z

0 1
pz

− py

p2
z

]
�I pf ×�ei

= [
I2 −β1

] �[β1

1

]
×�ei, i = 1, 2, 3 (30)

Note that in this case no new basis functions need to be
defined since (30) already satisfies condition C2 of Theo-
rem 4.1. Lastly, the projections of ∂β1

∂x along the f2 directions
are

∂β1

∂x
· f2ei = 02×1, i = 1, 2, 3

Hence, by adding the new basis elements β2, β3, and β4,
we ensure that the properties of Theorem 4.1 are fulfilled
for β1. To make the newly defined basis functions, β2, β3,
and β4, satisfy condition C2, we proceed by projecting their
spans on the process functions.

5.2.2. Satisfying condition C2 of Theorem 4.1 for β2 The
derivative of β2 (see (29)) with respect to the state is:

∂β2

∂x
= − 1

p2
z

eT
3

[�I pf ×� ∂θ
∂s 03 03 03 −C C

]
(31)

Projecting (31) along f0 we obtain

∂β2

∂x
· f0 = − 1

p2
z

eT
3

(−�Gpf ×�bg − C v
)

= −β2eT
3

(
−�
[
β1

1

]
×�β4 − β2 β3

)
which is a function of only the currently enumerated basis
elements.

We also project ∂β2
∂x along the remaining input directions,

i.e. fj ei, j = 1, 2, i = 1, 2, 3.

∂β2

∂x
· f1ei = − 1

p2
z

eT
3�Gpf ×�ei

= −β2eT
3�
[
β1

1

]
×�ei, i = 1, 2, 3 (32)

∂β2

∂x
· f2ei = 0, i = 1, 2, 3

which does not admit any new basis elements. Thus, we
see that β2 fulfills the properties of Theorem 4.1 without
requiring us to define any new basis elements.

5.2.3. Satisfying condition C2 of Theorem 4.1 for β3 Fol-
lowing the same procedure again, we compute the span of
β3 with respect to x:

∂β3

∂x
= [�C v ×� ∂θ

∂s 03 C 03 03 03

]
(33)

and then the projection of (33) along the input direction f0

∂β3

∂x
· f0 = −�C v ×�bg + C g − ba

� −�β3 ×�β4 + β5 − β6

where we assign two new basis elements, i.e.

β5 � C g

β6 � ba

Note again that we selected physically interpretable func-
tions: (a) β5 is the gravity vector expressed in the local
frame, and (b) β6 is the accelerometer bias. The projections
of (33) along fj ei, j = 1, 2, i = 1, 2, 3, are

∂β3

∂x
· f1ei = �C v ×�ei = �β3 ×�ei, i = 1, 2, 3

∂β3

∂x
· f2ei = I3ei = ei, i = 1, 2, 3

which do not produce additional bases.

5.2.4. Satisfying condition C2 of Theorem 4.1 for β4 We
proceed by examining the span of β4 with respect to x, i.e.

∂β4

∂x
= [

03 I3 03 03 03 03
]

(34)
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with corresponding projections

∂β4

∂x
· f0 = 03×1

∂β4

∂x
· fjei = 03×1, j = 1, 2, i = 1, 2, 3

We note here that no additional basis elements are pro-
duced.

5.2.5. Satisfying condition C2 of Theorem 4.1 for β5 The
derivative of β5 with respect to x is:

∂β5

∂x
= [�C g ×� ∂θ

∂s 03 03 03 03 03

]
(35)

Projecting (35) along the input directions, we obtain

∂β5

∂x
· f0 = −�C g ×�bg = −�β5 ×�β4

∂β5

∂x
· f1ei = �C g ×�ei = �β5 ×�ei, i = 1, 2, 3

∂β5

∂x
· f2ei = 03×1, i = 1, 2, 3

All of these are either a function of the existing basis ele-
ments, or are equal to zero, and thus we do not need to
define any additional bases.

5.2.6. Satisfying condition C2 of Theorem 4.1 for β6

Lastly, we examine the span of the remaining basis element
β6, i.e.

∂β6

∂x
= [

03 03 03 I3 03 03
]

(36)

The projections of (36) along the input directions are

∂β6

∂x
· f0 = 03×1

∂β6

∂x
· fjei = 03×1, j = 1, 2, i = 1, 2, 3

which do not produce any additional basis elements.
At this point, we have proved that the conditions C1 and

C2 of Theorem 4.1 are satisfied for all of the basis elements;
hence, we have defined a complete basis set for the VINS
model:

β1 = h (x) (37)

β2 = 1

pz
(38)

β3 = C v (39)

β4 = bg (40)

β5 = C g (41)

β6 = ba (42)

These correspond to the landmark projection on the image
plane (37), the inverse depth to the landmark (38), the

velocity expressed in the local frame (39), the gyro
bias (40), the gravity vector expressed in the local
frame (41), and the accelerometer bias (42). Based on
Theorem 4.1, the resulting system in the basis functions
(see (21)) is:⎡⎢⎢⎢⎢⎢⎢⎣

β̇1
β̇2
β̇3
β̇4
β̇5
β̇6

⎤⎥⎥⎥⎥⎥⎥⎦=

⎡⎢⎢⎢⎢⎢⎢⎣

¯̄β1

(−�β̄1 ×�β4 − β2 β3

)
β2eT

3

(�β̄1 ×�β4 + β2 β3

)
−�β3 ×�β4 + β5 − β6

03×1

−�β5 ×�β4
03×1

⎤⎥⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

g0

+

⎡⎢⎢⎢⎢⎢⎢⎣

¯̄β1�β̄1 ×�
−β2eT

3 �β̄1 ×�
�β3 ×�

03

�β5 ×�
03

⎤⎥⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

g1

ω+

⎡⎢⎢⎢⎢⎢⎣
02×3

01×3

I3

03

03

03

⎤⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

g2

a

y = β1, (43)

where β̄1 = [
βT

1 1
]T

denotes β1 expressed as a 3 × 1

homogeneous vector, and ¯̄β1 = [
I2 −β1

]
. In the next sec-

tion, we will show that system (43) is observable by proving
its observability matrix 	 is of full column rank. Therefore,
the basis functions β1 to β6 correspond to the observable
modes of system (25)–(26), and the system model (43)
governs the time evolution of the observable state.

5.3. Determining the system’s observability
matrix and its unobservable directions

Based on Theorem 4.1, the observability matrix O of the
VINS model (see (25)) is the product of the observabil-
ity matrix 	 of system (43) with the matrix B comprising
the derivatives of the basis functions. In what follows, we
first prove that matrix 	 is of full column rank. Then, we
find the nullspace of matrix B, which according to Theo-
rem 4.1 corresponds to the unobservable directions of the
VINS model.

Lemma 5.1: System (43) is observable.

Proof: See Appendix B.
Since system (43) is observable, based on Theorem 4.1,

we can find the unobservable directions of system (25) from
the nullspace of matrix B.

Theorem 5.2: The VINS model (25) is unobservable, and
its unobservable sub-space is spanned by four directions
(see (45)) corresponding to the IMU-camera global posi-
tion and its rotation around the gravity vector in the global
frame.

Proof: System (43) satisfies the conditions of Theorem 4.1.
Therefore, null(O) = null( B), which spans the unobserv-
able subspace of the original system (25). Stacking the
derivatives of the basis functions with respect to the vari-
able x, the matrix B can be written as (see (27), (31), (33),
(34), (35), and (36)):

B=

⎡⎢⎢⎢⎣
ζ 03 03 03 03

03 I3 03 03 03

03 03 I3 03 03

03 03 03 I3 03

03 03 03 03 I3

⎤⎥⎥⎥⎦
︸ ︷︷ ︸

B1

⎡⎢⎢⎢⎢⎣
�I pf ×� ∂θ

∂s 03 03 03 −C C
�C v ×� ∂θ

∂s 03 C 03 03 03

03 I3 03 03 03 03

�C g ×� ∂θ
∂s 03 03 03 03 03

03 03 03 I3 03 03

⎤⎥⎥⎥⎥⎦
︸ ︷︷ ︸

B2

(44)
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where we have factorized B = B1B2 to further simplify
the proof, and, for conciseness, we have denoted the first
subblock of B1 as

ζ =

⎡⎢⎣
1
pz

0 − px
p2

z

0 1
pz

− py

p2
z

0 0 − 1
p2

z

⎤⎥⎦
It is easy to verify that B1 is full rank, since it is comprised
of block-diagonal identity matrices, as well as the 3 × 3
upper-triangular matrix ζ , which is itself full rank (since
1
pz

	= 0). Hence, we can study the unobservable modes of
VINS by examining the right nullspace of B2.

The 15 × 18 matrix B2 is rank deficient by exactly four,
and these four unobservable modes are spanned by the
columns of the following matrix

N =

⎡⎢⎢⎢⎢⎢⎢⎣
03

∂s
∂θ

C g
03 03×1

03 −�v ×�g
03 03×1

I3 −�p ×�g
I3 −�pf ×�g

⎤⎥⎥⎥⎥⎥⎥⎦ (45)

By multiplying B2 from the right with N, it is straightfor-
ward to verify that N is indeed the right nullspace of B2

(see (44) and (45)). We note that the first three columns
of N correspond to globally translating the feature and the
IMU-camera sensor pair together, while the fourth column
corresponds to global rotations about the gravity vector.

We further prove that there are no additional right
nullspace directions by showing that the 15 × 18 matrix B2

has rank 14 (note that if B2 had five or more right nullspace
directions, then it would be of rank 13 or less). To do so, we
examine the left nullspace of B2. Specifically, we postulate
that B2 has a left nullspace comprising the block elements
M1, . . . , M5, i.e.

0 = [M1 M2 M3 M4 M5]

⎡⎢⎢⎢⎢⎢⎣
�I pf ×� ∂θ

∂s 03 03 03 −C C

�C v ×� ∂θ
∂s 03 C 03 03 03

03 I3 03 03 03 03
�C g ×� ∂θ

∂s 03 03 03 03 03
03 03 03 I3 03 03

⎤⎥⎥⎥⎥⎥⎦
Based on the relationships involving the second and fourth
block columns of B2, we see that M3I3 = 0 and M5I3 = 0,
which can only hold if both M3 and M5 are zero. From the
third and sixth columns of B2 we see that M2C = 0 and
M1C = 0, which again can only hold if M1 and M2 are
zero, since the rotation matrix C is full rank. Thus far, the
only potentially nonzero element in the left nullspace of B2

is M4. By writing the relationship involving the first block
column of B2, we obtain

M4�C g ×�∂θ

∂s
= 0

The matrix ∂θ
∂s is full rank, hence, the only nonzero M4

which can satisfy this relationship is

M4 = ± (C g)T

Therefore, we conclude that B2 has a one dimensional left
nullspace, i.e.

M = [
01×3 01×3 01×3 (C g)T 01×3

]
(46)

Since B2 is a matrix of dimensions 15×18 with exactly one
left null vector (see (46)), it is of rank 14. Applying this fact
to determine the dimension of the right nullspace, we see
that the right nullspace comprises 18 − 14 = 4 directions,
which are spanned by N [see (45)]. �

6. Observability-constrained VINS

Whereas in the previous section we concerned ourselves
with the properties of the underlying nonlinear system,
here we analyze the observability properties of the lin-
earized system employed for estimation purposes. When
using a linearized estimator, such as the EKF, errors in lin-
earization while evaluating the system and measurement
Jacobians change the directions in which information is
acquired by the estimator.2 We postulate that if this infor-
mation mistakingly lies along unobservable directions, it
can lead to larger errors, erroneously smaller uncertain-
ties, and inconsistency. We first analyze this issue, and
subsequently, present an Observability-Constrained VINS
(OC-VINS) that explicitly adheres to the observability
properties of VINS.

The observability matrix (Maybeck 1979) is defined as a
function of the linearized measurement model, H, and the
discrete-time state transition matrix, �, which are in turn
functions of the linearization point, x, i.e.

M (x) =

⎡⎢⎢⎢⎣
H1

H2�2,1
...

Hk�k,1

⎤⎥⎥⎥⎦ (47)

where �k,1 � �k−1,k−2 · · ·�2,1 is the state transition matrix
from time step 1 to k. In Hesch et al. (2012a), we show that
�k+1,k (see (14)) has the following block structure:

�k+1,k =
[
�R

k+1,k 015×3N

03N×15 I3N

]
(48)

with �R
k+1,k =

⎡⎢⎢⎢⎢⎣
�11 �12 03 03 03

03 I3 03 03 03

�31 �32 I3 �34 03

03 03 03 I3 03

�51 �52 δtI3 �54 I3

⎤⎥⎥⎥⎥⎦
To simplify the discussion, we consider a single landmark
in the state vector (i.e. N = 1), and write the first block row
of M (x) as (see (19))

H1 = Hc1 C
(I1 q̄G

)
·
[
�Gpf − GpI1 ×�C

(
I1 q̄G

)T
03 03 03 −I3 I3

]
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where I1 q̄G, denotes the rotation of {G} with respect to frame
{I} at time step 1, and for the purposes of the observability
analysis, all the quantities appearing in the previous expres-
sion are the true ones. As shown in Hesch et al. (2012a), the
kth block row, for k > 1, is of the form:

Hk�k,1 = Hck C
(I q̄Gk

) [
ϒk Dk −I3δtk−1 Ek −I3 I3

]
(49)

where

ϒk = �Gpf − GpI1 − GvI1δtk−1 + 1

2
Ggδt2k−1 ×�C

(
I1 q̄G

)T

δtk−1 =( k − 1) δt

We note that in (49) Dk and Ek are both time-varying
matrices, which do not affect the observability properties.

It is straightforward to verify that the right nullspace of
M (x) spans four directions, i.e.

M (x) N1 = 0 (50)

N1 =

⎡⎢⎢⎢⎢⎢⎢⎣
03 C

(
I1 q̄G

)
Gg

03 03×1

03 −�GvI1 ×�Gg
03 03×1

I3 −�GpI1 ×�Gg
I3 −�Gpf ×�Gg

⎤⎥⎥⎥⎥⎥⎥⎦
= [

Nt1 | Nr1

]
(51)

where Nt1 corresponds to global translations and Nr1 corre-
sponds to global rotations about the gravity vector, which
are the same as those of the nonlinear system.3

Ideally, any estimator we employ should correspond to a
system with an unobservable subspace that matches these
directions, both in number and structure. However, when
linearizing about the estimated state x̂, M

(
x̂
)

gains rank
due to errors in the state estimates across time (Hesch et al.
2012a). Hence, the linearized system used by the EKF has
different observability properties than the nonlinear system
it approximates, which leads to the acquisition of nonexis-
tent information about global rotations around the gravity
vector (yaw). To address this problem and ensure that (51)
is satisfied for every block row of M when the state esti-
mates are used for computing H�, and ��,1, � = 1, . . . , k,
we must ensure that H���,1N1 = 0, � = 1, . . . , k (see (47)
and (50)).

One way to enforce this is by requiring that at each time
step, ��+1,� and H� satisfy the following conditions:

N�+1 = ��+1,�N� (52)

H�N� = 0, � = 1, . . . , k (53)

where N�, � ≥ 1 is computed analytically (see (54),
(55), and Hesch et al. (2012a)). This can be accomplished
by appropriately modifying ��+1,� and H� following the
process described in the next section.

6.1. OC-VINS: Algorithm description

Hereafter, we present our OC-VINS algorithm which
enforces the observability constraints dictated by the VINS
system structure. Rather than changing the linearization
points explicitly (e.g. as in Huang et al. (2008)), we main-
tain the nullspace, Nk , at each time step, and use it to
enforce the unobservable directions. We refer to the first set
of block rows of Nk as the nullspace corresponding to the
robot state, which we term NR

k , whereas the last block row
of Nk is the nullspace corresponding to the feature state, i.e.
Nf

k . Specifically, the 15 × 4 nullspace sub-block, NR
k , cor-

responding to the robot state is analytically defined as (see
(51) and Hesch et al. (2012a)):

NR
1 =

⎡⎢⎢⎢⎢⎢⎣
03 C

(
I ˆ̄qG,1|1

)
Gg

03 03×1

03 −�Gv̂I,1|1 ×�Gg
03 03×1

I3 −�Gp̂I,1|1 ×�Gg

⎤⎥⎥⎥⎥⎥⎦

NR
k =

⎡⎢⎢⎢⎢⎢⎣
03 C

(
I ˆ̄qG,k|k−1

)
Gg

03 03×1

03 −�Gv̂I,k|k−1 ×�Gg
03 03×1

I3 −�Gp̂I,k|k−1 ×�Gg

⎤⎥⎥⎥⎥⎥⎦ = [
NR

t,k | NR
r,k

]
(54)

The 3 × 4 nullspace sub-block, Nf
k , corresponding to the

feature state, is a function of the feature estimate at time t�
when it was initialized, i.e.

Nf
k = [

I3 −�Gp̂f�|� ×�Gg
]

. (55)

6.1.1. Modification of the state transition matrix � During
the propagation step, we must ensure that (52) is satisfied.
We expand (52) by substituting the definitions of the state
transition matrix (48) and the nullspace for both the robot
state (54) and the feature (55), i.e.

Nk+1 = �k+1,kNk

⇔
[

NR
k+1

Nf
k+1

]
=
[
�R

k+1,k 015×3

03×15 I3

] [
NR

k

Nf
k

]
which, after multiplying out, provides two relationships that
should be satisfied:

NR
k+1 = �R

k+1,k NR
k (56)

Nf
k+1 = Nf

k (57)

From the definition of Nf
k (see (55)), it is clear that (57)

holds automatically, and does not require any modification
of �k+1,k . However, (56) will in general not hold, and hence
it requires changing �R

k+1,k such that NR
k+1 = �R

k+1,k NR
k .

In order to determine which elements of �R
k+1,k should

be modified to satisfy (56), we further analyze the struc-
ture of this constraint. To do so, we partition NR

k into two
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components: (a) the first three columns corresponding to
the unobservable translation, NR

t,k , and (b) the fourth col-
umn corresponding to the unobservable rotation about the
gravity vector, NR

r,k (see (51)). We rewrite (56) based on this
partitioning to obtain:

NR
k+1 = �R

k+1,k NR
k

⇔ [
NR

t,k+1 NR
r,k+1

] = �R
k+1,k

[
NR

t,k NR
r,k

]
which is equivalent to satisfying the following two relation-
ships simultaneously, i.e.

NR
t,k+1 = �R

k+1,k NR
t,k (58)

NR
r,k+1 = �R

k+1,k NR
r,k (59)

Treating these in order, we see that (58) is automatically
satisfied, since every block row results in 03 = 03 or I3 =
I3, i.e.

NR
t,k+1 = �R

k+1,k NR
t,k

⇔

⎡⎢⎢⎢⎢⎣
03

03

03

03

I3

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
�11 �12 03 03 03

03 I3 03 03 03

�31 �32 I3 �34 03

03 03 03 I3 03

�51 �52 δtI3 �54 I3

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

03

03

03

03

I3

⎤⎥⎥⎥⎥⎦
We proceed by expanding the second relationship element-
wise (see (59)) and we obtain

NR
r,k+1 = �R

k+1,k NR
r,k ⇔⎡⎢⎢⎢⎢⎢⎣

C
(

I ˆ̄qG,k+1|k
)

Gg

03×1

−�Gv̂I ,k+1|k ×�Gg
03×1

−�Gp̂I ,k+1|k ×�Gg

⎤⎥⎥⎥⎥⎥⎦=

⎡⎢⎢⎢⎣
�11 �12 03 03 03

03 I3 03 03 03

�31 �32 I3 �34 03

03 03 03 I3 03

�51 �52 δtI3 �54 I3

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣

C
(

I ˆ̄qG,k|k−1

)
Gg

03×1

−�Gv̂I ,k|k−1 ×�Gg
03×1

−�Gp̂I ,k|k−1 ×�Gg

⎤⎥⎥⎥⎥⎥⎦
From the first block row we have that

C
(

I ˆ̄qG,k+1|k
)

Gg = �11C
(

I ˆ̄qG,k|k−1

)
Gg

⇒ �11 = C
(

I,k+1|k ˆ̄qI,k|k−1

)
(60)

The requirements for the third and fifth block rows are:

�31C
(

I ˆ̄qG,k|k−1

)
Gg = �Gv̂I,k|k−1 ×�Gg − �Gv̂I,k+1|k ×�Gg

(61)

�51C
(

I ˆ̄qG,k|k−1

)
Gg = δt�Gv̂I,k|k−1 ×�Gg + �Gp̂I,k|k−1 ×�Gg

− �Gp̂I,k+1|k ×�Gg (62)

both of which are of the form Au = w, where u and w com-
prise nullspace elements that are fixed (see (54)), and we
seek to find a perturbed A∗, for A = �31 and A = �51,

that fulfills the constraint. To compute the minimum pertur-
bation, A∗, of A, we formulate the following minimization
problem

min
A∗ ||A∗ − A||2F , s.t. A∗u = w (63)

where || · ||F denotes the Frobenius matrix norm. After
employing the method of Lagrange multipliers, and solv-
ing the corresponding KKT optimality conditions (Boyd
and Vandenberghe 2004), the optimal A∗ that fulfills (63)
is:

A∗ = A−( Au − w) ( uTu)−1 uT (64)

In summary, satisfying (52) only requires modify-
ing three block elements of �k during each propaga-
tion step. Specifically, we compute the modified �11

from (60), and �31 and �51 from (63)–(64) and con-
struct the observability-constrained discrete-time state tran-
sition matrix. We then proceed with covariance propagation
(see (15)).

6.1.2. Modification of the measurement Jacobian H Dur-
ing each update step, we seek to satisfy (53), i.e. HkNk = 0.
Based on (19), (54), and (55) we can write this relationship
per feature as

Hc

[
Hθ 03×9 Hp | Hf

]
⎡⎢⎢⎢⎢⎢⎢⎢⎣

03 C
(

I ˆ̄qG,k|k−1

)
Gg

03 03×1

03 −�Gv̂I,k|k−1 ×�Gg
03 03×1

I3 −�Gp̂I,k|k−1 ×�Gg
I3 −�Gp̂f�|� ×�Gg

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= 0

(65)

The first block column of (65) requires that Hf = −Hp.
Hence, we rewrite the second block column of (65) as

Hc

[
Hθ Hp

] [ C
(

I ˆ̄qG,k|k−1

)
Gg(�Gp̂f�|� ×� − �Gp̂I,k|k−1 ×�) Gg

]
= 0

This is a constraint of the form Au = 0, where u is a
fixed quantity determined by elements in the nullspace, and
A comprises elements of the measurement Jacobian Hk .
We compute the optimal A∗ that satisfies this relationship
using (63)–(64), which is a special case of this optimization
problem when w = 0. After computing the optimal A∗, we
recover the Jacobian as

HcHθ = A∗
1:2,1:3 (66)

HcHp = A∗
1:2,4:6 (67)

HcHf = −A∗
1:2,4:6 (68)

where the subscripts (i:j, m:n) denote the matrix sub-block
spanning rows i to j, and columns m to n. After computing
the modified measurement Jacobian, we proceed with the
filter update as described in Section 3.2.
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6.2. Application to the MSC-KF

The MSC-KF (Mourikis and Roumeliotis 2007) is a VINS
that performs tightly coupled visual-inertial odometry over
a sliding window of M poses, while maintaining linear com-
plexity in the number of observed features. The key advan-
tage of the MSC-KF is that it exploits all the constraints for
each feature observed by the camera over M poses, with-
out requiring to build a map or estimate the features as part
of the state vector. We hereafter describe how to apply our
OC-VINS methodology to the MSC-KF.

Each time the camera records an image, the MSC-
KF creates a stochastic clone (Roumeliotis and Burdick
2002) of the sensor pose. This enables the MSC-KF to
use delayed image measurements; in particular, it allows
all of the observations of a given feature pfi to be pro-
cessed during a single update step (when the first pose
that observed the feature is about to be marginalized).
Every time the current pose is cloned, we also clone the
corresponding nullspace elements to obtain an augmented
nullspace, i.e.

Naug
k =

[
Nk

Nk,clone

]

where Nk,clone =
[

03 C
(

I ˆ̄qG,k|k−1

)
Gg

I3 −�Gp̂I,k|k−1 ×�Gg

]

During propagation, the current state estimate evolves
forward in time by integrating (8)–(13), while the cur-
rent clone poses are static. Moreover, we employ (60) and
solve in closed form the optimization problem (63) for
the constraints (61)–(62), using (64), so as to compute
the observability-constrained discrete-time state transition
matrix �k+1,k , and propagate the covariance as

Paug
k+1|k = �

aug
k+1,kPaug

k|k �
augT
k+1,k +

[
Qk 015×6M

06M×15 06M

]
�

aug
k+1,k =

[
�k+1,k 015×6M

06M×15 I6M

]

where Paug
i|j denotes the covariance of the augmented state

corresponding to M cloned poses, along with the current
state.

During the MSC-KF update step, we process all measure-
ments of the features observed by the M th clone (i.e. the one
about to be marginalized from the sliding window of poses).
We use (66)–(68) to compute the observability-constrained
measurement Jacobian, Ĥk , for each measurement and
stack all observations of the ith feature across M time steps
into a large measurement vector⎡⎢⎣ z̃k

...
z̃k−M

⎤⎥⎦=

⎡⎢⎣ Hk
...

Hk−M

⎤⎥⎦[x̃aug

p̃f

]
+

⎡⎢⎣ ηk
...

ηk−M

⎤⎥⎦=Hxx̃aug + Hf p̃f + η

(69)

Fig. 2. (a) Camera-IMU trajectory and 3D features. (b) Errors
(lines with markers) and 3σ bounds (lines without markers) for
the rotation about the gravity vector, for the three filters, plotted
for a single run. Note that the errors and 3σ bounds corresponding
to the ideal VINS and the proposed OC-VINS are almost identical
which makes it difficult to distinguish the corresponding lines in
the figure.

where Hx and Hf are the Jacobians corresponding to the
augmented state vector x̃aug, and to the feature, respectively.
To avoid including pf into the state, we marginalize it by
projecting (69) onto the left nullspace of Hf , which we term
W. This yields

WTz̃ = WTHxx̃aug + WTη ⇒ z̃′ = H′
xx̃aug + η′,

which we employ to update the state estimate and covari-
ance using the standard EKF update equations (Mourikis
and Roumeliotis 2007).

7. Simulations

We conducted Monte-Carlo simulations to evaluate the
impact of the proposed OC-VINS method on estimator
consistency. We compared its performance to the standard
VINS (Std-VINS), as well as the ideal VINS that linearizes
about the true state. Since the ideal VINS has access to the
true state, it is not realizable in practice, but we included
it here as a baseline comparison. Specifically, we com-
puted the Root Mean Squared Error (RMSE) and Normal-
ized Estimation Error Squared (NEES) over 100 trials in
which the camera-IMU platform traversed a circular trajec-
tory of radius 5 m at an average velocity of 60 cm/s. The
camera had 45◦ field of view, with σpx = 1px, while the
IMU was modeled with MEMS-quality sensors. The cam-
era observed visual features distributed on the interior wall
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(a) (b)

(c) (d)

Fig. 3. The RMSE and NEES errors for position and orientation plotted for all three filters, averaged per time step over 100 Monte
Carlo trials. Note that the RMSE and NEES errors, for orientation (left), corresponding to the ideal VINS and the proposed OC-VINS
are almost identical which makes it difficult to distinguish the corresponding lines in the figure.

of a circumscribing cylinder with radius 6 m and height 2
m (see Figure 2(a)). The effect of inconsistency during a
single run is depicted in Figure 2(b). The error and cor-
responding 3σ bounds of uncertainty are plotted for the
rotation about the gravity vector. It is clear that the Std-
VINS gains spurious information, hence reducing its 3σ

bounds of uncertainty, while the Ideal-VINS and the OC-
VINS do not. The Std-VINS becomes inconsistent during
this run as the orientation errors fall outside of the uncer-
tainty bounds, while both the Ideal-VINS and the OC-VINS
remain consistent. Figure 3 displays the RMSE and NEES,
in which we observe that the OC-VINS achieves orienta-
tion accuracy and consistency levels similar to the ideal,
while significantly outperforming the Std-VINS. Similarly,
the OC-VINS obtains better positioning accuracy compared
to the Std-VINS.

8. Experimental results

In order to validate the proposed OC-VINS, we applied
our method to the MSC-KF using real data. We hereafter
provide a short overview of the system implementation,
along with a discussion of the experimental results.

8.1. Implementation remarks

Short-term features are extracted from images using
the Shi–Tomasi corner detector (Shi and Tomasi 1994).
After acquiring image k, it is inserted into a sliding win-
dow buffer of M images, {k − M + 1, k − M + 2, . . . , k}.

We then extract features from the first image in the win-
dow and track them pairwise through the window using
the KLT tracking algorithm (Lucas and Kanade 1981).
To remove outliers from the resulting tracks, we use a
two-point-RANSAC algorithm to find the essential matrix
between successive frames (Kneip et al. 2011). Specifi-
cally, given the filter’s estimated rotation between image i
and j, i ˆ̄qj (using the gyroscope measurements), we compute
the essential matrix, which now has only two DOF, from
only two feature correspondences, i.e. iξT Ejξ = 0, where
iξ is the unit-norm vector of a feature at time step i, and
E � �iρj ×�C( i ˆ̄qj), where iρj is the two DOF direction of
motion between camera poses i and j. This approach is more
robust than the five-point algorithm (Nistér 2003) because
it provides 2 solutions for the essential matrix rather than
up to 10, and as it requires only 2 data points, it reaches a
consensus with fewer hypotheses when used in a RANSAC
framework.

At every time step, the robot poses corresponding to the
last M images are kept in the state vector, as described in
Roumeliotis and Burdick (2002). Before marginalizing a
pose, all the features that first appeared at the oldest aug-
mented robot pose, are processed following the MSC-KF
approach, as discussed in Section 3.2.

8.2. Experimental evaluation

Experiments were performed with a PointGrey Chameleon4

camera and a Navchip IMU5 which are rigidly attached on
a light-weight sensing platform (see Figure 4). For both
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Fig. 5. Experiment 1: (a) The estimated uncertainty in yaw computed by the Std-VINS and OC-VINS methods. (b) An x–y view of the
trajectory which covered 550 m over three floors. (c) A 3D side view of the trajectory.

Fig. 4. The hardware setup comprises a miniature monochrome
Point Grey Chameleon camera recording images at 7.5 Hz, and a
rigidly attached InterSense NavChip IMU operating at 100 Hz. A
coin (US dime, radius 1.8 cm) is included as a size reference.

experiments, IMU signals were sampled at a frequency of
100 Hz while camera images were acquired at 7.5 Hz. Fea-
tures were tracked using a window of M = 20 images. In
the first experiment, the platform traveled a total distance of
550 m over three floors of Walter Library at the University
of Minnesota, traversing regions with a variety of lighting
conditions, containing areas that were both rich and poor in
distinctive features, and passing through both crowded and
empty scenes. A video demonstrating the robustness of the
proposed algorithm, can be found in Extension 1, accom-
panying the present paper. At the end of the trajectory, the
sensing platform was placed back in its original configura-
tion, so as to provide a quantitative characterization of the
achieved accuracy.

For the Std-VINS the final position error was 5.33 m,
while the OC-VINS achieved a final error of 4.60 m, cor-
responding to 0.97% and 0.83% of the total distance trav-
elled, respectively (see Figure 5). In addition, the estimated
covariances from the Std-VINS are smaller than those from
the OC-VINS (see Figure 6). Furthermore, uncertainty esti-
mates from the Std-VINS decreased in directions that are
unobservable (i.e. rotations about the gravity vector); this
violates the observability properties of the system and
demonstrates that spurious information is injected into the
filter.

Figure 5(a) highlights the difference in estimated yaw
uncertainty between the OC-VINS and the Std-VINS. In
contrast to the OC-VINS, the Std-VINS covariance rapidly
decreases, violating the observability properties of the sys-
tem. Similarly, large differences can be seen in the covari-
ance estimates for the x- and y-position estimates (see Fig-
ure 6(a) and (b)). The Std-VINS estimates a much smaller
uncertainty than the OC-VINS, supporting the claim that
Std-VINS tends to be inconsistent.

The second experiment was conducted on the fifth floor
of Keller Hall at the University of Minnesota, for which
the floor plans are available, over a trajectory of 144 m.
The IMU-camera sensor platform was initially aligned with
the walls, so that the comparison of the estimated tra-
jectory with the floor plans can provide strong qualita-
tive evidence of the filter’s improvement in accuracy and
consistency. As evident from Figures 7 and 8, the Std-
VINS erroneously injects information along the global yaw
direction, which results in an infeasible trajectory when
overlaid on the building’s blueprint (i.e. the path passes
through the walls). Both Std-VINS and OC-VINS achieved
final accuracy smaller than 0.5% of the total distance trav-
elled. However, as evident from the overlay of the esti-
mated trajectories on the floor plan, the violation of the
correct observability properties from the Std-VINS, leads
to inconsistent yaw estimates which cause significant posi-
tion errors, especially at the parts of the trajectory that are
farthest from the starting point (see Figures 7(a) and (b)).

9. Conclusion and future work

In this work, we studied the observability properties of
VINS, and leveraged our key results for mitigating filter
inconsistency and improving the performance of linearized
estimators. To do so, we first introduced a new method for
determining the unobservable modes of a nonlinear sys-
tem. In particular, and in contrast to previous approaches
that require considering the infinitely many block rows of
the observability matrix, we employ a set of auxiliary vari-
ables (basis functions) to achieve a factorization of the
observability matrix, and hence a decomposition of the
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Fig. 6. Experiment 1: The estimated uncertainties for the Std-VINS and OC-VINS estimators computed for the x-, y-, and z-axes of
position. We note that because Std-VINS is overconfident in its yaw estimate, it also becomes overconfident along the x- and y-axes
since the horizontal positioning uncertainty is coupled with the global yaw uncertainty.

Fig. 7. Experiment 2: (a) The estimated uncertainty in yaw computed by the Std-VINS and OC-VINS methods. (b) Overhead x-y view
of the trajectory, projected on the building’s floor plans. The Std-VINS violation of the correct observability properties results in an
infeasible trajectory (i.e. passing through walls), while the Std-VINS remains consistent with the ground truth floor drawings.

Fig. 8. Experiment 2: The estimated uncertainties for the Std-VINS and OC-VINS estimators computed for the x-, y-, and z-axes of
position.

original system into observable and unobservable modes.
Using this approach, the observability matrix of the result-
ing (reduced) unobservable system has a bounded number
of rows which greatly simplifies the process for computing
all its unobservable modes, and thus those of the original
system.

Next, we applied this method to the VINS state
model and derived the analytical form of the unobservable

directions of the nonlinear system. Furthermore, we showed
that these coincide with the unobservable directions of the
linearized system, when linearization is performed around
the true state. In practice, however, when the system is
linearized about the state estimates, the observability prop-
erties are violated, allowing spurious information to enter
into the estimator and leading to inconsistency. To address
this issue, we employed our analysis for improving the
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consistency and accuracy of VINS. In particular, we explic-
itly enforced the correct observability properties (in terms
of number and structure of the unobservable directions)
by performing simple modifications of the system and
measurement Jacobians. Finally, we presented both simu-
lation and experimental results that validate the superior
performance and improved consistency of the proposed
observability-constrained estimator.

In our future work, we are interested in analyzing addi-
tional sources of estimator inconsistency in VINS such as
the existence of multiple local minima.
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Notes

1. As defined in Bar-Shalom et al. (2001), a state estimator is
consistent if the estimation errors are zero-mean and have
covariance equal to the one calculated by the filter.

2. The same phenomenon occurs in other estimation frameworks
such as batch least-squares, unless the entire cost function
(including both IMU and vision constraints) is relinearized at
every iteration.

3. Note that the unobservable directions for the linearized system
when the Jacobians are evaluated at the true states (see (51))
are the same as those of the underlying nonlinear system
(see (45)). The term ∂s

∂θ
appearing in the first element of

the fourth direction of (45) is due to the different attitude
representation.

4. See www.ptgrey.com.
5. See www.intersense.com.
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Appendix A: Index to Multimedia Extensions

The multimedia extension page is found at
http://www.ijrr.org

Table of Multimedia Extensions

Extension Media Type Description

1 Video Experimental evaluation of OC-VINS
over a 550 (m) indoor trajectory.

Appendix B

In this section, we study the observability properties of
system (43), by showing that its observability matrix, �

[see (22)], is of full column rank; thus system (43) is
observable and the basis functions β are the observable
modes of the original system (25).

Although the observability matrix comprising the spans
of all the Lie derivatives of the system (25)–(26) will, in
general, have infinite number of rows, we will only use a
subset of its Lie derivatives to prove that it is observable. In
particular, since we aim to prove that � is of full column
rank, we need only to select a subset of its rows that are
linearly independent. Specifically, we select the set

L = {L 0h, L 3
g0g13g21

h, L 1
g0

h, L 3
g0g13g13

h, L 3
g0g0g21

h,

L2
g0g0

h, L 3
g0g0g13

h, L 3
g0g0g0

h}
where we have used the abbreviated notation gij to denote
the jth component of the ith input, i.e. gij = giej. The order-
ing of L has been selected so as to admit an advantageous
structure for analyzing the observability matrix.

The observability sub-matrix corresponding to these Lie
derivatives is

�′ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂L 0h
∂β

∂L 3
g0g13g21

h

∂β
∂L 1

g0
h

∂β
∂L 3

g0g13g13
h

∂β
∂L 3

g0g0g21
h

∂β
∂L 2

g0g0
h

∂β
∂L 3

g0g0g13
h

∂β
∂L 3

g0g0g0
h

∂β

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(70)

which, after expanding all of the spans of the Lie derivatives
in (70), has the following structure:

�′ =

⎡⎢⎢⎣
I3×3 03×6 03×6

01×3 01×6 01×6

X6×3 �6×6 06×6

Y6×3 Z6×6 6×6

⎤⎥⎥⎦
Since the second block row of �′ is all zero, we drop it,
defining a new matrix �′′ whose rank is the same, i.e.
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�′′ =
⎡⎣ I3×3 03×6 03×6

X6×3 �6×6 06×6

Y6×3 Z6×6 6×6

⎤⎦
Hence, we can prove that system (43) is observable, by
showing that the matrix �′′ is of full column rank.

The first step in our proof consists of showing that both
�6×6 and 6×6 are full-rank matrices. Specifically,

� =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−β21 0 β11β21 −β11 β12 β2
11 + 1 −β12

0 −β21 β12 β21 −β2
12 − 1 β11β12 β11

β21 0 −β11β21 4β11β12 2β2
12 − 2β2

11 β12
0 β21 −β12β21 2β2

12 − 2β2
11 −4β11β12 −β11

0 0 −2β2
21 2β12β21 −4β11β21 0

0 0 0 0 −2β12β21 −2β21

⎤⎥⎥⎥⎥⎥⎥⎥⎦
where β ij denotes the jth component of basis element β i.

Examining the determinant of �, we see that

det (�) = −4β5
21

(
β2

11 + β2
12 − 1

) (
2β2

11 + 2β2
12 + 1

)
= −4

1

p5
z

(
p2

x

p2
z

+ p2
y

p2
z

− 1

)(
2

p2
x

p2
z

+ 2
p2

y

p2
z

+ 1

)
(71)

where for the purpose of analyzing the determinant, we
have substituted the basis element definitions (see (37)
and (38)). First, we note that since the observed point cannot
be coincident with the camera center (due to the physical
size of the lens and optics), pz 	= 0. Moreover, since we
only process features whose positions can be triangulated
from multiple views (i.e. features that are not at infinite dis-
tance from the camera) 1

pz
	= 0. Second, we note that all

quantities in the last term are nonnegative, hence,(
2

p2
x

p2
z

+ 2
p2

y

p2
z

+ 1

)
≥ 1

This means that � is only rank deficient when the relation-
ship (

p2
x

p2
z

+ p2
y

p2
z

− 1

)
= 0

holds. This equation is satisfied when the observed point
lies on a circle with radius 1 on the normalized image plane
(i.e. at focal length 1 from the optical center). The corre-
sponding bearing angle to a point on this circle is 45◦. This
corresponds to a zero-probability event, since the control
inputs of the system take arbitrary values across time. Thus,
we conclude that � is generically full rank.

We now turn our attention to the 6 × 6 submatrix :

 =

⎡⎢⎢⎢⎢⎢⎢⎣
−β21 0 β11 β21 β21 0 −β11 β21

0 −β21 β12 β21 0 β21 −β12 β21

0 −β21 β12 β21 0 0 −β12 β21

β21 0 −β11 β21 0 0 β11 β21

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

⎤⎥⎥⎥⎥⎥⎥⎦

where i,j denotes the element in the ith row and jth column
of the matrix , with
5,1 = −2β21

(
β11β42 − β12β41 + β21β33

)
− β21

(
2β11β42 − β12β41 + β21β33

)− 2β11β21β42

5,2 = 2 β21 β43 + β21
(
β43 + β11 β41

)+ 2 β11 β21 β41

5,3 = 2 β21
(
β42 − β21β31 − β12β43

+β11
(
β11β42 − β12β41 + β21β33

))− 2 β21 β42

− β21
2 (β31 − β11 β33

)− β12 β21
(
β43 + β11 β41

)
+ 2 β11 β21

(
β11 β42 − β12 β41 + β21 β33

)
+ β11 β21

(
2 β11 β42 − β12 β41 + β21 β33

)
5,4 = 2 β21

(
β11 β42 − β12 β41 + β21 β33

)
+ β21

(
2 β11 β42 − β12 β41 + β21 β33

)+ β11 β21 β42

5,5 = −β21 β43 − β21
(
β43 + β11 β41

)− β11 β21 β41

5,6 = β21
2 (β31 − β11 β33

)+ β21 β42 − 2 β21
(
β42 − β21 β31

−β12 β43 + β11
(
β11 β42 − β12 β41 + β21 β33

))
+ β12 β21

(
β43 + β11 β41

)
− 2 β11 β21

(
β11 β42 − β12 β41 + β21 β33

)
− β11 β21

(
2 β11 β42 − β12 β41 + β21 β33

)
6,1 = −2 β21 β43 − β21

(
β43 + β12 β42

)− 2 β12 β21 β42

6,2 = 2 β12 β21 β41 − β21
(
β11 β42 − 2 β12 β41 + β21 β33

)
− 2 β21

(
β11 β42 − β12 β41 + β21 β33

)
6,3 = 2 β21 β41 − β21

2 (β32 − β12 β33
)

− 2 β21
(
β41 + β21 β32 − β11 β43

−β12
(
β11 β42 − β12 β41 + β21 β33

))
+ β11 β21

(
β43 + β12 β42

)
+ 2 β12 β21

(
β11 β42 − β12 β41 + β21 β33

)
+ β12 β21

(
β11 β42 − 2 β12 β41 + β21 β33

)
6,4 = β21 β43 + β21

(
β43 + β12 β42

)+ β12 β21 β42

6,5 = 2 β21
(
β11 β42 − β12 β41 + β21 β33

)
+ β21

(
β11 β42 − 2 β12 β41 + β21 β33

)− β12 β21 β41

6,6 = β21
2 (β32 − β12 β33

)− β21 β41

+ 2 β21
(
β41 + β21 β32 − β11 β43

−β12
(
β11 β42 − β12 β41 + β21 β33

))
− β11 β21

(
β43 + β12 β42

)
− 2 β12 β21

(
β11 β42 − β12 β41 + β21 β33

)
− β12 β21

(
β11 β42 − 2 β12 β41 + β21 β33

)
Again, by examining the matrix determinant, we can show
that  is generically full rank. Specifically,

det () = 3β7
21

(
β11 β33 β41 − β32 β42 − β31 β41 + β12 β33 β42

)
= 3β7

21

[
β11 β33 − β31 β12 β33 − β32

] [β41
β42

]
(72)

We hereafter employ the definitions of the basis elements
(see (37)–(40)) in order to analyze det (). As before, the
first term β21 = 1

pz
is strictly positive and finite. For the

remaining two terms, it suffices to show that they and their
product are generically non-zero.

Starting from the last term, we note that this is zero only
when bg = β4 = 03×1. However, this corresponds to a
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different system whose system equations would need to be
modified to reflect that its gyro is bias free.

The second term is a function of the feature observation,
β1 = h, and the velocity expressed in the local frame, β3 =
C v, which can be written in a matrix vector form as[

β11 β33 − β31 β12 β33 − β32

]T = Aβ3

where A = [−I2 β1

]
. Since, generically, β3 	= 03×1 (the

camera is moving), and A is full column rank, their product
cannot be zero. Thus, it suffices to examine the case for
which [

β11 β33 − β31 β12 β33 − β32

] [β41

β42

]
= 0

⇔ [
β41 β42

]
Aβ3 = 0

⇔ Aβ3 = λ

[
β42

−β41

]
, λ ∈ R

This condition, for particular values of β41 and β42 (con-
stant), and for time-varying values of β1 and hence A,
restricts β3 = C v to always reside in a manifold. This
condition, however, cannot hold given that arbitrary con-
trol inputs (linear acceleration and rotational velocity) are
applied to the system.

We have shown that the diagonal elements of �′′, i.e. �

and  are both full rank (see (71) and (72)). We can now
apply block-Gaussian elimination in order to show that �′′

itself is full rank. Specifically, we begin by eliminating both
X6×3 and Y6×3 using the identity matrix in the upper-left
3×3 sub block. Subsequently, we can eliminate Z6×6 using
�6×6 to obtain the following matrix whose columns span
the same space:

�′′′ =
⎡⎣I3×3 03×6 03×6

06×3 �6×6 06×6

06×3 06×6 6×6

⎤⎦
Since the block-diagonal elements of �′′′ are all full-rank,
and all its off-diagonal block elements are zero, we con-
clude that �′′′ is full column rank. This implies that the
matrices �′′, �′, and � are also full column rank. Therefore
system (43) is observable, and our defined basis functions
comprise the observable modes of the original system (25).
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