Math 5588 Practice Test 1 Spring 2018
Do at least four of the following six problems.!

1. Consider the polar coordinates in R?, given by x; = rcos, xo = rsinf. Let o > 0, and consider

functions u in the upper half-plane Q = {z = (z1,22) € R?, x5 > 0} which can be expressed in polar

coordinates as u = r® f(6), where f is a smooth function. If we wish that u satisfy Au = 0, what is the

equation which should be satisfied by f7

Hint: One way to do this pr02blom is just directly calculate the derivatives using the chain rule. For that you will need to calculate
or o%r el’) 9
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the derivatives e and 2,00, and also Du; and Fwi07; where you take r and 6 as functions of x1,x2. The expression for r

is clear: r = 1/m% + a:% There are several expressions one can use for 6, such as § = arcsin (sz), or 6 = arccot%. Another

way to calculate the derivatives is to differentiate the expressions 1 = rcosf,z2 = rsinf with respect to x1,x2, considering
r, 0 as functions of x1,x2, and then express the derivatives we seek from the resulting equations. The most efficient way to do
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the calculation is to use the expression for A in the polar coordinates: A = % +-2 4 9 Ttisa good exercise to derive
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this formula, but for the purpose of the exam you can use it without deriving it. "

2. Let Q C R3 the domain obtained from R3 by removing the x3—axis. Let v: (0,00) — R be a smooth
function and let u: Q@ — R be defined by u(z1,z2,x3) = e "3 v (\/x% + x%) What equation does v have to
satisty if we wish u to satisfy Au =07

3. For a > 0 we define

ﬁ x € (—a,a),

Xa(®) = 0 elsewhere .

(i) Calculate the function x4 * Xa.
(ii) If f: R — R is continuous and x € R, calculate lim,_o_, (f * Xa * Xa)(2)-

Hint: One can do this calculation directly from the definition xa * xa(z) = [Z0_ Xa(z — y)Xa(y) dy, the resulting integral is
easily evaluated. Alternatively, if you are comfortable working with the Dirac function, you can use the fact that 2ax/ (z) =
6(x +a) — §(z — a) and the formula (xa * Xa)' = X, * Xa to obtain the derivative of x4 * X Without much calculation.

4. Assume that u: R® — R satisfies the equation Au + 8‘9—;1 = 0. Let ¢: R> = R be a smooth function
which vanishes outside the unit ball B; = {x € R?, |z| < 1}. Show that the function v = u * ¢ satisfies the
same equation: Av + ad—;l =0.
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5. Let f: R® — R be defined by f(z) = e~ F2 | Given that Jrs f(x)do = (27r)%, evaluate the integral
I [ (ot +ad+ad? o) de. )

where A%f = A(Af).
Hint: Use integration by parts.

6. Let Q be the unit ball in R? centered at the origin and let G(z,y) be its Green function. Show that for

y € Q we have
0G(z,
/ Z %xjxl dx =y . (3)
997 Zj

Hint: Use integration by parts, general properties of Green’s functions, and the following facts: (i) Az1 = 0, and (ii) when
x € 09, then x; coincides with the j—th component of the normal to 92. Although we know G explicitly, it might not be very
efficient to try to use the explicit expression for this calculation - it is easier to do a calculation based on general properties of

Green’s functions.

1For grading purposes, any 4 problems correspond to 100%. You can get extra credit if you do more. You can use the
textbook, any notes, and a calculator, as long as it does not have wireless capabilities. Devices with wireless communication
capabilities are not allowed. Hints for solutions such as the ones above might not be included on the real exam.



