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A superfield algorithm for master actions of a class of gauge field theories including
topological ones in arbitrary dimensions is presented generalizing a previous treat-
ment in two dimensions. General forms for master actions in superspace are given,
and possible theories are determined by means of a ghost number prescription and
the master equations. The resulting master actions determine the original actions
together with their gauge invariances. Generalized Poisson sigma models in ar-
bitrary dimensions are constructed by means of this algorithm, and other simple
applications in low dimensions are given including a derivation of the non-abelian
Chern-Simon model.
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1 The basic formulation

In our paper1 we gave a superfield algorithm for a class of master actions in
two dimensions by means of which we derived generalized Poisson sigma mod-
els. (A superfield form of the master action for the ordinary Poisson sigma
models2,3 was given by Cattaneo and Felder.4) In this paper we generalize this
algorithm to arbitrary dimensions. This provides then for a general frame-
work for topological field theories and generalizations. All these models share
the following properties: i) The equations of motion are of first order in the
derivatives. ii) They are directly defined in terms of their corresponding mas-
ter actions. iii) There are general simple rules for how the original actions are
obtained from these master actions. iv) The quantum theory of the models
are obtained by a gauge fixing of the master actions. For other related works
see also Refs. 5−11.

The master actions corresponding to an n-dimensional field theory will be
entirely expressed in terms of fields on a supermanifold of dimension (n, n),
i.e. half of the coordinates are bosonic, even ones, and half are fermionic, odd
ones. To begin with we consider a class of master actions expressed in terms
of pairs of superfields. They are

Σ[Φ,Φ∗] =

∫

dnudnτLn(u, τ) , (1)

where the Lagrangian densities Ln(u, τ) are given by

Ln(u, τ) = Φ∗A(u, τ)DΦA(u, τ)(−1)εA+n − S(Φ(u, τ),Φ∗(u, τ)) , (2)

where ua, a = 1, 2, . . . , n are bosonic coordinates on the base space and τ a,
a = 1, 2, . . . , n, the corresponding fermionic ones. D is the odd de Rham
differential

D ≡ τa∂a, ∂a ≡
∂

∂ua
⇒ D2 = 0 . (3)

Since Σ is required to be even and since the measure dnτ is even or odd
depending on whether n is even or odd, it follows that the Grassmann parity
of the Lagrangian density is n, i.e. ε(Ln(u, τ)) = n. This implies that ε(S)=n

and ε(Φ∗A)= εA+ 1+n, where εA≡ ε(Φ
A). (For even n the form of Ln in (2)

is a generalization of the two dimensional treatment in Ref. 1, and for odd n

it is a generalization of the one-dimensional expression given in Refs. 6 and 11.
Such superfield forms for master actions for topological field theories were also
proposed.5,6)
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The master actions (1) are required to satisfy the classical master equation

(Σ,Σ) = 0 , (4)

where the antibracket is defined by

(F,G) ≡

∫

F

←

δ

δΦA(u, τ)
(−1)nεAdnudnτ

→

δ

δΦ∗A(u, τ)
G

− (F ↔ G)(−1)

(

ε(F )+1
)(

ε(G)+1
)

, (5)

which in turn can be defined by12

(F,G) = ∆(FG)(−1)εF − (∆F )G(−1)εF − F (∆G) (6)

in terms of the basic odd, nilpotent ∆-operator

∆ ≡

∫

dnudnτ (−1)(n+1)εA
δ

δΦA(u, τ)

δ

δΦ∗A(u, τ)
. (7)

This ∆-operator also differentiates the antibracket (5) according to the Leibnitz
rule, i.e.

∆(F,G) = (∆F,G) + (F,∆G)(−1)εF+1. (8)

The functional derivatives in (5) and (7) are defined by the properties

δ

δΦB(u, τ)
ΦA(u′, τ ′) = δAB δn(u− u′)δn(τ − τ ′) = ΦA(u, τ)

←

δ

δΦB(u′, τ ′)
,

ε

(

δ

δΦA

)

= ε

(
←

δ

δΦA

)

= εA + n , (9)

F

←

δ

δΦA(u, τ)
dnτ = (−1)εA(ε(F )+1)dnτ

δ

δΦA(u, τ)
F ,

where the delta-function in the odd coordinates τ a satisfies

∫

f(τ ′) δn(τ − τ ′) dnτ ′ = f(τ) =

∫

dnτ ′ δn(τ ′ − τ)f(τ ′) . (10)



236 I.A. Batalin and R. Marnelius

An explicit calculation of the antibracket of the master actions (1) yields

1

2
(Σ,Σ) =

∫

dnudnτ

(

DLn(u, τ) +
1

2
(S, S)n(u, τ)

)

, (11)

where we have introduced the local n-bracket

(f, g)n ≡ f

←

∂

∂ΦA

→

∂

∂Φ∗A
g − (f ↔ g)(−1)(ε(f)+1+n)(ε(g)+1+n), (12)

where f and g are local functions of ΦA(u, τ) and Φ∗A(u, τ). For even n this is
an antibracket and for odd n it is a Poisson bracket. In other words ΦA and
Φ∗A are canonical conjugate field variables on an antisymplectic manifold for
even n and on a symplectic manifold for odd n. The condition (4) combined
with (11) yields

∫

dnudnτDLn(u, τ) = 0 , (13)

which determines the allowed boundary conditions, and

(S, S)n = 0 . (14)

Furthermore, we have from (1) and (7)

∆Σ = 0 , (15)

since the τ -part yields a factor zero. (As usual we believe that the bosonic
part can be regularized appropriately.) Therefore, Σ also satisfies the quantum
master equation

1

2
(Σ,Σ) = ih̄∆Σ , (16)

when (13) and (14) are satisfied, which means that no quantum corrections of
the measure in the path integral are required for these models.

If one treats the master action Σ in (1) as an ordinary action, then the
equations of motion are

DΦA = (S,ΦA)n , DΦ∗A = (S,Φ∗A)n , (17)

the consistency of which again requires (14). Notice that the equation of
motion for S then becomes DS = 0. Notice also the relations

(

Σ,ΦA
)

= (−1)n
(

DΦA − (S,ΦA)n
)

,
(

Σ,Φ∗A
)

= (−1)n
(

DΦ∗A − (S,Φ∗A)n
)

. (18)
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The superfields above can be Taylor expanded in the odd τ -coordinates
in such a fashion that the coefficients are fields and antifields in the ordinary
sense on the base manifold. Or in other words, such that the antibracket (5)
and the ∆-operator (7) have their conventional forms:

(F,G) =
∑

r

∫

F

←

δ

δΦrA(u)
dnu

→

δ

δΦ∗rA(u)
G− (F↔G)(−1)

(

ε(F )+1
)(

ε(G)+1
)

,

∆ ≡
∑

r

∫

dnu (−1)εrA
δ

δΦrA(u)

δ

δΦ∗rA(u)
, εrA≡ ε(ΦrA) , (19)

where ΦrA(u) and Φ∗rA(u) are the coefficient fields (r denotes antisymmetric
u-indices). The antibracket in (19) must yield

(ΦA(u, τ),Φ∗B(u
′, τ ′)) = (−1)nεAδABδ

n(u− u′)δn(τ − τ ′) , (20)

which trivially follows from Eq. (5). An explicit construction is given in Ap-
pendix B.

So far we have given superfield actions in arbitrary dimensions which under
certain conditions satisfy the master equations. In the following we will always
require Σ to actually satisfy the master equation, i.e. we require the boundary
conditions to be consistent with (13) and the local equation (14) to be satisfied.
In order to determine the class of gauge field theories which have such master
actions we need also to prescribe ghost numbers to the field. We generalize
then the prescription given in Ref. 1 (such ghost numbers were also considered
in Refs. 4, 6, 8 and 11). We choose the odd coordinates τa to have ghost number
plus one, which implies that D in (3) has ghost number plus one. Since we
require the master action Σ to have ghost number zero and since the measure
dnτ has ghost number −n the Lagrangian density Ln in (2) must have ghost
number n, i.e.

gh(Σ) = 0 , gh(dnτ) = −n , ⇒ (Ln) = n . (21)

The form (2) of Ln leads us to the following general rule for the superfields
and the local function S:

gh(ΦA) + gh(Φ∗A) = n− 1, gh(S) = n . (22)

We assume that S is given by a power expansion in the superfields ΦA and Φ∗A,
in which case this ghost number prescription will restrict the possible terms in
S. In such an analysis it is convenient to use the following convention:

gh(Φ∗A) ≥ gh(ΦA) , (23)

which in itself does not impose any restriction. Notice that ΦA and Φ∗A
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can only have equal ghost number in odd dimensions. (More precisely for
n = 2m + 1 we can have the ghost numbers gh(ΦA) = gh(Φ∗A) = m.) Since
the local bracket (12) satisfies

(

ΦA(u, τ),Φ∗B(u, τ)
)

n
= δAB , (24)

it follows from the ghost number prescription (22) that the local bracket ( , )n
in itself carries ghost number 1 − n. From (20) and the fact that δn(τ − τ ′)
carries ghost number n, it follows that the antibracket (5) or, equivalently, (19)
carries ghost number plus one which is the standard ghost number prescription
for the antibracket in the field-antifield formalism.

We have a consistent master action Σ given by (1) if S satisfies gh(S) = n

and (S, S)n = 0 and the set of superfields satisfies (22) and the boundary
conditions compatible with (13). From such a master action we can then
extract the original model according to the following rules. First, remove the
integration measure. Then perform the following replacements:

D −→ exterior derivative d ,

ΦA, gh(ΦA) = k ≥ 0 , −→ k−form field φA, ε(φA) = εA + k ,

Φ∗A, gh(Φ
∗
A)= (n−1−k) ≥ 0 , −→ (n−1−k)−form field φ∗A, ε(φ

∗
A) = εA+k ,

ΦA, gh(ΦA) < 0 , −→ 0

or

Φ∗A, gh(Φ
∗
A) < 0 , −→ 0 ,

ordinary multiplication −→ wedge products, (25)

where the form fields, φA and φ∗A, are fields on the n-dimensional u-space.
These rules are easily extracted from the fact that the original fields, φA(u)
and φ∗A(u), are component fields with ghost number zero of the superfields,
ΦA(u, τ) and Φ∗A(u, τ). (Signs depend on how the coefficient fields are defined
precisely.)

The superfield master actions determine also the gauge invariance of the
original action. The appropriate gauge transformations can be obtained by
following steps. First identify the components of the superfields that are an-
tifields to the original fields. These antifields have ghost number minus one
and if ΦA contains the field then Φ∗A contains the corresponding antifield or
vice versa. Identify then the terms in the master Lagrangian

∫

dnτLn which
are linear in these antifields. The terms in the coefficients of these antifields,
which contain no antifields, represent then the gauge transformations of the
field. The ghost fields with ghost number plus one are to be interpreted then
as gauge parameters.
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2 Master actions in terms of general superfields

We have generalized1 the two-dimensional treatment along the lines of the
generalized antisymplectic formulation.13 Here we give the corresponding treat-
ment in arbitrary dimensions. Let the superfields ZI(u, τ), ε(ZI) ≡ εI , repre-
sent arbitrary coordinates on an (anti)symplectic manifold. The local brackets
(12) are then defined by

(f, g)n ≡ f(Z(u, τ))

←

∂

∂ZI
EIK(Z(u, τ))

→

∂

∂ZK
g (Z(u, τ)) , (26)

which implies

(ZI(u, τ), ZK(u, τ))n = EIK(Z(u, τ)) . (27)

The functions EIK have the properties

ε
(

EIK
)

= εI + εK + 1 + n,

EKI = −EIK(−1)(εI+1+n)(εK+1+n) . (28)

These properties follow from the requirements

ε
(

(f, g)n
)

= εf + εg + 1 + n ,

(f, g)n= − (g, f)n (−1)
(εf+1+n)(εg+1+n) . (29)

The Jacobi identities of the bracket (26), namely

((f, g)n, h)n (−1)
(εf+1+n)(εh+1+n) + cycle (f, g, h) = 0 , (30)

require in turn

EIL ∂LE
JK(−1)(εI+1+n)(εK+1+n) + cycle (I, J,K) = 0 . (31)

We assume that ZI span the bracket (26) which implies that EIK is invertible.
The inverse, EIK , is defined by

EILE
LK = δKI = EKLELI . (32)

It satisfies

ε(EIK) = εI + εK + 1 + n , EKI = −EIK(−1)(εI+n)(εK+n)+n ,

∂IEJK(Z)(−1)(εI+n)εK + cycle(I, J,K) = 0 . (33)

The last relation follows from (32) and the Jacobi identities (31).
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We define the generalized antibracket by

(F,G) ≡ F

∫

←

δ

δZI(u, τ)
dnudnτ

(

ZI(u, τ), ZK(u′, τ ′)
)

dnu′dnτ ′
→

δ

δZK(u′, τ ′)
G ,

where (34)
(

ZI(u, τ), ZK(u′, τ ′)
)

= EIK(Z(u, τ))(−1)nεK δn(u− u′) δn(τ − τ ′)

= δn(u− u′) δn(τ − τ ′)(−1)nεIEIK(Z(u, τ)) . (35)

Here the Jacobi identities are

(

ZI(u, τ), (ZJ (u′, τ ′), ZK(u′′, τ ′′))
)

(−1)(εI+1)(εK+1)

+ cycle (I, u, τ ; J, u′, τ ′;K,u′′, τ ′′) = 0 , (36)

which are satisfied due to (31). In fact, the properties of EIK imply that the
antibracket (34), (35) satisfies all required properties. Inserting (35) into (34)
yields the expression

(F,G) ≡F

∫

←

δ

δZI(u, τ)
dnu dnτ EIK(−1)nεK

→

δ

δZK(u, τ)
G . (37)

This antibracket follows also from the relation (6) and the ∆-operator

∆ ≡
1

2

∫

dnu dnτ (−1)εIρ−1 δ

δZI(u, τ)
ρEIK(Z(u, τ))(−1)nεK

δ

δZK(u, τ)
, (38)

where ρ(Z(u, τ)) is a measure density on the field-antifield space. This ∆-
operator differentiates the antibracket (37) according to the rules (8).

A master action Σ in terms of the superfields ZI(u, τ) may have, e.g. , the
form (1) with a Lagrangian density given by

Ln(u, τ) = VI(Z(u, τ))DZ
I(u, τ)(−1)εI+n− S(Z(u, τ)) , (39)

where the (anti)symplectic potential VI(Z(u, τ)) has the Grassmann parity
εI+n+1. Here we obtain the left functional derivative of Σ in the form

δΣ

δZI
= (−1)nεI

(

EIKDZ
K(−1)εK+n − ∂IS

)

, (40)

where EIK is defined by

EIK(Z) = ∂IVK(Z)− ∂KVI(Z)(−1)
(εI+n)(εK+n)+n . (41)
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The equations of motion are therefore

DZI = (S,ZI)n . (42)

Then, consistency requires (S, S)n = 0 again. A still more general form for the
master action Σ is obtained from the Lagrangian density

Ln(u, τ) = ZK(u, τ)EKI(Z(u, τ))DZ
I(u, τ)(−1)εI+n− S(Z(u, τ)) , (43)

where

EKI(Z) ≡ (ZJ∂J + 2)−1EKI(Z) =

∫ 1

0

dααEKI(αZ) . (44)

(Such an expression was first given in the symplectic case in Ref. 14). Notice
also the general form of the expression (18):

(Σ, ZI) = (−1)n
(

DZI − (S,ZI)n
)

. (45)

When calculating (Σ,Σ) in terms of the antibracket (34) or (37), where Σ is
expressed in terms of (39) or (43), we again find the relation (11). This means
that the master equation (Σ,Σ) = 0 also here requires the conditions (13), i.e.
∫

dnudnτDLn = 0, which determines the allowed boundary conditions, and
(S, S)n = 0 in terms of the bracket (26) which together with the ghost number
prescription determine the allowed form of S.

Here the ghost number prescriptions for Lagrangians (39) and (43) are

gh(S) = n, gh(VI) + gh(ZI) = n− 1, each I, (46)

and

gh(S) = n , gh(ZK) + gh(ZI) + gh(EIK) = n− 1 (for each I and K) , (47)

respectively. The relation (47) together with (44), or (46) and (41) imply

gh(EIK(Z)) = n− 1− gh(ZI)− gh(ZK),

gh(EIK(Z)) = 1− n+ gh(ZI) + gh(ZK), (48)

where the last relation follows from (32). The last equality implies then that
the local bracket ( , )n carries the extra ghost number 1 − n (see Eq. (27)),
exactly what we had in the previous section. Only for n = 1 do we have the
standard Poisson bracket.
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3 Further generalizations

1. As in Ref. 1, we can choose arbitrary coordinates ua on the surface. For the
measure

dnu
(

dethba(u)
)

−1 , (49)

we have the nilpotent D-operator

D = τaTa +
1

2
τ bτaU c

ab(u)
∂

∂τ c
, (50)

where

Ta ≡ hba(u)
∂

∂ub
,

U c
ab(u) ≡ −h

f
a(u)h

d
b(u)

∂

∂uf

(

h−1
)c

d
(u)− (a↔ b) . (51)

Notice that

D2 = 0 ⇒ [Ta, Tb] = U c
ab(u)Tc . (52)

2. If the original field theory is a superfield theory on a space with coordinates
ua having Grassmann parities εa, then the τa-coordinates have Grassmann
parities εa + 1. In this case we must assume that the superfields ΦA(u, τ) are
still possible to expand as a power series in τ a which then is an infinite ex-
pansion for the bosonic τa-coordinates. (The fact that this implies an infinite
number of component fields with arbitrarily low ghost numbers suggests that
infinite reducibility is a generic feature in the superfield case.) If the origi-
nal base manifold has dimension (n,m) then the supermanifold has dimension
(n+m,n+m) and we get a subdivision into the two cases n+m odd or even.
This means that the dimension of the base space still determines the odd and
even cases.

3. The local functions S can also have explicit τ -dependence, since the mas-
ter actions above still satisfy the master equations provided S satisfies (14).
However, such master actions are not of the same geometric nature as the pre-
vious ones since they do not lead to topological field theories due to the terms
with explicit τ -dependence. (This generalization was first considered in the
one-dimensional treatments in Refs. 6, 11.)
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4. A natural extension of the formalism in Sec. 2 is to let EIK(Z) be sin-
gular. It may be, e.g. , a Dirac bracket in which case we have

EIK
(D) ≡ (ZI , ZK)n(D) ≡ (ZI , ZK)n − (ZI ,Θµ(Z))nCµν(Θ

ν(Z), ZK)n , (53)

where Θµ(Z) are constraint variables such that Cµν ≡ (Θµ,Θν)n is invertible
with the inverse Cµν . Then, according to (35), the basic Dirac antibracket is
given by

(

ZI(u, τ), ZK(u′, τ ′)
)

(D)
= EIK

(D)(Z(u, τ)) (−1)
nεK δn(u− u′) δn(τ − τ ′) . (54)

The local action S should be replaced by

S(Z(u, τ)) −→ S(Z(u, τ)) + Πµ(u, τ)Θ
µ(Z(u, τ)) , (55)

where Πµ is a Lagrange multiplier superfield.

4 Generalized Poisson sigma models in any dimension

Consider dimension n and consider first superfield pairs X i and X∗i with the
properties

ε(X∗i ) = εi + 1 + n , εi ≡ ε(Xi) ,

gh(X∗i ) = n− 1− gh(X i) , (56)

which are required by our general rules in Sec. 1. Let us now consider the local
function

S =
1

2
X∗jX

∗
i ω

ij(X)(−1)εj+n. (57)

From the general prescription

ε(S) = n , gh(S) = n , (58)

it follows that the functions ωij(X) must satisfy the properties

ε(ωij) = n+ εi + εj ,

gh(ωij) = 2− n+ gh(X i) + gh(Xj) . (59)

The expression (57) implies furthermore that

ωij = −ωji(−1)(εi+n)(εj+n). (60)

The master equation (S, S)n = 0 requires then

ωil∂lω
jk(−1)(εi+n)(εk+n) + cycle (i, j, k) = 0 . (61)
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From these results it follows that ωij(X) has exactly the same properties as
the local bracket (26) for n− 1. Therefore, we can make the identification

ωij(X) = (Xi, Xj)n−1 , (62)

where ( , )0 can be identified with the conventional antibracket in the field-
antifield formalism. For even n ωij is a Poisson bracket and for odd n ωij is
an antibracket. But only for n = 1, 2 do these brackets have the conventional
ghost number prescriptions.a The boundary conditions must be consistent
with (13).

When ωij(X) satisfies the above properties and when the boundary con-
ditions are consistent with (13) then the action

Σ[X,X∗] =

∫

dnudnτ
(

X∗i DX
i(−1)εi+n − S

)

(63)

satisfies the master equation (Σ,Σ) = 0. However, for this case the original
models can only be written down after we have given a more explicit form
for ωij(X). The only exception is for n = 2 and gh(X i) = 0 in which case,
according to the rules (25), we directly obtain

A =

∫

(

x∗i ∧ dx
i −

1

2
x∗j ∧ x

∗
iω

ij(x)
)

, (64)

where x∗i and xi are one-form and zero-form fields respectively. (The Grass-
mann parities are ε(x∗i ) = ε(xi) ≡ εi .) This is just the well-known Poisson
sigma model2,3 for which Cattaneo and Felder also gave the superfield master
action4 given here for ε(xi) = 0 . One can easily check that the boundary
conditions4 are consistent with (13).

In Ref. 1 generalized Poisson sigma models for n=2 were constructed by
means of the algorithm presented here. This construction can also be general-
ized to arbitrary n. We consider then the following expression for S:

S =
1

2
X∗jX

∗
i ω

ij(X)(−1)εj+n + Λ∗αθ
α(X) , (65)

where we have introduced new superfield pairs Λ∗α, Λ
α with the properties

ε(Λ∗α) = εα + n , ε(Λα) = εα + 1 , εα ≡ ε(θα) ,

gh(Λ∗α) = n− gh(θα) , gh(Λα) = gh(θα)− 1 . (66)

a ( , )1 is the conventional Poisson bracket.
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Apart from (61), the local master equation (S, S)n = 0 requires now that

θα(X)
←

∂ jω
ji(X) = 0 , (67)

which means that ωji(X) can be interpreted as a Dirac bracket of the n − 1
type, i.e. a bracket (·, ·)n−1 satisfying (·, θα(X))n−1 = 0.

The expression (65) is not the general expression of S in terms of these
fields. We can also add the terms

(−1)εj+n+(εi+n)(εk+n) 1

6
X∗i X

∗
jX
∗
kω

kji
α (X)Λα

+(−1)εi+nX∗i Λ
∗
αω

αi
β (X)Λβ + . . . , (68)

where

ε(ωkji
α (X)) = εi + εj + εk + εα ,

ε(ωαi
β (X)) = εi + εα + εβ + n , (69)

gh(ωkji
α (X)) = gh(Xi) + gh(Xj) + gh(Xk)− gh(θα) + 4− 2n ,

gh(ωαi
β (X)) = gh(Xi) + gh(θα)− gh(θβ) + 2− n ,

and where ωkji
α is totally antisymmetric in i, j, k with Grassmann parity

εijk = (εi + n)(εj + n) + (εj + n)(εk + n) + (εk + n)(εi + n). In this case
the master equations yield a weak form of the Jacobi identities (61) and the
degeneracy condition (67), which means that ωij(X) now is a weak Dirac
bracket of the n−1 type. For all these forms of S the master action is given by

Σ[X,X∗,Λ,Λ∗]=

∫

dnudnτ
(

X∗i DX
i(−1)εi+n+ Λ∗αDΛα(−1)εα+n+1− S

)

. (70)

We can also add further superfield pairs Ξαk , Ξ∗αk , k = 1, . . . , L, which
enter S to leading order in the form

L−1
∑

k=0

Ξ∗αk+1
Zαk+1

αk
(X) Ξαk , (k ≥ 0 , α0 ≡ α , Ξα0 ≡ Λα) ,

where

ε(Zαk+1

αk
) = εαk+1

+ εαk ,

ε(Ξαk) ≡ εαk + k + 1 , (71)

gh(Zαk+1

αk
) = gh(Ξαk+1)− gh(Ξαk) + 1 .
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Here the master action is

Σ
[

X,X∗,Ξ,Ξ∗
]

= (72)

=

∫

dnudnτ
(

X∗i DX
i(−1)εi+n+

L
∑

k=0

Ξ∗αkDΞαk(−1)εαk+k+1+n− S
)

,

and the master equations tell us that θα is reducible to stage L, which means
Zα1
α θα = 0 , Zα3

α2
Zα2
α1
≈ 0 , . . . , ZαL

αL−1
Z
αL−1

αL−2
≈ 0 .

The original model and its properties of all these modified forms of S can
only be written down when we have given a more explicit form for the ghost
dependent functions. However, for n = 2 and gh(X i) = 0 we obtain, according
to the rules (25), for all the above cases the original action,

A=

∫

(

x∗i ∧ dx
i −

1

2
x∗j ∧ x

∗
iω

ij(x)− λαθ
α(x)

)

, (73)

where λα is a Lagrange multiplier 2-form field.
Still more generalized forms of Poisson sigma models might be possible to

derive if we allow S to have explicit τ -dependence which is possible according
to the generalization 3 in Sec. 3.
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Appendix A: Further applications

Models in n = 1

Consider first superfield pairsX i andX∗i with ghost number zero and arbitrary
Grassmann parities ε(X∗i ) = ε(Xi). If these are the only superfields then
S = 0, since S must have ghost number one. The original model is trivial then
and is of the form A =

∫

x∗i dx
i. If we also have the superfield pairs Λ∗α and Λα

with ghost numbers one and minus one respectively, then S has the general
form (ε(Λ∗α) = ε(Λα) = εα + 1, εα ≡ ε(θα))

S = Λ∗αθ
α(X,X∗) +

1

2
Λ∗αΛ

∗
βU

βα
γ (X,X∗)Λγ(−1)εα + . . . , (A.1)

where the dotted terms are determined by the condition (S, S)1 = 0. Notice
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that S is odd and that ( , )1 is a conventional Poisson bracket. In fact,

(S, S)1= 0 ⇒ (θα, θβ)1= Uαβ
γ θγ . (A.2)

Thus, the master action

Σ
[

X,X∗,Λ,Λ∗
]

=

∫

du dτ
(

X∗i DX
i(−1)εi+1+ Λ∗αDΛα(−1)εα− S

)

, (A.3)

where S is defined by (A.1), satisfies the master equations provided the con-
straint variables θα are in involutions. We can also add further pairs Ξ∗αk , Ξ

αk

with ghost numbers k > 1 and −k. The resulting S satisfying (S, S)1 = 0 will
then imply that the constraint variables θα are reducible (linearly dependent)
up to a certain stage. Thus, S may attain the general form of a BFV-BRST
charge for a constraint theory where the constraints are in arbitrary involutions
on the phase space spanned by the canonical coordinates X i and X∗i . Λ∗α are
ghosts and Ξ∗αk ghost for ghosts. The corresponding BRST charge for the orig-
inal model is the τ = 0 component of the S(u, τ) in (A.1). The boundary con-
dition (13) requires the conservation of this charge, i.e. S(u2, 0)−S(u1, 0) = 0
where u1 and u2 are the limits of the u-integration in Σ. The original action is
obtained from the corresponding master action using the rules (25). We find
for all the above cases the original action

A =

∫

(

x∗i dx
i − λαθ

α(x, x∗)
)

, (A.4)

where λα is a Lagrange multiplier one-form field. This action is defined on the
phase space where x∗i and x

i are canonical conjugate variables (x∗i are conjugate
momenta to xi). It is gauge invariant under the gauge transformations

δxi = (xi, θα)1βα, δx∗i = (x∗i , θ
α)1βα,

δλα = dβα(−1)
εα − βµλνU

νµ
α (−1)εµ , (A.5)

where βα are the gauge parameters. The theory (A.4) is an arbitrary constraint
theory with zero Hamiltonian, which implies that the theory is reparametriza-
tion invariant. In fact, any one-dimensional Hamiltonian model can be cast
into this form, since any such theory can be cast into a reparametrization
invariant form. However, a nonzero Hamiltonian H(X,X∗) is possible to in-
troduce if we allow S to have an explicit τ -dependence (generalization 3 in
Sec. 3, see also Ref. 6). Condition (14) requires then H(X,X∗) to have zero
local Poisson bracket with the S in (A.1). We can also choose fields which are
arbitrary symplectic coordinates if we make use of the general master actions
following from (39) and (43). These results agree with those obtained in Ref. 6.
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The Chern-Simon model and generalizations

In n = 3 the natural choice of superfield pairs are X i and X∗j both with ghost

number one. Since S must have ghost number three, S must be trilinear in X i

and X∗j . This case is simpler to analyze if we let the superfield ZI represent

both Xi and X∗j . Then, Z
I are Darboux coordinates on a symplectic manifold.

The local Poisson bracket is then

(ZI , ZK)3 = EIK , (A.6)

where EIK is constant. (Notice that the bracket ( , )3 carries an extra ghost
number −2 which implies gh(EIK) = 0 for gh(ZI) = 1). The general form of
S is in this case

S =
1

6
CIJKZ

IZJZK . (A.7)

If we let the fields ZI be odd fields corresponding to original fields which are
even one-form fields, then CIJK in (A.7) are even real constants. Notice also
that EIK in (A.6) is symmetric for odd fields. In this case the master action
with the Lagrangian density (39) becomes

Σ[Z] =
1

2

∫

d3u d3τ
(

EIKZ
KDZI−

1

3
CIJKZ

IZJZK
)

. (A.8)

The master equation (Σ,Σ) = 0 allows us to interpret CIJK as structure
coefficients of a Lie group, since CIJK is totally antisymmetric from (A.7) and
since (S, S)3 = 0 requires them to satisfy the Jacobi identities. EIK acts as a
group metric. According to the rules (25), the original model is

A =
1

2

∫

EIKz
I ∧

(

dzK−
1

3
EKLCLMN zM∧zN

)

, (A.9)

which is a non-abelian Chern-Simon model, zI being even, one-form fields.
The Chern-Simon model was also treated in Ref. 5.

We can also introduce superfield pairs with ghost numbers two and zero
respectively, and pairs with ghost numbers three and minus one. These su-
perfields allow for many more terms in S which are consistent with the ghost
number prescription. It seems likely that the local master equation (14) will
allow for new nontrivial solutions, in which case one will find generalized Chern-
Simon models. All fields must satisfy boundary conditions which are consistent
with (13).

For n = 4 we can obtain something similar to the Chern-Simon model if we
choose superfield pairsX i andX∗i with ghost number one and two, respectively.
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It is natural then to let X i be odd and X∗i be even since the corresponding
original one- and two-form fields, xi and x∗i , then are even according to the
rule (25). The general form of S is then

S =
1

2
CijX∗i X

∗
j +

1

2
Ci

jkX
∗
i X

jXk +
1

24
CijklX

iXjXkX l , (A.10)

where the coefficients are even real constants. In this case the condition
(S, S)4 = 0 yields the following three conditions:

Ci
jk C

klX∗i X
∗
l X

j = 0 , (A.11)
(

Ci
jm Cm

kl +
1

3
CjklmC

mi
)

X∗i X
jXkX l = 0 , (A.12)

CijknC
n
lmX

iXjXkX lXm = 0 . (A.13)

We notice the following special solutions:

i) If Cij = Cijkl = 0 then Ci
jk can be interpreted as structure coefficients

of a Lie group since (S, S)4 = 0 requires the Jacobi identities due to (A.12).

ii) If only Cijkl = 0, then the same interpretation of C i
jk is possible. However,

in this case (S, S)4 = 0 requires not only the Jacobi identities for C i
jk but also

the condition
Ci

jl C
lk + Ck

jl C
li = 0 , (A.14)

from (A.11). If Cij is an invertible matrix, then Cij exists satisfying C
ijCjk =

δik and (A.14) can be rewritten as

Cijk + Ckji = 0 , Cijk ≡ CilC
l
jk . (A.15)

Thus, the symmetric matrix Cij can be interpreted as a group metric and
Cijk is totally antisymmetric as required by a semi-simple Lie group. This
corresponds to what we had in the Chern-Simon model in three dimensions.
According to the rules (25), the original model is

A =

∫

(

x∗i∧dx
i −

1

2
Cijx∗i∧x

∗
j −

1

2
Ci

jk x
∗
i∧x

j∧xk
)

, (A.16)

where xi and x∗i are even one- and two-form fields, respectively. (They are the
ghost number zero coefficients of X i and X∗i .) This action is gauge invariant
under the transformations

δxi = dβi + Cijγj + Ci
jk β

jxk ,

δx∗i = dγi + Ck
ij x
∗
kβ

j + Ck
ij γk∧ x

j , (A.17)

where the gauge parameters βi and γi are zero- and one-forms, respectively.
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Further, we can also introduce superfield pairs here, with ghost numbers
three and zero respectively and pairs with ghost numbers four and minus one,
etc, which will allow for new terms in S. The local master equation (14) should
then allow for new nontrivial solutions in which case one obtains generalized
models. Again, all fields must satisfy boundary conditions which are consistent
with (13).

From the kinetic terms in the superfield Lagrangians (2) it is clear that
we get a BF-theory in any dimension n, and in any dimension we can also
have a Lagrangian multiplier which is an n-form field in the original actions.
However, in higher and higher dimensions there are more and more different
k-form fields allowed. The most general structure will therefore be more and
more complex in higher and higher dimensions.

Appendix B: Superfields in terms of component fields

A decomposition of the superfields in component fields satisfying (19) can be
obtained by means of the following recursive formula. We start with zero
components ΦA

0 and Φ∗0B satisfying

(ΦA
0 (u),Φ

∗
0B(u

′)) = δABδ
n(u− u′) . (B.1)

We write then the superfields as follows

ΦA(u, τ1, . . . , τn−1, τn)=ΦA
0 (u, τ

1, . . . , τn−1)+τnΦA
1 (u, τ

1, . . . , τn−1) , (B.2)

Φ∗A(u, τ
1, . . . , τn−1, τn) =

=
(

(−1)n−1Φ∗1A(u, τ
1, . . . , τn−1)− Φ∗0A(u, τ

1, . . . , τn−1)τn
)

(−1)εA , (B.3)

where (

ΦA(u, τ1, . . . , τn−1),Φ∗B(u
′, τ ′1, . . . , τ ′n−1)

)

= δn(u− u′)δn−1(τ − τ ′)δAB(−1)
(n−1)εA . (B.4)

Then the n-parametric superfields (B.2) and (B.3) satisfy by construction the
relations (B.4) with the formal replacement n → n + 1. One can easily check
that the following expressions satisfy these recursion formulas:

ΦA(u, τ) = ΦA
0 (u) + τaΦA

a (u) +
1

2
τa1τa2ΦA

a1a2
(u) + · · ·

· · · +
1

k!
τa1 · · · τakΦA

a1···ak
(u) + · · ·

· · · +
1

n!
τa1 · · · τanΦA

a1···an
(u) , (B.5)
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Φ∗A(u, τ) =

(

1

n!
Φ∗A

a1···an(u)−
1

(n− 1)!
Φ∗A

a1···an−1(u) τan

+
1

2

1

(n− 2)!
Φ∗A

a1···an−2(u) τan−1τan + · · ·

· · · + (−1)k
1

k!(n− k)!
Φ∗A

a1···an−k(u) τan−k+1 · · · τan + · · ·

· · · + (−1)n
1

n!
Φ∗A

0(u) τa1 · · · τan
)

(−1)nεAεa1···an , (B.6)

where εa1a2···an is totally antisymmetric such that ε12···n = 1. We also define
ε1 ≡ 1, ε0 ≡ 1. Notice that ΦA

a1···ak
and Φ∗a1···ak

A are totally antisymmetric,
and that we have

(ΦA
a1···ak

(u),Φ∗B
a1···ak(u′)) = δAB δn(u− u′) . (B.7)
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