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Abstract—Target tracking is investigated using particle filter-
ing of data collected by distributed sensors. In lieu of a fusion
center, local measurements must be disseminated across the
network for each sensor to implement a centralized particle
filter (PF). However, disseminating raw measurements incurs
formidable communication overhead as large volumes of data
are collected by the sensors. To reduce this overhead and
thus enable distributed PF implementation, the present paper
develops a set-membership constrained (SMC) PF approach
that: i) exhibits performance comparable to the centralized
PF; ii) requires only communication of particle weights among
neighboring sensors; and iii) can afford both consensus-based
and incremental averaging implementations. These attractive
attributes are effected through a novel adaptation scheme, which
is amenable to simple distributed implementation using min-
and max-consensus iterations. The resultant SMC-PF exhibits
high gain over the bootstrap PF when the likelihood is peaky,
but not in the tail of the prior. Simulations corroborate that
for a fixed number of particles, and subject to peaky likelihood
conditions, SMC-PF outperforms the bootstrap PF, as well as
recently developed distributed PF algorithms, by a wide margin.

Index Terms—Particle filter, sensor network, adaptation, dis-
tributed, set-membership.

I. INTRODUCTION

Consider collaborating agents (e.g., robots) equipped with
wireless sensors measuring distance and/or bearing from a
target that they wish to track. The nonlinearities present
in these measurements prevent sensors from employing the
clairvoyant (linear) Kalman tracker. Linearized trackers such
as the extended Kalman filter (EKF) [30, Chap. 13] or the
unscented Kalman filter (UKF) [28], [31], have been typically
used to approximate the minimum mean-square error (MMSE)
state estimator. However, high-variance measurement and/or
state noise combined with the aforementioned nonlinearities
lead such linearized trackers to inconsistent estimates [2].
As an alternative, deterministic numerical methods can be
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employed to evaluate the integrals associated with MMSE
state estimates per time step, and yield accurate results [27].
Unfortunately, their complexity increases exponentially with
the problem dimension.

Trading-off accuracy for complexity, non-parametric, non-
linear estimators based on the particle filter (PF), improve
estimation accuracy while maintaining a reasonable com-
putational burden. In addition to complexity, when sensors
are deployed to perform decentralized tracking, coping with
the inter-sensor communication overhead presents an extra
challenge. Especially when a fusion center (FC) is not avail-
able, sensors have to share raw measurements via flooding,
which renders the communication overhead prohibitively high.
These considerations motivate the context and objective of this
paper, which is distributed PF with affordable complexity, and
reduced overhead by communicating processed (as opposed to
raw) measurements among neighboring sensors.

Tutorial treatment of PFs can be found in [6], [13], and
[15]; see also [12], [38] for FC-based approaches. In-network
(non-FC based) PF trackers are reported in [1], [5], [7],
[19], [23], [24], [25], [32], [34], [36], [40], [42] and [43].
Specifically, local PFs are run at individual sensors in [1],
and their estimates are spatially smoothed using a consensus
filter. A query-response approach is advocated by [40] to
exchange measurements among distributed robots. While easy
to implement, the distributed schemes in [1] and [40] are ad-
hoc, and can not perform close to a centralized PF tracker.
Assuming a uniform prior, [5] adopts a mixture of local
posteriors as the PF importance density, but does not account
for past measurements in the current state estimate, which
is tantamount to sub-optimality. Both [19] and [43] use a
Gaussian mixture model (GMM) to approximate the posterior.
They apply principal component analysis successively in an
incremental loop to update GMM parameters. These two
approaches as well as those in [7], [25] and [42] belong to
the class of incremental algorithms that rely on GMM or
similar parametric models to communicate partial posteriors
or likelihoods.

Specifically, [7], [25] and [42] approximate the centralized
PF by sequential training of a parametric model. While [25]
and [42] sequentially approximate the posterior of interest by
a GMM, whose parameters are communicated incrementally
from sensor to sensor, [7] sequentially trains a parametric
model to match the likelihood. To further improve perfor-
mance, [25] incorporates measurements from the current sen-
sor along with measurements from the next sensor which
is transmitted back to the current sensor in its importance
sampling step to generate more efficient particles. All these



approaches have the following limitations: i) they require
establishment of a Hamiltonian cycle that goes through all
sensors in the network, which is an NP-hard problem; ii)
affordable sub-optimal paths used in lieu of a Hamiltonian
cycle can miss some of the sensors and their data; iii) they
incur excessive delays due to sequential GMM training; and
iv) they lack robustness to sensor failures e.g., if the sensor
who is currently processing fails, the whole estimation task is
compromised.

Such limitations can be avoided if consensus-based ap-
proaches are utilized instead [1], [23], [24], [34], [36]. In [23],
sensor data are used to train a GMM in a distributed fashion
based on which particles are generated per sensor. In [24],
sensors consent on the average mean and covariance of their
local particle filters and use them to generate particles. Support
vector machines were utilized in [34] to consent on the average
of local functions yielding a reduced subset of particles. Being
suboptimal, the performance of [1], [23], [24], [34] cannot
approach the performance of centralized PF. Re-formulating
the posterior as the geometric mean of locally known Gaussian
terms, [36] invokes consensus to make the parameters of the
resultant Gaussian posterior available across sensors. While
this approach has potential to approach the performance of
centralized PF, it cannot cope with multi-modal posteriors.

Another major challenge in distributed PF is whether to
communicate a GMM approximation of the posterior density
or raw particles and weights. For low-dimensional data with
a small number of modes, GMMs are reasonable. However,
communicating GMMs amounts to transmitting covariance
matrices which are proportional to the square of the state
dimension. Therefore, GMMs can become costly for problems
with large dimensions or a large number of peaks which can
arise in multi-target tracking scenarios. Under such conditions,
[32] proposes a Markov chain based approach, where particles
and weights are communicated among sensors. The communi-
cation of such schemes can be greatly reduced if one can afford
to communicate particle weights (that are scalars) only, and not
the particles themselves. It will be demonstrated that this is
possible at the cost of enforcing synchronism among sensors.
The first contribution of this work is a synchronous non-
parametric distributed PF operating either in an incremental-
or a consensus-based mode. The proposed distributed PF can
approach the performance of centralized PF, and requires
communication of particle weights only.

Affordable inter-sensor communications are enabled
through a novel distributed adaptation scheme, which
considerably reduces the number of particles needed to
achieve a given performance. Adaptation amounts to taking
into account the current measurements in the importance
density employed by the PF. The particles drawn according
to a data-adapted importance density are more efficient,
meaning they represent the posterior more accurately than
particles drawn from a non-adapted density. Hence, one can
afford fewer particles while alleviating the particle depletion
problem.

Many works are available on adaptation methods for PFs
[11], [14], [16], [18], [21], [22], [29], [35], [37], [39], [45].
However, none is developed to ensure affordable distributed
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implementation. In the centralized PF setting, existing ap-
proaches fall under two categories. The first includes para-
metric schemes which fit a Gaussian to the true posterior, and
aim to find the associated mean and covariance. The latter can
be obtained by an EKF iteration [14] or a UKF iteration [35],
after equating terms in a Taylor series expansion of the un-
normalized posterior [37], or, via support vector regression
[29]. Application-specific methods, such as the one in [4]
for visual tracking, also fall under the first category. On the
other hand, prior-editing [22], likelihood sampling [18] and its
modifications [45], belong to the second category. Additional
non-parametric approaches here include the particle flow using
log-homotopy [11], where particles representing the prior are
deterministically migrated to the region where the posterior
has most of its probability mass; and its “stochastic” counter-
parts, which rely on a combination of bridging densities, and
either Markov chain Monte Carlo methods [21], or, adaptive
importance sampling [16]. The auxiliary PF benefits from
adaptation as well [39]. The second contribution of the present
paper is a novel adaptation method that does not assume
Gaussian posteriors. From this vantage point, it belongs to
the second category of centralized adaptation methods, but is
particularly attractive for distributed implementation.

The rest of the paper is organized as follows. Section II
outlines the basics of PF to establish context and notation,
before formulating the problem of interest. Section III deals
with distributed PF. The novel adaptation method is developed
in Section IV, followed by performance analysis in Section
V. Implementation issues are discussed in Section VI, and
corroborating simulations are presented in Section VII. Section
VIII concludes the paper.

II. PRELIMINARIES AND PROBLEM STATEMENT

Consider a network of N sensors distributed randomly on
a field measuring their distance and/or bearing from a moving
object. At time k, the object’s state vector x; € R% evolves
as

xp = f(Xp—1,Wg)

where w;, denotes the state noise of known distribution, which
dictates the predictor density p(xj|xr—1). Sensor n measures
the vector

yi = h"(xg) + vy

where v € R9 stands for measurement noise of known
distribution, giving rise to the likelihood p(y}|x;). Functions f
and h are generally nonlinear, and v} is assumed independent
across sensors. The network is connected, meaning that there
is a (perhaps multi-hop) path connecting any two sensors.
Based on its own measurements {y}} as well as those of
others percolated through inter-sensor communications, sensor
n wishes to obtain the MMSE optimal estimate of the state,
namely the posterior mean Xj := FE[xx|y1.x], and its error
covariance Cp = E[(xx — Xz)(xx — %5)7|y1:x], where
yie = [y, yH" and yi = [(yp)%, ... ()T
Treating these estimates together for brevity, the goal is to
form in a distributed fashion the MMSE estimate of a function
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#(x1) : R% — R, given by

Iy(k) = Elé(x)ly1] = / (i )pxrlyrn)dxe . ()

Clearly, (1) yields as a special case! X, when ¢(xy) =
X (i), with x(7) denoting the ith entry of xy; and also its
error covariance entries Cp(i,j) when @(xy) = [xz(i) —
%4 (D] x4(7) — %6 ().

Since the likelihood and the predictor density are known,
Bayes’ rule allows in principle for recursive evaluation of the
wanted posterior as

(Yk|Xk) (Xk|Y1:k—1)
I p(yrlxe)p(Xely1n—1)dxp

P(Xk|y1:k—1) :/p(Xk|Xk—1)P(Xk—1\Y1:k—1)dxk—1- (2b)

P(Xk|y1k) = (2a)

Unfortunately, nonlinearity (and hence non-Gaussianity) of the
processes involved render it impossible to evaluate exactly
the integrals in (2). Among the available approximations, a
popular one pursued here relies on particle filtering (PF) — the
sequential version of importance sampling (IS) [3, Chapter
11].

IS refers to the process of estimating Ej,[¢(x)], where
x is distributed according to a target (but inconvenient to
sample from) density ¢:(x), based on samples (a.k.a. particles)
{x(m)M_ " drawn from a surrogate density ¢, (x), which is
selected so that samples from it are “of importance” to capture
g:(x) too. The resultant consistent estimate is a weighted
average (with scale-invariant weights) given by

. M (m)
I, = w(m)¢ x (™) , o™ = v (3)
’ mz::l ( ) Z%:l w(m)
(m)—ﬂ Ym=1,...,M .
qrs (X(m))

Since densities can be expressed via moments, it turns out the
same IS weights can be employed to estimate ¢; as §;(x) =
ZM L 0™ §(x — x(M), where §(.) denotes Dirac’s delta.
With identical IS weights one can also estimate marginals
of g;. As far as performance, it is known that the variance
of f¢ in (3) is minimized when the surrogate is selected
as ¢,4(x) o |p(x) — Eq,[0(x)]|ge(x) [20]. This choice is
obviously challenging to sample from, and also ¢-dependent.
The ¢-independent selection (g, o ¢;) on the other hand,
emerges from a tractable approximation of the minimum IS
variance given by [33]

Var,, = | (i - £, o)) |

s (%)

~ (1/M) Varg, (6(x) B, [(‘”(X) )] L@

Returning to PF, online estimation of I4(k) in (1) amounts
to sequential IS with ¢;(xx) := p(Xk|y1:x). In fact, it is con-
venient to select as target density the joint posterior g;(xy) :=
p(X0:x|¥1:1), bearing in mind that identical weights can be

ILikewise, any moment and thus the posterior density can be sequentially
estimated, in par with the goal of PF.

employed to estimate the marginal density of interest. With
regards to the IS density ¢, (x0:x), consider the following
convenient factorization of the joint posterior

L) = P(Yk|Xk)P(Xk[Xk-1)
(X |Yks Xp—1)
(X |y ks Xp—1)P(Xo:k—1]Y1:6-1)
P(Ykly1k-1)
where 7 here denotes an arbitrary density function (thus
integrates to 1), for which both ratios in the right hand side
(r.h.s.) of (5) are bounded away from infinity.

P(X0:1]¥1:

&)

Suppose that at time step k, the particles and
weights {w,‘c’”i, g?_l M_ are  available  from
step kK — 1. With q(xok) = p(Xok|yrr) and

q,s (Xo:k) 1= m(Xp| Yk, Xpom 1)p(x0 k—1|¥1:k—1), the IS scheme
at time k draws samples {x 5 }M , from q,s(xo %), forms
un-normalized weights wk (m p(yk |x(m)) (xk )|x,(€”2)1)
/W(Xk |y;€,x,(€ )1) as well as their normahzed versions
{ﬁ)]im)}m 1, and relies on the set {w(m) Xy, k)}m 1
estimate I;(k) as in (3). To draw samples from the chosen
q,(X0:1) requires the estimate

M

) = Z TD;(;E)ld(XO:k—l - Xérfz)_l) )
m=1

With (6) available from time step k& — 1, the IS density

approximant to sample from at step k is

ﬁ(Xo:k—1|Y1:k—1

(Xk\xk 1L, Yk)P(Xok—1|Y1:k—1)
= Z @,

which amounts to re-sampling from {wkml, x0 ") 1, followed

Xk|X;€ 17}’19)5(X0:k71—xg7;),1) 7

by particle augmentation by sampling from w(xk\xk 17yk)
While the product 7(xk|yk, Xk—1)P(X0:6—1|¥1:6—1) is the IS
density at step k, the factor m(xx|yx, Xx—1) used to augment
the re-sampled particles, is often referred to as the IS density.
Note that there is no need to store the whole trajectory
{x{mYM_ but only the current set {x\™}M_ .

Summarizing, after initialization the PF implements these
steps per time instant k; see e.g., [13].

S1) Re- sample from the particles and weights
(=™ @™ IM_ available from time k — 1 (cf. (6),
(M)

S2) Draw the new sample x(m) ~ 7r(xk|X§:_1)1aYk-) from the

chosen (augmenting IS) densny;
S3) Find weights through Bayes’ rule, and normalize them to
sum up to one, as (cf. (3), (5))

w("b) — p(yk|xl(fm))p( (m)|x(m)) w(m) _ wl(cm)
' R R I T

®)

S$4) Form I,(k) := Zf\f 1 w,(cm)gb( (m)) as in (3), and output
current state estimate and its covariance.

Selecting 7 is a performance-critical issue of the PF al-

gorlthm A popular but not necessarily efficient choice is

(xk\xk )1, Vi) = p(xk|x ) which corresponds to the so-

termed bootstrap PF (B-PF). Setting the IS density equal to the



prior, the B-PF weights in (8) become w,(cm) = p(yk|x§€m)).

The attractive feature of B-PF is its simplicity, since it is easy
to generate particles from the prior, and have their weights sim-
ply given by the likelihood. The optimum 7 in S2 in the sense
of minimizing the variance of w,(gm) is ﬂ'(xk|x,(ﬁ)1,yk) =
11)()(;€\><:§€”f)17 ¥k ), and amounts to choosing the IS density equal
to true posterior [14]. Since it is impossible to draw samples
from the true posterior, sub-optimal choices of 7 accounting
for the new data yy, in the IS density are well motivated. They
are referred to as data-adapted (or simply adapted) densities, to
be differentiated from non-adapted choices such as the one in
B-PF. The significance of adaptation in the present framework
will become clear in the next section.

The described PF algorithm is centralized because it re-
quires knowledge of y to operate. Specifically, to generate
particles in S2 and obtain weights in S3, it is necessary to
disseminate y throughout the network (e.g., via flooding),
which is impractical especially for a large number of sensors
N, or, a large size measurement vector (d, ). To cope with this
challenge, the ensuing section presents a distributed PF that
requires exchanging only particle weights, while the follow-
up section introduces a novel adaptation scheme based on sez-
membership for reducing the number of particles.

III. DISTRIBUTED PF

At initialization (k = 0), each sensor draws new samples
from p(xp) and weighs them equally. Setting the seed of
random number generators at all sensors to the same value
ensures identical particles xgm), VYm = 1,..., M generated
at all sensors. Next, recall that after step k — 1, sensors
have available {xff_@)l,w,(frf)l M_ . Since the random number
generators at all sensors are initialized with the same seed, re-
sampled particles across all sensors will be identical; see also
[7]. Thus, S1 can be performed locally per sensor provided
that {@{™),x\™ }M_ is known at all sensors. In the same
spirit, S4 can be run locally provided that {w,(j"), x,(gm) M
is commonly available to all sensors. If in addition a common
non-adapted IS density is utilized (meaning 7(+) is not depen-
dent on yg), then S2 can also be run locally at each sensor.
In a nutshell, it is possible to implement S1, S2, and S4 in a
distributed fashion.

Focusing on S3, one can invoke the noise independence
across sensors, and take logarithms on both sides of (8) to
obtain

g (wf™) = 1o (o™ ) )+ 3. log (p(rEli™)
n=1
—log (™I yk) ) ©

Because sensors have available the particles {x,(:f)l}%zl at
time £ — 1 from S1 as well as the newly generated ones
{xgcm) M_ from S2, all terms except the sum on the r.h.s. of
(9) are locally known when 7(x{"™ [x\™)  y;.) = m(xz[x{™).
This sum can become available per sensor either through
incremental averaging or via consensus averaging, as described

next.
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Consider that each sensor n in the network has a scalar v,,.
Through collaborative exchanges all sensors wish to find the
sample mean 1y := (1/N) 22;1 1, when no fusion center
is available to receive and centrally average {t,, }2_,. For the
problem at hand, 1,, = log gp(y,’;|x,(€m)) . Operation without
fusion centers is desirable for scalability, and also because
isolated points of failure are avoided.

Incremental averaging relies on passing partial sums over
a Hamiltonian path, which goes through every sensor exactly
once. With sensors indexed by the order they appear in this
Hamiltonian path, the algorithm commences with sensor 1
transmitting 1; to sensor 2, which forms ;1 +2 and transmits
it to sensor 3. Likewise, sensor n receives the partial sum
Y1 + -+ + ¥p—1 from sensor n — 1, adds v, to it and
communicates the sum to sensor n + 1. The desired ¥y
formed at sensor N is then percolated through the Hamiltonian
path in order for all sensors to have a copy of the sample
average. The incremental averaging scheme converges in finite
time. But finding a Hamiltonian path is NP-hard, and requires
perfect knowledge of the communication graph at every sensor
[46]. Furthermore, the algorithm is not robust because a new
Hamiltonian cycle must be established each time a sensor fails.

Alternatively, it is possible to make the sum in (9) available
per sensor via consensus averaging, see e.g., [47]. Here sensors
do not need to know the communication graph or establish
Hamiltonian paths, but only need to communicate with their
immediate neighbors. The desired 1)y is obtained per sensor
iteratively. After iteration ¢ — 1, sensor n broadcasts 1), (¢ — 1)
to its neighbors. Having received {1¢(i — 1)}scar(n) from its
one-hop neighbors denoted by the set N'(n), sensor n updates
its iterate as

(i) = Pn(i = 1)+ > [he(i = 1) = (i = 1)]

LeN (n)

where 1,,(0) = ¢, and p is a constant stepsize. If x is chosen
small enough, and the communication graph remains con-
nected, the iterates v, (i) converge asymptotically (as i — 00)
to the desired sample mean [47]; that is, lim; oo %, (i) =
Y, Vn. Consensus-averaging is robust to sensor failures so
long as the network remains connected. A remark is now due
on the practical operation of consensus averaging.

Remark 1. Since only a finite number of consensus-averaging
iterations can be afforded in practice, some residual error will
be inevitable. To mitigate these residual weight mismatches,
one can apply min- (max-) consensus iterations to form
the min,, ,(¢) (correspondingly max, 1,(7)), after the
consensus-averaging iterations are completed. In the simula-
tions, both min- and max- consensuses will be run on the
¥, (1)s and the final weight value will be set equal to their
average.

Clearly from (9), either consensus or incremental averaging
should be run per particle x,im). Hence, the number of particles
increases the communication overhead of S3 considerably,
because M such consensus or incremental operations must
be run in parallel. It will become evident that this requirement
also limits the options for distributing S2, when adapted IS
densities are employed. As mentioned earlier, performing S2
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in a distributed fashion is possible When using a non-adapted
IS density, such as the prior p(xk|x ) in B-PF, which does
not require knowledge of yj. Such a selection of 7 however,
requires a large number of particles to cope with particle
depletion [6], which in turn increases the communication cost
of S3 and renders the distributed algorithm inefficient. Indeed,
recall from (4) that for M sufficiently large the error variance
per PF step is E[(Is(k) — E[¢(xx)|y1:1])?] &~ C/M. Constant
C, and the threshold value for M above which this per-step
PF variance decreases as O(M 1), depend on the similarity

between the true posterior p(xk\xl(;f)l,yk), and the selected

IS density 7T(Xk|Xk 17y;@) [10], [14]. To ensure that p and
7 are “similar,” information in the observations y; must be
exploited by the selected 7.

This certainly advocates data adaptation when selecting the
IS density. In non-adapted PF renditions, such as the B-PF,
many particles x,(cm) receive almost zero weights in S3, and
have to be discarded since they are generated from a density
far different from the true posterior. The latter leads to particle
depletion, which compromises performance. In contrast, data-
adapted IS densities ensure that the new measurements yy
are accounted for during the particle generation phase, and
thus fewer particles are needed to approximate the posterior
accurately. Therefore, adaptation brings significant benefits
because it reduces the number of required particles, which
translates to a commensurate reduction in communication
overhead of the proposed distributed PF. From the large list of
sub-optimal adaptation methods for centralized PF mentioned
in the Introduction, none of them is amenable to efficient
distributed implementation.

To bypass this challenge, the next section introduces a novel
adaptation method, which renders the distributed implementa-
tion of S2 affordable by reducing the overhead of inter-sensor
communications.

IV. SET MEMBERSHIP-BASED ADAPTATION

The key idea behind the proposed low-overhead distributed
adaptation scheme is to approximate the posterior density
p(Xk|Xk—1,yx) with an appropriately scaled (distorted) ver-
sion of the prior p(xx|xx—1). To this end, suppose temporarily
that a local set & can be constructed per sensor n from the
domain of p(xy|xr_1,y}) to capture most of its probability
mass. And based on these local sets, consider the global set
& ==, &, over which all sensors have high local posterior
masses. With 1/, representing the indicator function, the
proposed adapted IS density is

arlixieey + Brlix,¢e o

X |Xp—1)
Ck

(10)
where B < ap (wl.o.g. ap = 1), and ¢ is a normalization
constant so that ¢, (.) integrates to 1.

Before describing the process for selecting {€7}_,;, which
define the global set &, the ensuing subsection explains why
7e, (Xi|Xk—1) offers an attractive approximation of the global
posterior.

e, (Xi|Xp—1) 1=

o X 10"
5
ol
r 3
/ ++ prior
5r ,l 1 posterior B
N 1 = = = set-membership
5 do\
= | '] 1 4
g4 ’ .
2 U
> ) 1
g h .
g3 / U 1
> 'l =Y
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’ T
8 2f ’ . 1
o
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Fig. 1. Similarity between scaled prior (set-membership approximation) and
posterior densities

A. Posterior Density Approximation

Consider that each sensor n has determined the local set
&' containing most of the probability mass of its local
posterior p(xy|xx—1,y}), and approximate the latter using
Tep (xk|xx—1). Since the noise across sensors is independent,
the global posterior can be expressed as

Xk | Xk—15
P(Xk[Xk—1,¥k) X lH al )lkxkl f’)k)lp(xkxkl)

N mep (Xk|Xk-1)
~ lH szkIXk_O] P(Xk[xr—1)

ey, (Xk|Xk—1)

n=1

Q

(1D

N men(Xklxk-1)
where the product [, N ICTAET
the function (oL ix,ee,y + Brlxp¢er}) /Ch» Which is valid
for B, < 1 since &, :=,, £;. Compared to the prior itself,
the scaled prior in (10), later referred to as the set-membership
approximation, can be much closer to the posterior, which is
the density of interest; see also Fig. 1.

is approximated using

B. Local Set Selection

In view of (11), the local set & at sensor n must be
constructed so that men (xg|Xr—1) =~ p(xk|Xx—1,y})). Note
though that it is impossible to specify directly the set &' that
contains a high probability mass of p(xx|xx_1,y}) because
the latter is conditioned on xX;_;, which is not available.
One way around this obstacle is to construct a separate local
&y for every p(xk|x,(€”_1)1,y}§) corresponding to each particle
m = 1,..., M. However, the computational burden of this
construction defeats the purpose of introducing the local sets
at the first place. (Indeed, instead of computing a single &£
per sensor which requires consensus on a single £, multiple
local sets necessitate consenting on one & per particle m,
which increases the communication overhead prohibitively.)

The remedy at an intuitive level is to construct &' so
that it contains a high probability mass of p(xx|xx—1,¥7)
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on the average performed over xj_;. This motivates select- (m)
e : o ) max py,
ing £ to contain a large probability mass of the density m o)
P(Xk|y1:k—1,¥%)- Such a choice is prudent because (m) D o
m

p(Xk|y1k-1,¥%) = /p(Xk\Xk—uYk)p(Xk—1|Y1:k—1,Yk)ka—1 o o
where xj,_1 is averaged over the posterior p(xx—1|y1:x—1,Y7) . (m) © o

o . . . min py
that is estimated using particles and their weights at step k—1. m
Through this density, averaging out X;_; takes into account
not only the locally available current measurement y7’ k, but also min p{™ (m) max o
all past measurements y1.x_; through {x\™) @™ }M_ . " b

In the remainder of this subsection, three schemes will ~n’(m) (m) (M) T

be developed to select local sets £ containing most of the = [pz py ‘1", Ym
probability mass under p(xx|yi:x—1,¥%). Their efficacy will n o (m) (m)T
be tested via simulations. Xke,min = [mnlbn Pz min py ]

1) Particle Bounding Box: The crux of this construction is
reliance on local B-PF to form the corresponding local set &}
Toward this objective, consider (re-) sampling per sensor as in
$1-S2 from the prior 7 (xx[x\"™), y7) := p(xk|x\™)), which
is the IS density of B-PF. Since this local prior is non-adapted,
it is expected that many less than M particles re-sampled as
in S1-S2 will fall in the region where the likelihood (and
hence the local posterior) is high. Thus, each sensor must over-
sample particles as in S1 by a factor L > 1 (L € IN), so that a
few of the LM particles will fall in the region that the set &} is
sought to capture. Recall also that with the same seed across
sensors, these LM particles at all sensors will be identical.
Once the local likelihood p(y?|x\™) is weighted in, the
sensors generate different weights, which along with the LM
particles yield an estimate of p(xx|yi:x—1,¥}). Re-sampling
M particles from the latter, and fitting an axes-aligned box
around them yields the desired £;', which represents the region
where p(xy|y1:k—1,y}) contains most of its mass.

Letting {x,""}M_, denote these re-sampled particles, the
axes-aligned bounding box describing the local set at sensor
n at time k is specified by the following polyhedron:

5,?::{X:min>:c (m )<x<maxx’( )}

m m

= {x : X;;min <x= xzmax} (12)

where the minimum, maximum, and inequalities (<) should
be understood component-wise. Fig. 2 depicts the min and
max operations for d, = 2.

In summary, to arrive at the set in (12) each sensor runs the
following three local steps.
LS1) Over re-sample particles and weights {X;m)l, U_)/(cm)1 1

MVLM - with [ € IN.

to obtain {fc( =1
LS2) Generate LM new particles from the prior X,

~(m')

(xk\xk!l)) form their weights using the local likelihood

™) = pyplRU™);

ﬁ}n ,(m”)

; and normalize them to obtain

LS3) Re-sample M particles from {x(’” ¥ ~n (m/ )}L

construct &' as in (12).

Note in closing that the weights in LS1 and LS2 are not used
subsequently, since the aim here is not PF but construction
of the local sets, which are specified only by the (min and
max per entry) particles re-sampled at LS3. Fig. 3 depicts

7—1, and

Fig. 2. Particle bounding box approach

High
likelihood
region

Fig. 3. Graphical depiction of selecting the local set £

the particle bounding box approach for a sensor measuring its
distance from the target.

2) UKF-based Local Set: This construction capitalizes on

the unscented particle filter (UPF) [35], which enables fitting
to the local posterior, namely p(Xx|y1:x—1,¥y}), a Gaussian
density specified by its mean and covariance. Per time step
k, the latter can be found through a UKF update. Given the
obtained mean and covariance, each local set is constructed
to encapsulate a prescribed amount of probability mass from
the corresponding local posterior of interest. For the Gaussian
approximating density, this set takes the form of an ellipsoid.
The local set £} is then specified as the smallest axes-aligned
box containing this ellipsoid. Specifically, the following local
steps are performed at each sensor n.
LS1’) Given the particles and weights {xk 15 w,(j")l m—1 from
step (k — 1), find the mean and covariance matrix of the
Gaussian density approximating the posterior at time step
(k —1), that is

— %) (x)") — %5-1)T

T
mi
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LS2’) With input the estimates X;_; and Ck_l found in
LS1’, run a UKF prediction-correction iteration as in [31].
Incorporating the local measurement y;' in the correction
step, the UKF output yields the conditional mean X}, and
covariance matrix CZ per sensor n at time step k.

LS3’) Based on %} and Cz, form &' as the smallest axes-
aligned box containing the ellipsoid

o1

(on = %) (€)= x0) < ?
where 7 is set depending on the probability mass the designer
chooses to capture by the ellipsoid.

As an example, suppose one requires 99% of the probability
mass to be contai?ezd in the ellipsoid. The linear transformation
Xnew = (C}j) / (Xo1d — X)) expresses the quadratic form
in (13) as a sum of d, independent, zero-mean, and unit-
variance Gaussian-squared random variables, which amounts
to a random variable distributed according to a centralized Xi»
density with d, degrees of freedom. Parameter n? is the point
for which the integral of this density over [0,7?] equals 0.99.

To visualize the smallest axes-aligned box containing the
ellipsoid, consider as an example the two-dimensional case
(dy = 2), illustrated graphically in Fig. 4. The smallest axes-
aligned bounding box is completely determined by the four
boundary points Zmin, Tmax, Ymin, aNd Ymax. LThese points are
obtained by projecting the ellipsoid on the z- and y-axes. To
generalize for any d, and specify analytically the smallest
axes-aligned box in LS3’, let e4 denote the elementary d, x 1
vector having its dth entry equal to 1, and all other entries
equal to 0. Clearly, the projection of a point x on the ellipsoid
over the dth side of the polyhedral box is given by the inner
product eXx. Hence, the minimum [x}(d)]min along the dth
coordinate axis can be obtained as the solution of the following
constrained optimization problem:

(13)

- T
rnxln ed X B
subject to (x —xm)7" (CZ) (x— %) <n?

This problem is convex, and admits the following closed-form

solution
%3 (@)]min = X72(d) =11/ Cp(d, d) .

Clearly, solving the related optimization problem with ey
replaced by —ey will yield the maximum [xj,(d)]max along the
dth coordinate axis. Finding likewise the minima and maxima
forall d =1,...,d,, specifies the desired box.

Remark 2. While an EKF update can be employed instead of
the UKF in LS2’, the superior performance of UKF confirmed
by simulations suggests that not much is gained when adopting
the EKF. Notwithstanding, UKF is not used here as a tracker,
but only to specify the local sets {E}1_;.

3) UKF with Gaussian Mixture Model: When the local
posterior p(Xx|y1:x—1,y})) is multi-modal, UKF can not ap-
proximate it well with a single Gaussian bell, which is uni-
modal. To cope with multi-modality, a GMM can be trained
from the particles representing the prior, using the expectation-
maximization (EM) algorithm; see e.g., [3, Chapter 9]. Then,
the UKF-based algorithm of the uni-modal case can be applied

r
c= (07_1) YMm
- N
e \
/’ y
- ,'
e !
. lJ
’ ’
4 ’
/ ’
’ ’
’ ’
/, S
Im, 'I /’ :I:M
1 z'
c=(1,0) [ 7 c=(-1,0)
g id
~ -~
m
c=(0,1) |*

Fig. 4. The smallest axis-aligned bounding box for a 2-D ellipsoid

to each mixture component separately. This amounts to one
axes-aligned box per mixture component. The local set &} is
then constructed as the smallest box containing the union of
these boxes. While the number of components (modes) can
be preselected based on complexity considerations, it is also
possible to fit a GMM with unknown model order. In this case,
one of the criteria outlined in e.g., [44, Appendix C] can be
utilized for model order determination.

C. Global Set Determination

Once sensor n processes its own y; to obtain the local set
& = {x P XE min S X = xZ’maX}, the global set &, can be
constructed as

N
Ep = ﬂg,? = {X P max Xp in = X = min szax} .
n ’ n ’
n=1

(14)
Since boxes are used to represent local sets, distributing their
intersection is very simple because it only requires finding
minima and maxima of scalar quantities available per sensor;
see also Fig. 5. Distinct from the distributed B-PF algorithm
of Section III that requires consensus averaging iterations,
constructing the global set & in a distributed fashion entails
consenting on the minimum and maximum points of the local
set boundaries.

It is possible to find, say these maximum points, using
a max-consensus approach along the lines of the consensus
averaging scheme outlined in Section III. Except that instead
of &N, sensors now wish to compute Yy ax = max, ¥, in
a distributed fashion. Clearly, one scalar ¥, = x} . (d) is
involved here per coordinate d. In iteration ¢ of the max-
consensus algorithm, sensor n communicates ¥, (i — 1) to
its immediate neighborhood N(n), and updates the local
auxiliary variables 1, (i) as

(i) = max{u,(i=1), max (=D} ()=,
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Fig. 5. Intersection of two boxes amounts to computing minima and maxima

Most importantly when compared to consensus averaging, the
iterates v, (#) converge to the exact 1,y in finite time, and
the number of required iterations does not exceed the diameter
of the communication graph; see e.g., [8]. The min-consensus
scheme operates similarly with the obvious substitutions.

Because min- and max-consensus algorithms converge in
finite iterations bounded by the diameter of the communica-
tion graph, a distributed implementation becomes available at
much lower communication cost compared to propagating (or
performing consensus of) raw measurements across sensors.
Remark 3. When the intersection & in (14) is empty, local
sets are stretched out by a constant factor before re-computing
the intersection. This is repeated until the process arrives
at a non-empty intersection. Simulations indicate that two
repetitions are typically sufficient, while the first intersection
is non-empty most of the time.

D. Distributed SMC-PF

Once & is available to all sensors, samples are drawn per
sensor (cf. S2) from the scaled prior density 7g, (xx |x,(ﬁ)1) To
generate these samples, rejection sampling (RS) is employed,
seee.g., [3, Chapter 11] with IS density p(xk|x§€m)1) and target
density g, (xk|x ) upper-bounded as: g, (xk|x(m)1) <
(ar/ck)p (xk|x,(€7)1). Specifically, samples are drawn first
from the prior p(xk\x,i”:)l). Then, they are accepted with
probability cpe, (xk\xéil)l)/[akp(xﬂx,(ﬁ)l)] = Iixpee} +
(Br/ax)lix,¢e,)- Therefore, if a sample belongs to &, it
is accepted with probability 1; otherwise, it is rejected with
high probability. In other words, the accept probability satisfies
Br/ar < 1.

Now all pieces of the novel distributed SMC-PF can be
put together. Sensors start with a common seed, and (re-)
sample identical particles as per S1 locally. For S2, RS-based
sampling from 7g, () is run also locally after & becomes
available to every sensor via consensus on the set boundaries.
Incremental or consensus averaging distributes the weights in
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S3, which is all every sensor needs to perform S4 Spe01ﬁcally
for consensus averaging, one uses 7(.) = 7g, (xk \x ) in
(9) to obtain the weights as

log( (m)> Zlog( yk|x(m))) + log( (m))

—10g (kT ey + Bl gy ) - (09)

The SMC-PF algorithm is summarized in Table I.
Remark 4. The novel approach is referred to as set mem-
bership constrained (SMC) PF for two reasons: i) successive
set intersections are computed, which is a trade-mark of set-
membership approaches [41]; and, ii) rejection sampling relies
on an accept-reject criterion assessing membership in the set
Ek.

Remark 5. (Communication Cost) Let x denote the number
of consensus averaging iterations in either B-PF or SMC-
PF, and Dg;apn the diameter of the communication graph.
Then, B-PF requires kM + 2Dg,pn M scalars to be com-
municated per time step and sensor, while SMC-PF requires
2d3 Dgraph + 6M + 2Dgrapn M scalars; hence, for the same
number of particles M, SMC-PF needs communication of
2d; Dgrapn more scalars than B-PF. Note that kM denotes the
number of scalars that are transmitted per time step and sensor
for consensus-averaging iterations. Afterwards, min- and max-
consensuses should be run, as a consequence of Remark 1,
which requires communication of 2Dgy.pn M scalars. Finally,
SMC-PF needs to run min- and max- consensuses to find the
global set which requires transmission of 2d; Dgrapn Scalars.

V. PERFORMANCE ANALYSIS

This section analyzes the performance of SMC-PF using
the state estimator’s mean-square error (MSE) as figure of
merit. First, the MSE is expressed as the superposition of
its minimum MSE (MMSE) value plus the PF-related error
variance denoted by Var, .. Subsequently, a per-step tractable
approximation of the Var,, is introduced to allow for com-
paring SMC-PF with the B-PF. This finite-sample approximate
analysis is also complemented with the asymptotic MSE per-
formance of SMC-PF as the number of particles grows large
to establish that the MMSE is indeed attained asymptotically;
see also [9] and [26].

Consider first the MSE at iteration k, namely

MsE(R)= 5 | (1) - o)) |
—E :(f¢(k) — Ty(k) + I (k) — ¢(Xk))1
JCCE I¢(k)>2] + B [(Ty(h) — 6x1))’]
28 [(y(k) — Lo (1) (Lo (k) — 6(x1))]
= Var,,(k ) + MMSE(k) + Cross Term. (16)

The cross term vanishes because

Cross Term
=28y, |B |(L(k) — Lo(k) (Is(k) = 6(x)) |y 1|
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Table I. SMC-PF Algorithm

Initialization. Draw xém) ~ p(x0),
Repeat for time k > 1
Repeat for sensors n =1, .

End for
At each sensor run in parallel

(m )

Draw the new sample x .

Form ]¢(k)

End for

Ym=1,..

, N (can be implemented in parallel)
Given {x\"™}, @{"™) }M L and y7', run either LS1-LS3 or LS1’-LS3’ to obtain £7'.

Given {&] }N 1» construct & as in (14) in a distributed fashion.

Re-sample from {x]g'f)l, '(m) 1ML [S1.

~ (kR yi) = e (k™)) 1521,
Update the weights as in (15) [S3]. Use incremental or consensus averaging.
Obtain {x(m)7 ’(m)}m , at the output of S2-S3.

Z% ] ‘,im)(j)(x}im)) as the final estimate [S4].

,(m) 1
, M. Set w = 37

B)yre] B |Zo(k) -

B)lyre] x 0] =0

= 2E,,, [E {Q(k) - ¢(Xk)‘}’1:k”

= 2EY1;1« [E |:I¢(k) - (17)
where the second equality holds because Iy(k) is constant
when conditioned on y1.; and the operations required to obtain
the PF estimate I, (k), namely re-sampling in S1 and drawing
new particles in S2, do not depend on the true state x; when
conditioned on y1i..

Equations (16) and (17) imply that MSE(k) =
Var,.(k) + MMSE(k). The MMSE(k) that lower bounds
the MSE(k) depends on the way the latent state variables
and measurements are related - a dependency specified by the
nonlinear functions f and h of the model. Therefore, it is
prudent to minimize Var,,, (k) per step k since this amounts
to minimizing the MSE(k).

In the next subsection, Var, . (k) will be approximated
using the IS variance in (4) in order to obtain a performance
metric, which will be useful to assess the finite-sample effi-
ciency of the SMC-PF tracker.

A. Finite-sample analysis

Consider specializing (4) for the following target and IS
densities:

q(xk):=p(Xo0:x|y1:k)
_ p(yklxr)p(xk[ %k —1)P(X0:h—1[y1:8-1)

18
P(Ye|yik—1) (15

Qs (Xk):=m(X0: |y 1:1)

=7(Xk|[Xe—1, Y )P(X0:k—1]Y1:k—1) (18b)

and express the per-step variance of PF as

Vo () = By | B | (10009 = 160) [y | 19

where the inner expectation in (19) corresponds to Var, in
(4) with the specific choices in (18). Substituting (4) into (19)
one arrives at

Var, . (k) = (1/M)x

By, Vany (60x0) E, [(7’("“'“)) ]ymH

vk 7T(X0:k|y1:k:)

Recall that the choice of 7 is what differentiates B-PF from
SMC-PE. Using (18), the m-dependent inner expectation in
(20) can be written as

Ex

2
(bt |

:/ P (v |xk)p? (Xi[xp—1)
2(Yk|)’1k )7 (Xp | Xpo— 1,}%

M P2 (yilxa)p? (xe x4
~ Z o) dx

Yk|Y1/c 1) = (Xk\Xk_ka)
(21)

)P(Xo:kq [¥1:6—1)dX0:

where for the approximation p(xg.x—1|y1.x—1) Was replaced
by its estimate in (6).

For comparison with B-PF. set m(xpx\™),ys) =

p(xk|x,(;f)1) to specialize (21) to

/p2<yk|xk> P2 (i)
W(Xk|xk_)1aYk)
- ( / p2<yk|xk>p<xk|x,§mi>dxk) ‘1
_ 2 (m) d
= P (Yrlxr)p(xn]x; ) dxg
Ek
+/_ P’ ()’k|Xk)p(Xk|X;(€m)1)ka>
Ek

o (] o+ [ plei e
Ex Ek

= Am) (gk)B(m) (&) + Alm) (gk)B(m) (gk)
+ AM(£,) BT (&) + A (E) B (&)

(22)

where &, denotes the complement set of £, and A(™), B(™)
are defined as

A& = [ pyelepbelx™ .
k
(m) ._ (m)
B (&) .—/ p(xk|x;_))dXg.
Ex

For the SMC-PF, set W(xk|x,(€7f)1,yk) = Te, (xk|x,(:f)1), to
obtain

(k™))

/ P (yr|xi)p? (
ﬂ-(xk|xl(€nj)1a Yk)




P2 (yilxi)p(xr ™))

_(m) /

= c
g arlix,eent + Brlix,eé,)
(m) om

= Sk Atm)(g) 4+ S A (E
o (€x) i (&)

ka

(23)

(m)

where the normalization constant ¢, ’ is given by

cz(@m) = / (arTix e} + ﬁkl{xkeék}) p(xk|x§;ﬁ)1)dxk
= ax B (&) + 8. B (&)

(m)

Substituting ¢, back into (23) one arrives at

P2 (vl p? (i |x (™))
( ) dX;~C
7T(Xk-|xk 1aYk)

= 4EB 6 +

+ a6 B0 &)

6 A(’m)(g )B(m)(g )+A m)(g )B(rn)(g )
(24)

Comparison of (22) with (24) reveals that SMC-PF is a
generalization of B-PF, which allows for more flexibility by
adjusting the ratio ay, /0 to minimize Var,, (k). For a given
set &, it is possible to plug (24) back into (21), differentiate
with respect to this ratio, and solve to find the optimal

Bk

S w,iT’lA

Unfortunately, this optimal ratio is given in terms of in-
tractable integrals emerging in the definitions of A(™) (&) and
B(™)(&). While numerical methods or additional IS estimates
can in principle be considered per step to approximate these
integrals, this is hardly justified from a complexity perspective.
In practice, it is thus reasonable to adjust the ratio ay/fBk
heuristically. Simulations will confirm that the MSE(k) is
robust to changes of «y/fk, and a heuristic selection yields
satisfactory performance.

It is of interest now to investigate the conditions under
which the SMC-PF outperforms the B-PF by the largest mar-
gin. To this end, consider the following operating assumptions.
Al. Let & C R% be a set in the state-space of x such that

™) (E4) B (&)
(&) B (&)

PP(yulxe) < e <1, Vxy € &

A2. For the set £, in Al, it holds that
/ p(xk\xl(ﬁ)l)dxk <e<xl, Vm=1,...,M.
Ex

A3. The likelihood p(yx|xx) does not have most of its mass
in the tail of the prior p(xﬂxé@l); thus,

/ p2(yk|xk)p(xk|x§;f)1)dxk = O™ > ¢ := max{ey, ez}
Ek

foralm=1,...,M.

A4. Given €y < ¢, the number of particles M is selected large
enough so that the approximation errors in (20) and (21) are
bounded by ¢.
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For notational brevity, the dependence of e, e, and C™)
on k is suppressed. Condition Al ensures that the likelihood
takes high values for x, lying inside &; while A2 guarantees
that the same set & contains only a small probability mass
of the prior. Together, Al and A2 enforce the so-called peaky
likelihood condition. A3 asserts that the likelihood does not
fall in the tail of the prior density by requiring the relevant
integral of their product to be large. Combination of A1-A3
suggests that the likelihood is peaky, but does not fall in the tail
of the prior. A4 is needed to ensure that (21) offers an accurate
approximation of the MSE(k). Under conditions Al-A4, the
SMC-PF provides considerable MSE improvement per step k
when compared to the B-PF, as summarized in the following
proposition.

Proposition 1. Under Al-A4, for a fixed number of particles
M, and with B /oy := ¢, the SMC-PF error variance in (20)
lowers that of B-PF by a factor O(e).

Proof: Condition A2 implies that B'™ (&) < ey, and hence

1 — ey < BM™(&,) < 1; while A3 implies that A (&) =
C(™). On the other hand, Al yields
A (&) = 2 (m)yq
(&) P (Yrlxnk)p(xk|x;, 27 )dxy
k
< [ emtaxdxe < er.
Ek
For the B-PF it thus follows that (cf. (22))
2 (yr|x Xp|x _
/p (Yklxk)p ( k| k— 1)d >A(m)(5) (m)(gk)
W(Xk|Xk_1,}’k)
> CM(1 - &) (25)

while for the SMC-PF it holds that (cf. (24))

2 (m)
/p (yler)p® (e x,”1) dx, < Cmey 1+ B oom)
(Xk‘xk 17yk) “k

823
+ F(ElEQ + €71.
k

Upon selecting Bx /oy = ¢, the w-dependent factor in the PF
error variance can be bounded as

/p2<yk|xk>p (xx]x <’”>>

ﬂ-(xk‘xk,p Yk>

<C(m)€2+60 m)_i_ﬂ_’_ €1

< 2(C™ 4 1)e. (26)

Consider two cases. In the first case C'("™) > 1, which implies
that the upper bound in (26) becomes 4C(™)e. Comparing
this against (25), shows a factor 4¢/(1 — e2) reduction in
the evaluated integral for SMC-PF compared to B-PF. In the
second case C'(™) < 1, the upper bound in (26) becomes 4e.
Comparing this against (25), shows a factor 4¢/(C™) (1 —¢5))
reduction in the evaluated integral for SMC-PF compared to B-
PE. With C(™) < 1, there is at least a reduction of 4¢/(1 —e5)
in the second case as well. For both cases, the improvement
of SMC-PF over B-PF is 4e/(1 — e3) = O(e). This gain is
achieved for every summand and thus for the overall sum
in (21). Hence, under A4 a factor O(e) improvement is
established for the per-step variance in (20), and the proof
is complete. ]
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B. Asymptotic analysis

Proposition 1 is important because it provides an approxi-
mate performance analysis for finite M. Even though PFs in
practice always entail a finite M, it is also critical to ensure
that the novel SMC-PF achieves zero error asymptotically as
M — oo. For B-PF, this line of convergence results can be
found in [9] and [26]. In order to tailor related theorems for the
SMC-PF, it is necessary to define an equivalent system with
a properly modified likelihood, and state-transition kernel. To
this end, consider factorizing the posterior as

k
P(Xo0:k|y1:6) o P(X0 Hp yr[xr)p(xr[xr-1)

k
p YT|XT XT‘XT 1)
TE, X’T|XT 1)

XO
T=1

X e, (Xr[Xr—1)

:?v

= p(Xo) 27)

P(y+ %7 )D(xr[xr—1)

T

where ﬁ(Y‘l"XT) = p(yT|Xr)p(Xr|X771)/ﬂ'57 (XT‘erl) and
P(Xr|xr—1) = 7e (X:|Xr—1). To guarantee that p(yx|xx)
and p(xy|x,_1) satisfy the conditions for convergence in [9]
and [26], it will be necessary to invoke the following additional
assumptions.

AS. Tt holds that oy, > 0, and p(yx|xx) is a bounded
function of x;, for the given yy.

A6. The following lower bound (vy) is valid:

/ P(yr|xk) </ p(XkXk—1)p(Xk—1|y1:k—1)ka—1> dxy,
> v > 0.

A7. The prior density is finite, that is p(xx|xx—1) < oo.
A8. With p(yy|x)) satisfying A5, let £} denote the class of
all Borel-measurable functions ¢ : R — R upper-bounded
by a constant function B(y;.j), that is

sup |o(xx)|*p(yr|xk) < B(y1:x)- (28)

Corollary 1. Given A5 and for any bounded Borel-measurable
function ¢ : R% — R, the SMC-PF estimator has its per-step
error variance bounded as

B | (1) - 1,0)’|

where C(k) is a constant, and ||¢|| := sup |p(x)|.

Proof: If AS holds, then the required conxditions for [9, Theo-
rem 2] are satisfied for the SMC-PF, which readily establishes
the validity of (29). O

Corollary 1 asserts convergence in the mean-square sense of
the SMC-PF estimate I4(k) to the MMSE estimate I4(k). It
implies that as M — oo, the per-step error variance of SMC-
PF vanishes, and MMSE(k) is achieved. However, Corollary
1 applies only to bounded ¢’s, which excludes many functions
of interest such as ¢(xy) = xx(¢). Those are accommodated
under Corollary 2.

2

To apply the next corollary, twoMminor modifications of
SMC-PF are needed. Let {fl } 711 A denote a set of non-
negative weights such that Zm: g o= 21:1 ¢! =1.Instead

~ mg, (Xk|x;_7), consider that particles in

of drawing x\")
S2 are generated from a mixture IS density as follows

M
D 3T e me, (xix(™), VI=1,..., M.

m=1

(30)

For each [, drawing particles as in (30) amounts to re- samphng
one particle from the IS density described by {¢&!, xk 1}m 1>
and subsequently generating one particle from the correspond-
ing e, . Selecting ¢™ = 1 and ¢, = 0 with [ # m, one
arrives at the unmodified SMC-PF. Once all the M samples
are generated as in (30), the second modification proceeds to
check whether the generated particles satisfy

_ Z yk|X(7”) >0

where p(+) is the density defined after (27), and 7, denotes an
estimate of v, in A6.

If (31) is satisfied, the weights can be obtained as in S3
of the unmodified SMC-PF; otherwise, the generated particles
are discarded, and a new set of particles is drawn according
to (30). This process is repeated until (31) is satisfied. It is
known that iterating between (30) and (31) is not an infinite
loop, so long as 7 is chosen close to or smaller than vy in
A6 [26].

Corollary 2. Suppose that A5-A8 hold, and the SMC-PF is
modified as in (30) and (31). For any function ¢ € Ei the
SMC-PF estimator thus satisfies

E [(ﬁb(/f) - I¢(k))4:| < C(k) ”fW'%A

folla = max {1, | [ 10 pxlyri | s e}
It then follows from [26, Corollary 6.1] that
i T, (K) = Iy()

3D

almost surely.

Proof: A5-A8 ensure that SMC-PF satisfies the conditions
HO-H2 of [26, Theorem 6.1]. O
Corollary 2 considerably broadens the range of allowable
¢’s by allowing for unbounded functions. It only requires the
product of ¢ raised to the fourth power with the likelihood
p(yk|xx) to be bounded away from infinity as a function of xy,
(cf. (28)). All such ¢’s belong to Ei. When the measurement
noise is Gaussian, the likelihood decays exponentially as
x (1) grows. Therefore, all polynomial functions of x (i) will
belong to £}. For any such function ¢ € L}, Corollary 2
asserts that the fourth-order moment of the per-step error of
the SMC-PF vanishes as M — oo. Furthermore, the SMC-PF
estimator converges to the MMSE one with probability 1.

It should be stressed that Corollaries 1 and 2 are applicable
only when exact weights are known in SMC-PF. This pertains
to the incremental version of SMC-PF or the consensus-based
version with the number of consensus iterations approaching
infinity. For consensus with finite number of iterations, a



residual error in particle weights remains, and more sophisti-
cated analysis would be necessary to derive results similar to
Corollaries 1 and 2.

VI. EFFICIENT SAMPLING FROM THE SMC IS DENSITY

This section deals with an efficient means of sampling from
the adapted IS density 7g, g) Recall from Section IV-D that
sampling from g, (xk|ng1) in S2 relies on RS. The well-
known problem with RS is its variable (and possibly large)
delay before a sample is accepted [3, Chapter 11]. If B, < 1in
the present setup and B(™)(&},) < 1, then RS incurs unreason-
ably large delays because almost all samples fall outside &,
and are discarded with high probability. Implementing SMC-
PF would thus benefit from bounding the maximum delay of
RS by allowing only a prescribed maximum of P samples to
be rejected. If P samples are rejected and no sample is yet
accepted, the recommendation is to resort to IS with a properly
chosen surrogate density.

To perform IS, choose as target density ¢;(xi) =
e, (xk|x,(;f)1), and select the IS one as the mixture
(32)

05 (x1) = 7 Ulxrl€) + (1 — 1)p(erlx(™)

where «y € [0, 1] is a design parameter, and U(xy|&)) denotes
the density which is uniform over &, and zero outside &.
Although v and ¢, are not indexed by m for brevity, these as
well as other quantities in this subsection are for a given m, but
the results apply to all particles. Since & represents an axes-
aligned box, drawing samples uniformly inside &, amounts
to drawing one independent uniform sample per coordinate.
Therefore, sampling from the surrlogate q,s(xk) in (32) is easy.

Next, draw M’ samples )“(,(Cm) from ¢, (xx), and weigh
them as

(ak]]-{;((m/)eg } + ﬁk]].{ximgeg }) ()v((m )‘X](Jﬁ)l)

- (m)
Wy (m’) (m’) . (m)
YU, ) + (1 =y)p(X;,  [x521)

X

If a particle is now re-sampled from {X(m) (m Mt

will be approximately coming from 7g, (xk|x(m) ).
To optimize this IS process, v will be selected to minimize
the mean-square of IS weights, which is equivalent to mini-

mizing Var,, (cf. (4)). This mean-square is given by

)’ (m)
E[ﬁ]i]:/ (ak]]'{xkegk}+6k]]-{xk€£k}) pQ(Xk|xk71)ka

7 U(xp|Ex) + (1= 7)p(xslx™))

_/ agp” (X%, ") d
- (m) %k
& v U(xk|E) + (1 —v)p(xklx; 1)
BEp(xilx™)
Ex (1 - 'Y)
a? Vol(& m
< SV [ v
Y Ex

ﬂ]% / (m) Cl 02
p(xp|x,_7)dxp = —
e CTIRIEEEE N

where in obtaining the last approximation it was assumed
that U(xg|Ek) > p(xk|x§:_1)1) for all x; € &; and used

+ dxy,

_|_
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the fact that U(xy|Ex) = 1/Vol(&), where Vol represents
the space volume. The aforementioned assumption is justified
because performing IS presumes that the RS stage has failed.
Hence, p(xk\x,(ﬁ)l) has a very low probability mass inside &y.
Minimizing (33) with respect to 7y leads to

VG
VO

What remains is to obtain, at least approximately, the constants
C1 and C5. To specify C5, it suffices to recognize that most
of p(xk\x,(:f)l) mass should lie outside &; hence,

Coi= 5} [ plocx{) s~ 57
Ek
For C1, note that out of P samples drawn from p(xk|x(m))
none falls inside &; hence, & contains less than 1/P of the
probability mass. In essence, the approximation p(xj |x§;f)1) ~
U(xx|Ek)/P is invoked inside &. Thus, C; can be expressed
as

P2 (xp ™) ),

Cy =i Vol(Ek)/
Ek

U2(Xk|5k) on
~ o? Vol Ex / _ —k
k ( ) £ P2 P2

Upon substituting C; and C5 back into v*, one arrives at

873
ax + PBy,
Remark 6. (Computational Cost) Due to the RS step,
the exact computational complexity of SMC-PF is a random
quantity. However, the IS algorithm proposed in this section
provides a deterministic upper bound on complexity. Denoting
the complexity of B-PF with M particles as bpf(M/), which
is O(M), the worst- case complexity per time step and
sensor of SMC-PF is approximately bpf(LM )+ M bpf(M')+
M Sample,,,,(P) + Weight;s,(M), where Samplec,,,,(P)
represents the complexity of sampling P particles from the
prior and checking if they fall in the set &, and Weight,;s5,(M )
stands for the complexity of updating the weights in (15).
Note that at the beginning of each step sensors run a local
B-PF with LM particles; hence, the term bpf(LM), which
is O(M), appears in the complexity. After consenting on the
global set, sensors sample from the set-membership density. In
the worst case, the RS steps fail and one has to resort to the IS
method described in this section. For the failed RS steps, the
complexity is M Samplec,,,,(P), that is also O(M); while
for the IS step, the complexity is M bpf(M’), which is O(M)
as well. Finally, one has to update the weights of the sampled
particles whose complexity is given by Weight ;5 (M) that is
also O(M). Since each individual summand in the complexity
of SMC-PF is O(M), the sum is also O(M). In a nutshell,
SMC-PF is computationally more demanding than B-PF, but
the complexity of both is linear with respect to the number of
particles M.

dxk =

v =

VII. SIMULATIONS

A network with 100 sensors is considered organized in 20
clusters. Each sensor communicates its distance measurement
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Fig. 6. Sensor network and its communication graph

from the target to its cluster-head sensor. Cluster-head sensors
collaboratively perform tracking. For a fixed number of clus-
ters, as the number of sensors increases so does the dimension
of data available to cluster-head sensors. In this case, it
is prohibitive to communicate raw measurements across the
network and distributed approaches should be utilized instead.
Fig. 6 depicts the network setup along with the associated
communication graph. Sensors are depicted as circles and
cluster-heads as squares.

The target moves according to a white Gaussian acceleration
model [2, p. 273]. The continuous-time state vector x(t) :=
[21(t), x2(t),d1(t), #2(¢)]T comprises the target coordinates
in two dimensions along with their derivatives. After sampling
the continuous model with period T, (set throughout the
simulations to 7y = 1), the state equation in discrete time
becomes

x; = Fx,_1 + Bwy,

T2
1 0 7T, O -5 0
o1 0 T N
F=loo0 1 o BF T 0
00 0 1 0 T,

The measurement equation expressing the distance from sen-
sor n (located at position s,,) to the target in the presence of
zero-mean, unit-variance, additive white Gaussian noise vy, is
given by

Cn

250 + [|s,, — xx(1: 2)|I2

Ye = + vy (34)
where the target position is denoted by the vector xx(1 : 2)
using MATLAB notation; and the constant c, is adjusted
so that the signal-to-noise ratio (SNR) in (34) is 10dB at a
60 meter distance. These numbers are selected to ensure a
sufficiently peaky likelihood function highlighting the gains of
SMC-PF relative to B-PF. On the other hand, these numbers
and specifically 250 in the denominator of (34) prevent a very
peaky likelihood, which may lead to divergence of all filters.

The time-averaged root MSE (RMSE) of x(1 : 2) is used

to assess performance and is defined as

1

Kmax -

J
1
Average RMSE := j; ( 7

Fonax 1/2
< Y kP2 -x0 2>|§>
k=Kmin+1

where j indexes Monte Carlo runs, J = 100 represents the
total number of Monte Carlo runs, and K i, = 8, Knax = 16
specify the time interval over which the MSE is averaged. A
non-zero K i, 18 selected to ensure that choice of initialization
does not greatly impact the average RMSE, while K, = 16
is chosen to ensure that the target stays in the sensing area
for most realizations. Furthermore, the state noise standard
deviation is o,, = 10. SMC-PF parameters are G = 0.001,
P = 200, L = 10, and M’ = 100. Unless stated otherwise,
the particle bounding box method is employed for SMC-PF.
Furthermore, the efficient sampling approach of Section VI
is utilized for SMC-PF. The simulation run-time for SMC-PF
directly depends on the choice of parameters §; and P. A
larger value of (3 increases simulation speed as particles are
accepted with higher probability, at the price of a possible
performance degradation. On the other hand, a smaller P also
increases simulation speed as transition from the RS stage to
the IS stage is faster, but can also incur loss in performance.
The values selected for these parameters lead to a reasonable
trade-off between run-time and performance.

A. Comparison with B-PF

Fig. 7 compares the performance of SMC-PF with that
of B-PF and a benchmark centralized PF, which comprises
the combination of the auxiliary particle filter (APF) and the
unscented particle filter (UPF). In the APF - UPF combination,
the two-stage weighting approach of APF is combined with
the importance density obtained from UPF. The consensus
averaging required for distributed implementation of B-PF and
SMC-PF is assumed to be perfect in these figures. Clearly,
SMC-PF outperforms B-PF and its performance comes very
close to that of the benchmark filter.

The effect of finite number of consensus-averaging itera-
tions is demonstrated in Fig. 8. The approach described in
Remark 1 is utilized to mitigate residual mismatch between
particle weights. With as few as 6 consensus-averaging itera-
tions (note that 6 is also the diameter of the communication
graph), the performance of SMC-PF comes close to that with
perfect consensus averaging.

Finally, RMSE is plotted versus communication cost in
Fig. 9. To generate each square in this plot, a single data
point corresponding to a given number of particles and given
number of consensus iterations is selected from Fig. 8. Then,
the communication cost for this data point is computed and
the result is plotted as a single square in Fig. 9. Repeating this
process for every data point in Fig. § yields all the squares
(and similarly triangles) in Fig. 9. Thanks to its distributed
adaptation, SMC-PF entails lower communication overhead
relative to B-PF for a given RMSE in Fig. 9. The difference
is considerable especially for small RMSE values.
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As the number of particles grows large, both SMC-PF (all
variants) and B-PF converge to the true MMSE estimator
E[xg|y1.1]. However, these asymptotic results can be deceiv-
ing as the finite-sample performance of the two approaches can
be dramatically different; see Fig. 7. In addition, the threshold
at which the asymptotic results “kick in” can vary considerably
depending on the choice of the IS density 7(.) [10]. Our
simulations corroborate that in a practical setup with a finite
number of particles, the SMC-PF markedly outperforms the
B-PF, while also offering an affordable distributed implemen-
tation.

B. Comparison with Distributed GMM-based PFs

SMC-PF is compared here against the consensus-based
algorithm in [36], which will be referred to as the distributed
PF-1 (DPF-1), and the incremental algorithm in [25], which
will be referred to as DPF-2. While comparing an incremental
algorithm with a consensus-based one might be unfair as
they belong to different classes, the sensor selection approach
introduced in [25] to establish the incremental loop allows
one to conduct a fair comparison. The proposed method does
not require a Hamiltonian cycle. In fact, each sensor in the
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Fig. 9. RMSE versus communication complexity for B-PF and SMC-PF

incremental loop checks its neighbors and determines the ones
who have not participated in the incremental loop per round.
Among these, the “current” sensor selects the one closest to
the target as the next sensor in the loop. When one arrives
at a sensor whose neighbors have already participated, the
incremental loop ends and the loop for the next round of
measurements begins. This approach may lead to sensors left
out.

Fig. 10 compares SMC-PF with DPF-1 and DPF-2. Here,
200 consensus averaging iterations are performed for DPF-1,
and the number of GMM components in DPF-2 is set to 4. It
can be seen that SMC-PF outperforms both methods in terms
of RMSE. The communication cost of all methods is plotted
in Fig. 11 versus RMSE. One observes that DPF-2 incurs
the lowest communication overhead, but its performance is
worse than what is achievable by DPF-1 and SMC-PF for
higher communication cost. SMC-PF also outperforms DPF-
1 with smaller communication complexity. Note that the
stars corresponding to DPF-2 in Fig. 11 are obtained from
their respective data points in Fig. 10 for different number
of particles. Since DPF-2 communicates GMMs rather than
particles, its communication complexity is independent of
the number of particles and thus all stars fall on the same
vertical line in Fig. 11. Similarly, the data point for DPF-
1 is obtained from Fig. 10. Only one data point is plotted
as all other ones yielded much higher RMSEs. Finally, we
should note that while 6 consensus-averaging iterations seem
to be enough for SMC-PF, DPF-1 requires close to 200 or
more iterations to yield sufficiently small RMSEs. The main
reason for this difference is that consenting on the average
of values that are spread, requires more iterations than that
of concentrated values. Due to the re-sampling phase, the
weights are all given by 1/M prior to multiplication by the
likelihood. After multiplication by the local likelihood, these
weights take values in the interval [0, 1/M]; hence, consensus-
averaging is run among very concentrated values. On the other
hand, the means and covariances that DPF-1 aims to consent
on, can have values spread far away from each other; hence,
consensus-averaging requires more iterations to converge.
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C. Different SMC-PF Implementations

In this section, 20 sensors are considered without cluster
heads, collecting measurements
Cn

14 ||sn — xx(1:2)]

where ¢,, is chosen to have an SNR of 10 dB at distance
equal to 150 meters. Due to the peaky-likelihood conditions,
divergent estimated tracks appear and affect the RMSE. To
assess performance of each algorithm, the percentage of accu-
rate tracks is plotted as a metric. The latter is defined as the
fraction of Monte Carlo runs in which the estimated position
error stays below a given RMSE threshold (set equal to 10 in
the simulated tests)

Y = + vy (35)

fc,(cj)(l :2) — x,(cj)(l : 2)” < RMSEyy,

for all k such that K i, < k < Kpax.

Fig. 12 demonstrates the effect of 35 on performance. SMC-
PF exhibits robustness to changes in (i, and only when [
increases beyond 0.1 its performance begins to deteriorate.

The effect of measurement noise is illustrated in Fig. 13,
where the SNR is reduced by a factor of 9, and approaches
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0 dB at 150 meters distance. In this scenario, an interesting
feature emerges. B-PF at SNR= 0 dB outperforms the one at
SNR= 10 dB. This is a manifestation of particle depletion,
which is more pronounced at 10 dB (more accurate measure-
ments). However, this trend is not observed in SMC-PF whose
performance degrades as the SNR decreases.

Different methods for computing the local sets are compared
in Fig. 14, where the percentages of accurate tracks are plotted.
This figure compares the particle bounding box, the UKF-
based set selection, and the UKF with a 4-component GMM
for B, = 0.001, and o, = 10. Parameter n°> = 13.277
is chosen to ensure that 99% of the probability mass is
contained in the ellipsoid defined in LS3’. It is observed that
the particle bounding box and UKF with GMM approaches
outperform the UKF-only by a small margin, which increases
as the number of particles grows. In terms of computational
complexity, UKF with GMM is the most demanding while
UKF-only and the particle bounding box methods exhibit
similar and noticeably lower complexity. Overall, for these
simulations, the particle bounding box approach offers the best
performance-complexity trade-off.
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VIII. CONCLUSIONS

A distributed PF scheme was developed to approximate the
practically infeasible optimum MMSE state estimator involved
when tracking targets using a network of wireless sensors.
The novel non-parametric approach offers a decentralized
tracker with performance approaching that of centralized PF,
affordable complexity, and inter-sensor communications at
reduced overhead.

Instrumental to these desirable features was a data-adapted
IS density introduced to draw particles per sensor. The novel
IS density relies on a judiciously constructed global set, which
becomes available to all sensors using a finite number of min-
or max-consensus iterations. Membership to this set allows
for distributed PF iterations to be run in a connected network
by exchanging only particle weights (but not particles) among
neighboring sensors.

Asymptotic analysis established consistency of the dis-
tributed PF tracker, while finite-sample analysis based on
the reduction of the state-estimator variance per PF iteration
revealed conditions under which the novel SMC-PF tracker
improves upon a bootstrap PF alternative. Simulated tests
confirmed that the novel SMC-PF outperforms the bootstrap
PF by a wide margin, which becomes more pronounced as
measurements become more accurate, and the peaky likelihood
conditions are satisfied.
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