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The golden ratio
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Higher dim? regular 2n+1 polygon
B I

di
1:d, : dz =d3

=d:1+d2 :

d, +dz :dn +ds
da

A
=d2:di+d3:1 +dr+dx:d, +dn +ds &3
=ds:d, +dz:d, +dn +dz:1+d, +4 +ds

A B C D E C
I dz de1, d'I I I

E



Golden portions/n-dim Golden Ratios.

y==i-th diag of regular (2n+3) - you

where ylt=1.

Cy? =155 the classical GR)

n-dim GR:(YY, 4,,...,4)



n-dim Fibonacci#S. (to be defined later)

Pop. n-dim Fibonacciconverges to n-dim GR.

as pt in a proj space.



Continued Fractions
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Golden Ratio
n-dim GR
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Introducing Snake Graphs.



Introducing Snake Graphs.
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PerfectMatchings (Dimer covers)
Denote 12[9.... and the # of

dimer covers on Gta.... and
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Continuedfractions via Snake Graphs.

Ihm. Schiffler-Canaki2016

& [a1, 92, ..., an]
[a, 92, ...., an] =

& Taz, . . . . , an]

Define 1(a) =(, 0) then...

Ihm (old)

191(a)1(a) ... 1(an) =eTa*
Can be further decomposed....



More on Matrixformula

Define 2 = (ii) R =10 i) then ...

pa24293.. .. =(a.) 1(a)) ... scan) "up to sign"

- feta, ... an) *I
2[92.--an] *

-
Denote this matrix ( (9,92,..., an)

Remark 2. R and hence () - SL2(2)
e



Our motivation

In Musiker-Schiffler 08 & Musiker-Schiffer-Williams 09,iners on Snake
-

graphs are used to give formula for Type A teralgebras.
in

Gr(2, n) or ↑(E)"

In Musiker-Ovenhouse-2. 21. We found thatcertain superevariables

correspond to dimercovers ofthe same snake graph.

tion [Schiffler. OPAC 2022]

Find continued fraction / Number theory interpretation for double dimers.

Answer [Musiker - Overhouse - Schiffler-Z. 2023]



Whatare Higher Dimers?

DefAn m-dimer is a multi-collection of edges.
Such thatevery vertexis incidentto m ofthem.

i.e. Overlay m differentperfectmatchings (dimers)

Eg. Double
dimers on GI111.1).
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E.g.Some 3-dimers.
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Define &Ma, ....an] the # ofm-dimers on Gla.... and

then define o"[i] to be the n-th media Fibb #.

In Raney's language: jet
How to countthem?



Malaupgraded.
[m] [m2].--- [2] I

Am(a) : : .. .. where

I 537727593 I (1:7 =(,))
(2) (i) I
1?] I =(a+-)
I

Thm [MOSZ23]
**..- *

Iwerere **...*I1n(a, --- Am(9n)= iii i
i=Am(9,...dn)

**...*

**... *



atm = ("!) km=(!)
Thm [MOSZ23]

Amla-an) =R."LaR------

Cor Raney's def of m-dim Fib. #. is the

firstcolumnofa.... an).



- ractions.Continued I
-

Recall thatIa, ..., an)
=

antag has recurrance.

Ia, ... an] =a+Eitan)
m-Dimer Cont Frac.

Ra. .... an]=(r. (a. ...du), KCA.--- an), ----, Um (9,.--de))

r, (a, ... an) =[im-(ac... an)
Um (a...dn)



Thm (Mo3z23)

Um(a, ... an) = m-an)
&m [92---an]

and more generally

rila,..- an) =Aime
where X =A (a, . . . an)



Dimer covers form a distributive lattice.

the
fence post



The same story is true for m-dimers.

Denote this poset pie for a snake graph G.



Dual Snake graph.
G*
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Dual Snake graph. (Propp, 2005)
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The fence ofG is the "shape"ofGB

·



~4G) m-dimers of G =m-Lattice paths ofG*((G*)
-reverse plane partitions
=p-partitions offence posit.

label entries by the # of paths above.

& Tx"is a quasi-symmetric polynomial.
e =1(z)

as an instance of the churfans (Lam-Pylyarskyf)
*(G) can also be counted by a Jacobi-Tund: determinant.



(m)

&RankgratingofPGI:P

rk(p>
Let Wpm(9):=[ q Question:Final a formula.

4-

Partial answer by Stanley I

The (Stanley's thesis Prop 813) Iqxmaj(x) des(π)
↳

Linear extensions

Fp(q,x) =[Up,mi2)x -Iqx)...)-g-
m=1

Question remains:What is [x]Fp (9,4)?
Movelas

Rik: By Pak Fp (9,2)
=spent ding is using "pleasantdiagrams".

Panova
2015



Aspecial Case, when G=G[n]

Up,m(q) =("*)q the qubinomial coefficient.

m =2 n =3[qrkp =()q



thank you?


