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The way of finding all the constraints in the Hamiltonian formulation of singular
(in particular, gauge) theories is called the Dirac procedure. The constraints are
naturally classified according to the correspondig stages of this procedure. On
the other hand, it is convenient to reorganize the constraints such that they are
explicitly decomposed into the first-class and second-class constraints. The pres-
ence of the first-class constraints is related to the existence of gauge symmetries
in the theory. The second-class constraints can be used to formulate the equations
of motion and the quantization procedure in an invariant form by means of the
Dirac brackets. We discuss the reorganization of the constraints into the first-
and second-class constraints that is consistent with the Dirac procedure, i.e., that
does not violate the decomposition of the constraints according to the stages of
the Dirac procedure. The possibility of such a reorganization is important for the
study of gauge symmetries in the Lagrangian and Hamiltonian formulations.
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1 Introduction

It is well known that from the Hamiltonian formulation standpoint, almost
all modern physical theories are theories with constraints.?2 An information
about the constraint structure is important for the physical sector identifi-
cation, for the study of classical and quantum symmetries, for quantization
purposes and so on.

The complete set of constraints in the Hamiltonian formulation defines a
constraint surface where the dynamics evolves. To describe this surface one
can use different sets of equivalent constraints. We call the passage from some
set of constraints to another equivalent one the reorganization of constraints.
Dirac remarked that it is convenient to reorganize the constraints such that
they explicitly split into the first-class constraints (FCC) and the second-
class constraints (SCC). The presence of FCC is related to the existence of
gauge symmetries in the theory. SCC can be used to formulate the equations
of motion and the quantization procedure in an invariant form by means of
the Dirac brackets. The way of finding all the constraints in the Hamiltonian
formulation is usually called the Dirac procedure (DP). We recall that after the
Hamiltonization, a singular Lagrangian theory is described by the Hamilton
equations of motion with the primary constraints,"2-3

Sy

i={nHO}, oW @) =0, HY =H@m)+ 100 (), 7 (1)

Here n = (¢,p) are phase-space variables; ®() (n) = 0 are the primary con-
straints (we suppose that all the primary constraints are independent); A’s are
the Lagrange multipliers to the primary constraints; H = H (n) is the Hamil-
tonian, and H® is the total Hamiltonian. {F, G} denotes the Poisson bracket
of two functions F' () and G (n). Sometimes, the additional variables \’s can
be partially or completely eliminated from Egs. (1). Moreover, some new con-
straints (additional to the primary ones) may exist in the theory. The way of
eliminating \’s and finding new constraints was proposed by Dirac! and, as
was already said, is called DP. DP is a part of the complete Hamiltonization
of a singular Lagrange theory. The procedure is based on the so called consis-
tency conditions ® = 0 which have to hold for any constraint equation ® = 0.
In the general case, the Hamiltonian H and the constraints ® & may depend
on time t explicitly. We take such a possibility into account . However, the
argument ¢t will not be written explicitly. Using Eqs. (1), we can transform the

@ We call often the functions ® constraints as well.
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consistency condition to the form

. o o

@:%—t g—nﬁ:{cp,H<1>+e}:o. 2)
Here, € is the momentum conjugate to time ¢ and the Poisson brackets are
defined in the extended phase space of the variables 7;t, ¢, see for details
Ref. 2. Finding the primary constraints can be considered the first stage of
DP. At the second stage of DP, we apply the consistency conditions (2) to
the primary constraints trying to define some A’s. Those A’s that can be
defined here are denoted by A\; = A; (). In addition, we can reveal some
new independent constraints ®) = 0; we call them the second-stage con-
straints. We can substitute expressions for A\; directly in the total Hamilto-
nian to construct the Hamiltonian Hp) =& |)\ _5. - At the third stage, we
use the consistency conditions for the second—stzige ‘constraints to find some
X's (these are denoted by Xa = A3 (1)) and to reveal some new third-stage
constraints ®®) () = 0 independent from the previous ones. We can substi-

tute expressions for A(s) directly in the Hamiltonian H (M to construct the

Hamiltonian H2(1) = H(l)|h=5\1 No—3y Continuing DP, we can determine
some A’s and obtain some new independent constraints. At the r-th stage,

we obtain A\,_; = \,_1 () and ®) (n) = 0 and construct the Hamiltonian
1

Y = HO[
dom is finite and EM are assumed to be consistent, DP stops at a certain k-th
stage, after which new constraints do not appear. We will refer to all the con-
straints that were obtained by DP and differ from the primary constraints as
the secondary constraints, that is, the secondary constraints are the second-,
third-, and etc. stage constraints.

We use the notation () = (@0 . W) 1 <4 < j < k. The
secondary constraints are then ®(%) and the complete set of constraints,
both primary and secondary, of the theory is ® = &k = (M) *) .
Schematically, DP can be represented as

. Because the number of the degrees of free-

o 2@ — 6B ... k) Q(q)) . (3)
/\1 )\2 >\k;—1 )\k

Here, the arrow — implies DP, and O(®) denotes the terms proportional to
the functions @, i.e., O(®)[5_, =0.

The important question is: does a consistent with DP constraint reorga-
nization to the first- and second-class constraints exist, i.e., the reorganization
that does not violate the decomposition of the constraints according to their
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stages in DP. The problem is important for understanding the general struc-
ture of singular theories. In particular, the existence of such a reorganization
is a crucial point for finding a relation between the constraint structure and
the symmetry structure of singular (gauge) theories* This problem was con-
sidered by many authors® However, in these publications, either the theories
of a particular form were considered or too restrictive assumptions were used.

In the present paper, we are going to demonstrate that a complete set of
constraints ® can be reorganized to the chains of SCC and FCC in consistency
with their hierarchy in DP. The possibility of such a constraint reorganization
is formulated as the following statement.

It is possible to reorganize the complete set of constraints obtained in DP
to the form: ® = () =0, @ = (@; @) i =1,.. k, (x¥ =0), where
&) are the constraints of the i-th stage, »(*) are the SCC functions of the i-th
stage, x( are the FCC functions of the i-th stage, and k is the number of all
the stages of DP.

The constraints (¥ and ¢ are decomposed into the groups

S0 — (spmu)’ w1, k) X = (X@la), a=1,.. k- 1) (4)

such that the total Hamiltonian and the Lagrange multipliers A have the form

HO = H 4 20 4 @10 3 = (A Ae) | (5)
Each of the groups ¢(lw (i) A, apd Aye may be either empty or
contain several functions: (%) = (gpfflu), oy = 1,...,ru), X =

(X,(ﬂ“), Pa = 1,...,5a), Age = (M35), Aye = (Mfa). Each group @) and

X119 produces a chain of the groups of constraints of the second, third, and
so on stages within DP, (%) — @) _ pBlv) .. plulv) Apu = A,
yxta) — Cla)  Bla) ... y(ala)  Here, the indices u and a after the
sign of the vertical bar in the superscripts number the constraint chains. All
the constraints in a chain are of the same class, and all the groups in the chain
have the same number of constraints.

The chain of SCC with the number u ends up with the group of the u-th-
stage constraints. Their consistency conditions define the A,«— multipliers.
The chain of FCC with the number a ends up with the group of the a-th-stage
constraints. The constraints of the last group of any chain of FCC are not
involved in determining new constraints.

The Poisson brackets of the SCC constraints from different chains vanish
on the constraint surface.
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The described hierarchy of the constraints in DP schematically looks as
follows:

DR W

T N T R W
(P(l\krfl) N 90(2|k:71) N <)0(/’<:7l|kfl) _ S\kfl

am ek . I 1O B W
YD ke N L I TS

INGIE RNETE L 0@029)

X(lll) N O(@(L?))
In addition: ®

] = ] = [019) = [p19], [Aye] = [0190) =[x,

{Qo(i‘u)v Sp(jlv)} = {(I)}v {X(i‘a)v (I)} = O(CI))’ u 7é v,
u,v=1,.,k,a=1,...k—1.

In what follows, we present a constructive proof of the statement. Namely,
considering a specific version of DP (which we call the refined DP), we construct
the above-mentioned set of constraints. It is this set of constraints that we call
the constraints consistent with DP.

2 Refined Dirac procedure

We begin with some remarks about the theories under consideration. The
only restrictions to be imposed on the theories follow from the requirement
of applicability of DP. These requirements will be formulated in terms of
the ranks of some Jacobi matrices of the type 8<I>(1""l)/877 and of the Poisson
bracket matrices of the type {®(), @)} We assume that these matrices are
of a constant rank. Literally, this means that they are of a constant rank in a
vicinity of the point 7 = 0 on the corresponding constraint surface ® (1) = 0,
We also assume that H = O (772) and ®1) = O (). As was already said above,

we assume that primary constraint functions ®1) are independent, that is,
o)

rank o @V =m, . (6)

b Here and in what follows, we use the notation
[f] = the number of the functions f, i.e., f = (fi, i =1,....,n) — [f] =n.
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2.1 First stage

Consider the antisymmetric matrix CSO)BO = {@&10), @(ﬂlo)}. This matrix appears

in consistency conditions (2) for the primary constraints,

{00, HY + e} = {01, H + e} + Oy Mo =0, (7)

g ?

We suppose that the matrix C(!) has a constant rank, rank C() = r; . There-
fore, there exists a submatrix of size r; X rq, that is located on the diagonal and
is also antisymmetric, we let denote it by M;(Lll)l,l , ] =[] =71, det MY #
0. The equation
oWz — o <¢(1>)

has mf, = my —r linearly independent solutions zH =z, [a1] = m}, such
that det Zéll)ﬁl #0, ag = (p1, 1) - Together with the vectors Z;(Lll) = Zl(fl)a" =
450, these solutions form a set of m; linearly independent vectors (see, for
example, Ref.2, p.27). Using a nonsingular matrix Z;, we reorganize the
primary constraints:

(bou :Zalaoq)ao

oL 0
Zl = Zlﬁgzo = ( Zu(gll)l’l Z(gll)ﬂl > I ﬂO = (V17ﬂ1) .
We thus have

w z et () () )

We call such a kind of reorganization the Z—reorganization.

We remark that any reorganization of primary constraints is always ac-
companied by the corresponding A-multiplier reorganization? These new \’s
appear as the multipliers in front of the reorganized primary constraints.

The new primary constraints satisfy the properties

{¢<1|1>7<p<1\1>} — MO det MO £0, (9)
{(é(m),@(m)} —0 (q,(n) 7 {¢<1|1>’¢<1u)} ~0 @(1)) . (10)

Considering the consistency conditions (7) for the primary constraints
o we determine the Lagrange multipliers Apt

Apt = A1 = — {M(l)] B {go(lll)7 H—i—e} . (11)
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It is convenient to represent the Hamiltonian (8) as
HD = BV 4 A0 Ay = 20—y,
HY = Hy + i oM, Hy = H + X110 (12)
The properties
{¢<1|1>7H<1>+ 6} — {¢<1|1>7H1<1>+6}+0 (q)(l)) — {¢(1\1>,H1+6}+ 0 (q,(l)) ,

{1, Hi+eh =0 (o) (13)

are valid.

2.2 Second stage

The consistency conditions (7) for the primary constraints ¢(1") result in the
secondary constraints (the second-stage constraints)

{600, Hy + e} = 92D =0,

which obey the relations
{¢<1,1>,¢<2\1>} — {cpu,l), {¢<1\1>,Hl i 6}} (14)
— {{wa,l),(b(u)} CHy + E} n {¢<1\1>7 {@(m)ﬁ1 n e}} -0 <¢(1>7¢<2|1>) ,

Together with the primary constraints they may form a dependent set of con-
straints. We suppose that the matrix 0 (<I>(1)7 ¢(2|1)) /On has a constant rank,

9 (@M, 2I0)

g = mi e < [0 4 [6CI] (15)

rank

We now consider the consistency conditions for the constraints ¢/ (one
can use the Hamiltonian H£1) instead of H() in DP)

(62D, B e} = (6@ Hy + ¢} + CPNp =0,

2) _ ~(2) _ 21) 4 (1]1)
c®=cf, —{ GV, o, } : (16)
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We can see that the matrix C(?) obeys the relation

R (I W)

= ¢(1|1) Hy +e ¢(1|1) + 149 %a, () ¢(1|1) yHy + ¢
vl { i ot
{¢ 2D (i) } ( <1>7¢<2|1)) P +0 ( ¢(2\1))

this means that C(®) is symmetric on the constraint surface ®) = (21 =0
(we say that C®) is O (<I>(1), ¢(2|1))—symmetric). We suppose that the matrix
C® has a constant rank, rank C(?) = 75 . Therefore, there exists a submatrix
of size ro X 1o, Which is located on the diagonal and is also symmetric, we

let denote it by MMW, [va] = [p2] = ro, det M3 #£ 0. We now apply the
Z—reorganization to the constraints ¢, IV The equation

c? 72 — o (¢)<1>7 ¢<2|1>)

has m4 = m/, — ry linearly independent solutions Zc(,21) = Zs (2)"1 , [o1] = m¥,
such that det Z, 2)01 #0 (a1 = (p2,01), [p2] = r2). Together Wlth the vectors

ng) =2Zy 2)a1 66“ these solutions form a set of mj linearly independent vec-

tors. Usmg a nonsmgular matrix Z,, we reorganize the constraints ¢(11) ¢(211);

an 2, ) i) = s
1)1 1) _ 2
o S A = STUDEPICTEP

(2‘1)£>Z¢(2‘1)* <;0/(2\2) ¢>(2\1)
¢ 2 @ Z g gem

5 o 0
20 =\ g0m @0 |-

The new reorganized constraints have the properties
{(p/(m)’(p(m)} — M@, det M® £0,
{\I,/@u),@(uz)} -0 (q)u)’d)(zu)) 7 {q/'<2|1>7\1/<1‘1>} —-0 (q,<1>,¢<2|1>) ,
{<p/(2,2>’ q,<1|1>} -0 (q)(l)’(b(?ll)) , (17)
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In addition, we reorganize the second-stage constraints adding some terms
proportional to the first-stage constraints::

-1
PR H) — 22 2 o(112) [M@)} {90/(2\2),90;522\2)},

-1
Ve geh = gl _ ,00) {M@)] {@mzm),@;f(lzu)}, (18)

We thus have

(12) (12)

@

(¢<11) ;| wamw wam
— —

$2ID) o/212) o212

/20 o2

The Poisson brackets for the reorganized second-stage constraints
0212 WD are

{Qp@m,@(mz)} —0 <@(1>,¢<2\1>) 7 {¢<2|2>7\1,<2\1>} —0 (q)(l)’(;g(?ll)) ,
{g,(zz), \1/0'1)} -0 (q)(l), ¢<2\1>> ’ {¢<2|2>’ ¢<1\2>} —M® 10 (@(1)7 ¢<2|1>) ,

{\11(2\1)730(”2)} -0 (<1><1>,¢<2‘”) , {\1/@“),\1:(1“)} =0 (<I>(1),¢(2|1)) - (19)

At the same time, the reorganized constraints are related to the primary con-
straints by

212 — {g,(uz)’Hl n 6} +0 (@1)) - {¢(1|2>7H<1> n 6} +0 (¢)<1>) ’

g2 — {\I;(lll) Hy + 6} +0 ((I)(l)) {\1,<1|1> w4 6} +0 ( ) _

One can see that the constraints ®(), ©(12) are independent.
Taking (15) into account, we can reorganize the constraints ¥V as

follows: Wi — (6 = e @ e wf), o = (azp),
[6P] = my — ry = mj, where U2 are m{ — m} = s; independent vectors
such that the constraints ®(2) are independent, and YY) = O (<I>(1), 4,0(2'2)),
where 2 = (o2 ¢22) = [®3)] = my; we then reorganize the con-
straints WEY: WY — (61 = WiV, ()~ g@m gl [y0] = s,

o1 . o1 ?
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my =11 +7ro+ 81 +mh, mg =re+mj . The new constraints obey the relations

$212) — {¢<1|2>7H1 i 6} L0 (q)(l)> — {¢(1|2>7H<1> + 6} 10 (q)(l)) 7

{qu)’ g 4 e} — @D 4o (<p<1>) =0 (cI><1>, ga<2'2>) : (20)

Thus, the consistency conditions for the constraints x**) do not lead to any
new constraints. The consistency conditions for the constraints ¢(212) allow us
to find the Lagrange multipliers A2 ,

1 _
P [M(Q)} {¢<2‘2>, Hi+ e} = . (21)
It is now useful to represent the Hamiltonian H™) as

HO = HY 420U 4+ A 4 (112,
Hz(l) = HQ + A¢2¢(1|2), A2 - )\gﬂ - 5\2 9
H2 = Hl + 5\2()0(1‘2) =H + 5\1()0(1‘1) + 5\230(”2) . (22)

Finally, after the two first stages, we have the following picture:

PCD IR
o112 o) 3,
s12) _, 2)

X 0 (e, 21

The reorganized constraints

oM = (90(1‘1),@(1'2),¢(1‘2),X(1|1)) — primary constraints,

2 = (<p(2‘2), ¢(2|2)) — second — stage constraints (23)



194 D.M. Gitman and I.V. Tyutin
are independent. They obey the relations:

{¢<1|1>7<p<1\1>} — MO 10 (@(D) ,

12) <2\2>} M +o(¢> )

(1f2), <1\2>} ( (1)) {<p<22> (2|2} O(q;(lﬂ))’

(11) <1\2>} (q)u)) {(p(m) (2, 2)} O((I)(LQ))’
p= {¢

o(2).

{¢

€

@
0 (1]1) x(””} O(@(l))’

{
{
{
{¢<1|2> q)(l)} 7 {¢(1\2>,q,<1>} -0 (@(1)) ,
{
G
G

() 5112)

0(2)
(I @(1)} (q)(l)) ,
(I)(Lz)) ’ {¢<2,2>,X<1|1>} -0 (q)(m)) ’

(I)(Lg)) ’ {¢(2’2),‘1’(1)} —0 (q>(1,2)) , (24)

@ 1|2} O

@ 2|2} O

/N 7/ N

and

where the Hamiltonians H; , are given by Egs. (12) and (22). The commutation
relations {$(>?), ¢(22)} remain unknown at this stage.

It follows from (24) that o2 ©212) are SCC.

Considering the consistency conditions for the constraints ¢(2/?), we can
use the Hamiltonian Hy instead of H(Y). These consistency conditions result
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in the third-stage constraints,
$B12) = {¢<2|2>’ Hy + 6} —0. (25)
The functions ¢312) must be analyzed similarly to the previous consideration.

2.8 p-th stage (induction hypothesis)

We are now going to prove that the above-refined DP formulated for two stages
can be continued producing similar structures for any-stage constraints. The
proof is by induction. The induction hypothesis is formulated as follows.

Suppose that after any [ < p stages of the refined DP, the constraints
o1 and the total Hamiltonian H®) can be reorganized as

l -1
o0 = (1, 0, XD ) 5 [0 ] =y = S+ > 50+ mi
j=i a=i

1<i<li<u<l,i<a<l-—1,

[wmu)} =1, {Xma)} = s,, [¢u|z>} =),

l -1
H(l) = Hl(l) + Z Aucp(l‘“) + Z AXGX(l‘a)v Au = /\tp“ - 5‘u 9
u=1 a=1

I
HY = H + 2o, H = H_y + XD = H + > At

u=1
A, = — {Mw)}‘l {@ww)’Hu_l T 5} MW = {¢<u\u>,¢<1|u>},
det M™ £0, (Hy=H) . (26)

All the constraints ®(*Y) are independent. In passing from I-th stage (1<
p—1) to (4 1)-th stage, the only constraints to be reorganized are ¢!,
The constraints obey the relations

0 ((I)(l,...,i-‘rj—l)) yi+j<u+1
W< {w(i|u)7(p(j\v)} ) ((I)(l,...,u)) Jit+i>u+1, j<u
O((I)(l ..... J))’]>’U,,

((I)(l,...,i+j—1)) yi+j<u+1

O
{g,mu)’(pmu)} _ (_1)u—iM(u) +0(®L) P4 j=ut1 (27)
O (WD) i+j>u+1,
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i.e., <p(i|“) are of the second class,
{T}“,T}j)} -0 (@(1,...,i+]'—1)) i<l
7 = (¢<iu>7 9 i<a<i— 1) ;
‘ O (W H1=D) it j<u+1
{w(ilu)ﬂ(])} ={ 0 (@(L~~~ﬂf)) yitji>u+1, j<u (28)
0 (@) | j >,
and
PG 5} — il o (@(1,-“71‘)) i u> i,
P, 1y 4ch =0 (809 >,
} = o+ 4 o (q)(lw,i)) , 1<, i<l—1,
i) g1, +5} — \(it1a) 4 o <q><1w>) Li<j i<l—1,a>i+1,
X0 H, ¢ 8} —0 (¢,(1 ..... i)7@(z‘+1\i+1)) Li<ji<l—1,

{¢<zu>7H<1> n 5} _ {¢<z|1)7Hl +5} L0 (¢)<1,,..,1>> .

The second-stage constraints satisfy this hypothesis.

2.4 (p+1)-th stage

Let us consider the (p + 1)-th stage of the refined DP. The consistency condi-
tions for the constraints ¢(?/P) result in the (p + 1)-th stage constraints,

{¢(p|p),Hp n 6} = /@) — (29)

The (p 4 1)-th stage constraints ¢/(P*11P) = qs;(fj“‘p) together with constraints
of the previous stages may form a dependent set of constraints. We suppose
that the matrix 0(@(1+P), ¢/(P+1P)) /9y has a constant rank,

9 (d(:p) g/ (p+1Ip) P
( 377¢ ) = Zmi +Mpir < {‘P(l""’p)} + {¢'(p+l‘p)} - (30)

i=1

rank
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We first reorganize the constraints ¢'P+11P) to ¢®P+1IP) ag follows:

¢;(§+1\p) _ ¢gnp+1|p) — d,;(gﬂlp)

_ i uf D [M(m} - {@<u+1—i|u>’ ¢g§+1\p>} ,

u=2 i=1

The new constraints ¢®*11P) obey the relations

G +1IP) — {¢(p\p>7 H,+ 5} L0 (@(Ln-ap)) :

{wmu)’(i,(mum} —0 (¢<17...,p>> 2<i<p i<u<p,
{¢<1|u>7 ¢<p+1\p>} - {wmu), {d)(p\p), H,+ E}} ) (q,(l,...,m)
- {{go(llu),(;;(p\w} JH, +5} n {¢<p\p>7 {¢<1|u>,Hp n 5}}

L0 <(I)(1,”.,p)) -0 (q)(l,...,p)7¢(P+1‘p)) ,u=1,...,p,

{¢<p+1|p>7H<1> n 6} — {¢<p+1\p>’ HY + 5}

+0 (@(Lmvp)’ ¢(p+1lp)) ) (31)
Consider the consistency conditions for ¢P+1P) (we can use H,gl) instead
of HY) in DP)

{oPHP) H, 4 e} + CPHDN =0, crtD) = ¢PTD = {‘bg;ﬂlp)»‘ﬁ,(@lp‘p)} _

apfp

We can see that the matrix C?*1) and all the matrices { ,()ZH_“')), ¢(Bilp)},

i = 2,...,p coincide up to a sign and are (anti)symmetric on the constraint
surface ®1-P) = ¢+1lp) — (.

et = {00 1, + e, o7} + 0 (20-7) = — {ohn), oV |

+0 (<I>(1>~~’P),¢<P+1lp)> == (1) {¢1(£+17i|p)7¢gjllp)}
+0 ((I)(l,‘..,p)’gb(LDJrHP)) = ... = (71);){ gzj\p)’gb(ﬁiﬂ\p)}

L0 (q)u ,,,,, p>,¢<p+1|p>) — (—1)"H! Cé’;*? L0 (q)(l ,,,,, p>’¢<p+1|p>) .
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Here, we have used the Jacobi identity and Egs. (26, 27, 28, 31).

We suppose that the matrix C?*1) has a constant rank, rank C(?+t1) =
Tp+1. We then perform the Z—reorganization. Namely, we consider the equa-
tion

P+ Z(+1) _ 0 <¢)<1,...,p>7 ¢<p+1\p>) ’

which has mj., = my,; — 741 linearly independent solutions

Z&0 =z @ (5] — i, such that det Z50 TV £ 0 (ap = (tps1,0)

[tp+1] = Tp+1). These solutions together with the vectors fo:ll) = Z&Z—Ll)% =
(53;’ ., form the set of m;, 11 linearly independent vectors. We reorganize the

constraints ¢(1P) i = 1, ..., p + 1 using a nonsingular matrix Zpt1:

o) o) SPHD il
ilp ilp) _ p+1 p+1 -
(b — Zp+1¢ - \Ijgz‘p) _ Z(g_p—‘rl)apqs((xilp) B Qy = (ﬂp+1, UP) B
ghpt 0
Bp N Hp+1 .
Zp+1 = Zp+1o¢p = < Z(p+1)yp+1 Z(p+1)a';) ) 5 ﬁp = (Vp+170';) .
9p Ip

Next, a set of additional reorganizations must be carried out (by adding
some previous-stage constraints). We first reorganize the constraints ¢’ (ilp+1),

Pl = it = ey

PUIPHD GGl _ Gl it ({<p/<p+1\p+1>’ (p’(l\zﬂrl)}) -
% {@’(p“‘p“),wﬁfiffl)}, i=2..p:

wﬁfjlllpﬂ) N (pzizrlrllpH) - @;Efjll\p+1)

_ %@/(1|p+1) ({¢/(p+1\p+1>7 (p/<1|p+1>}>‘1 {(p/<p+1\p+1>7 (p/ép+1|p+1>} :

p+1
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then, we reorganize the constraints ¢/ (P+1).

Pl — Qi) — QPG = 1,2,p+1,

. . . —1
@ZSK*l)—*wﬁﬁﬁ”ﬂ)::wggf+”——¢"em*l)({w”@W+”,¢”@W+”})

x {w"(”‘””,@ﬁiﬂ’f*”}, i=3,..,p—1;

1(p|p+1) m(plp+1) _ , 1(p|lp+1)
Pripir T Prupia = Phpia
1

4,5¢~@m+¢>({¢~@m+m’¢~@m+n})‘l{@H@m+n,@zgf+n};

etc.. This set of reorganizations ends up with producing the ¢’s with d primes,
where d is equal to the integer part of (p+1)/2 (d=[(p+1)/2]),

1...(i|p+1) 1...1(i|p+1) 1m...(i|p+1) i=1,..., d,p +3— d, eop+1;

Prp+1 = Pupia = Pupr ’
1...(ilp+1) o t(ilp+1) il (Glp+1) (L p+1)
Pript1 7 Pupia = Pupia ¥

% ({(p//...(erQfd\erl)’wl!...(d|p+1)})71 {wll...(p+27d|p+1)7@II...(i|p+1)}’

Hp+1

i=d+1,p+1—d;

- _ _ 1
@Zp+(f+2 dlp+1) _, <p;:p_:£p+2 dlp+1) _ ¢Zp+(1p+2 dlp+1) 7(p//...(d|p+l)
% ({wl/,,,(p+27d\p+l)’(p/l...(d|p+1)})_1 {(p//,,,(p|p+1)’SDZ;:*—(fJJerd\erl)} .

In what follows, we omit all the primes such that ©(?*1 are the final re-
organized constraints. These constraints satisfy the relations (26)-(28) with
p—p+1.

We now reorganize the constraints U’(7);

i1
/), gp) — g/(p), g/lp) _, glile) — g/(ile) _ Z plilP+1)
j=1

. . -1 . )
X({¢@+%ﬂVH%¢UW+D}) {¢@+%ﬂFH%Q§yﬁ}vi:2Vﬂp+_L
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The constraints ¥(?) have the properties

' ‘ 9] q)(l,...,i-‘rj—l)) ) Z+] <u+ 1
{w(qu)’ \I,(le)} - o0 (@(1,---@) Jitj>u+1, j<u
O(‘I)(l ..... ]))’ j>u,

{q;(ﬂp)7 \I/(j\p)} —0 (cpu,m,m—l)) it j<(pr1) 1.

We can see that the constraints (<I>(1""’p),<p(p+1|p+1)) are independent.

Taking this and Eq. (30) into account, we reorganize the constraints W(®+1Ip).

\I/gp:rllp) R <¢ap$|p+1> _ \I'&Zﬁ"’“), xﬁi’f”p) _ Uéf“)"wgffl'p))
+1)

, Op =
(apt1s pp), [PTIPFD] =y —rpyy = Mo, U,gf is a set of independent
vectors, [U(p“)] = [x(erl'p)] =My, o — My, 9 = Sp, such that the constraints
@(1,.4.7]7-&-1)’ Where @(p"l‘l) — (@(p+1‘p+1)’¢(p+llp+l)>’ [@(p-ﬁ—l)] — mp+1’ are in-
dependent and xP1IP) = O (@) PHLIL-P+1)) Then, we reorganize the

constraints WP § =1, .. p:
WP = (1) = W = U )

p+1 P

P !/
{X(”p)} =s5,, My :er + D) Satmy,s.
j=i a=i

The consistency conditions for the constraints x?T1?) do not produce any
new constraints.

. e (1)
Introducing the Hamiltonian H,’, ,

p+1 P
H(l) = ng}i‘)l + Z Auso(l‘u) + Z}\XGX(HG)7 Au - )‘Lp“ — 5\u )
u=1 a=1

Hz()i)l =Hp1 + A¢p+1¢(1\p+1)’ Hy = H,+ Xp+1¢(l|p+1) 7

— -1
Ap+1 = — [M(p+1)] {¢(p+llp+l)’Hp +€} ’

M@+ — prle+1) = W+l

Hp+1Vp+1 Hp+1Vp+1 )

we can straightforwardly verify that all the constraints reorganized up to the
(p + 1)-th stage satisfy the induction hypothesis.
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2.5 Final stage

DP ends up at the k-th stage if [¢(*I®)] = m/_, = 0. The latter means that
[¢(1M] =0, i =1,..,k—1, and T,Ei) = (xUl9)), see (27) . The constraints
x (%) therefore commute as follows :

{x(i'“), X(jlb)} 0 (q)(ly-wﬂrj*l)) Litj<k+1.

Considering the relations

0 ((I)(l,...,k)) _ {X(l\a)7 {X(k—1|k—1),Hk +6}}

_ {X(k—1|k—1)7x(2|a)} L0 (@(1,“.,1@)) 7

we obtain
{X<i\a>7x<j|b>} -0 (q,(l,.-.,k)) Litj=k+2.

Then, considering the double commutator {X(Q‘a), {X(k_”k_l), Hi + 6}} , we
obtain
{X(i\a>7x(j|b>} -0 ((I)(lw»k)) it j=k+3,

and so on. We finally have

‘ ‘ 0 ((I)(1,..A,i+j—1)) i+i<k+1
(t]a) (41b) — ' : 2
{X » X } {O((I)(l ..... k)),Z—F.]Zk"'l (3)

In particular, we can conclude (only at the last stage!) that all the constraints
x(%) are FCC.
3 Summary

We here summarize the constraint structure consistent with DP. To make
things more clear, we repeat some points.

It is possible to reorganize the complete set of constraints obtained by DP
to the following form:

P = k) — (q)(i)) e = (@mu), X(ila)) 7

i<u<k 1<i<k,i<a<k-1. (33)
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The total Hamiltonian and and the Lagrange multipliers A have the form

k-1
HYD = g+ Ay wip(tw) 4 Ay oM = |y + ZA o) 4 Z)\ ax e
u=1 a=1

l
H =H_y+ " =H+Y A 1=1,...k,

u=1
A=A =R Aw=— [MO] 7 o,y te),

M@ — {@m\u),@(uu)}, (Hy=H) .

The mutual commutation relations between the constraints are

O (@M=D) i j<u+1
w<v: {pU, U =8 0 (@) it > utl, <
O(@1=7), j>u,

O (@Wrti=D) it j<u+1
{(pmu),@(ﬂu)} =< ()" M®W 4O (@0W) i j=utl
O (@MDY, i+ j>u+1,
and
(@71 i j <u+ 1
((I)“v W), i+ j>u+l, j<u
( ..... j) ; ] > u,

¢><1v ﬂ+ﬂ 1>) i+j<k+1
""" y ity 2 k41,

{ Gl |, +e} { (”),H(l) +s}+0 ((I)(l ----- “)
— i+l 4 o (@(1,...,@) i u>i,
{1 H; e} =0 (a9), =i,

{X@\a),Hj I 6} _ {Xma)’H(l) +5} L0 <q><1 ..... i))
— ) 4 o (@(1,...,1’)) i< a<k-—2,
{Xum’Hj + 5} _ {Xmi),H(l) n 5} +0 (q,(l,.m)

-0 (@(1 ..... i)’(p(i+1|i+1)) Ci<k—1.



Constraint reorganization 203

The Poisson brackets between SCC from different chains vanish on the
constraint surface. The Lagrange multipliers A, are not determined by DP
(and by the complete set of equations of motion). Whenever FCC (SCC)
exist, the corresponding primary FCC (SCC) do exist.

We note that imposing more restrictions on the theories under considera-
tion, we can obtain a more detailed constraint structure. For example, if we
suppose the rank constancy for the matrices {q)(l""’i), q)(l""’i)}, then we can
conclude, at the same i-th stage, that the constraints x*~) are of the first
class. However, the less restrictive condition of the rank constancy for the
matrix {<I>(1), (I>(i)} is already sufficient for DP to be applicable. There exist
some models that obey the latter conditions only.

It is important to stress that commutation relations (35) for y mean that
the property of a constraint to be or not to be of the first class can be estab-
lished only after completing the Dirac procedure. As a consequence, in the
general case, it is impossible to find special variables (see Ref. 2) such that the
first-class constraints have the canonical form , i.e., it is impossible that FCC
be some canonical momenta classified according to the stages of the Dirac pro-
cedure. We consider an example of the theory that confirms this statement.
The corresponding Lagrange function is

1 . , A . o
L= [(yl +a')’ 4 (B 4y +E}kx]yk)2} i k=1,2, (36)

where E;.k is a constant matrix, which is antisymmetric with respect to the
lower indices. The total Hamiltonian and primary constraints are

HWY = % [pf,i +p§i] —2'py — y'pa — Ehalytpa+ Aal
oY =p,. =0. (37)
We find that the second- and third-stage constraints are
@52) =pyi t+ Efkykpzj =0, <I>§3) =p, =0.

All the constraints (®™1), @@ &®)) are of the first class. In this case, all
M’s remain undetermined and new constraints do not arise. The commutator
between the second-stage constraints,

(2", 0} = 28 0”, (38)

is proportional to the third-stage constraints. We see that the second-stage
constraints are of the first class only with respect to the complete set of con-
straints (<I>(1),<I>(2),<I>(3)) and not of the first class with respect to the con-

straints (®), ®2)) of the two first stages. Any constraint reorganization,
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which respects the decomposition of the constraints according to the stages of
the Dirac procedure can not change this situation. The existence of special
variables, in which all 1) and ®® are canonical momenta, thus contradicts
to relation (38).
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