Math 4242 Name (Print): ;P , C
Spring 2017 ;
Final, section 1 Student ID: _ : ‘

Time Limit: 120 minutes

This exam contains 13 pages (including this cover page) Problem | Points | Score
and 7 problems. Check to see if any pages are missing. ) P
You may not use your books or calculators in this 2 13
exam, and you may not bring any notes other than two
letter-sized double sided cheat sheets. 3 5
_ 4 15
You are required to show your work on each problem on 5 12
this exam. The following rules apply: p .
7 15
e Organize your work, in a reasonably neat and
coherent way, in the space provided. Total: 80

¢ Mysterious or unsupported answers will not
receive full credit. A correct answer, unsup-
ported by calculations or explanations will re-
ceive no credit; an incorrect answer supported by
substantially correct calculations and explanations
might still receive partial credit.

e To cite a result from class or the textbook, you
should paraphrase the result and note it as a prior
result, ]

e If you need more space, use the back of the pages;
clearly indicate when you have done this.
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1. (16 points) For each statement below, determine whether it is true or false and give a brief
explanation.

(a) The function
det : M'an — R

that takes an n X n matrix to its determinant is linear.

3 (58)+(89)+(59)
" alse Jd=0 J=0  dd=]
R 0+0# 1

( €T )
Yy
defines a norm on Rz.

Falce )](5))):0 L4 (o)

(b) The formula

‘ = min(|z|, [y[)

(c) The formula

w V4 R .
(2).(2)=wer s

defines an inner product on C2.

F@]gai 5\/00«?(,1 have  Cw, Zed>T A, 2>
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(d) A square matrix whose diagonal entries are all negative may have a positive eigenvalue.

Trner ke A= (}FJJ

Then A (A=AT)Z N 42232 (MR- 1)

ew\s “—'3/ + ‘
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(e) If A is a nonsingular symmetric matrix, then A~! is also symmetric.

Teaer T2 (ATA)= (A =AT(A) =A(A7)"
So (f\-‘yr: /‘\\—‘

(f) If A is any n X n matrix, then | det A| is the product of the singular values of A.

Fm‘&@i jj A i Sw} det A=0
Kﬁbf (,\W s\\/lj ‘W vo\‘(/\eg AL @;sjrve

(g) If A is a symmetric matrix, then its singular values are equal to its eigenvalues.
I sl Ao &VC)J\‘W wves ore the  abcdite

VGIAE € 6{ (he ronzen QUO\V@'MFS.

(h) If a vector space V has an inner product, it must be finite dimensional.

Fé’\]SL F()f onw\ngﬁle (CO ‘]) ' S
‘y\%\/\;}? (;zl(!\/‘




Math 4242 Final, section 1 - Page 4 of 13 5/13/2017

2. (13 points) Let

0 2 -1
A= 0 2 -1 .
-1 5 -2

Find an invertible matrix S such that S™'AS is in Jordan normal form, and write down that
Jordan normal form.

Jet (AN = M(@ 5 - )
4 ¢ 2
= N2-N(2-)) -6\ 12 -(2-))
= =N Al evals O
BA A lealy bos e 2y e kM=
ko (A= Spon (“) (’D;yl
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Math 4242

7
. (@ points) Find a QR decomposition of

a—(37)

(Hint: if you can find @, you can easily compute R via the formula

R=QTA)
@ . (olu\rﬂ/\S OL)YUU‘Pe(J f(g/\n SN 6
amas 5( A ‘_H J@ﬁ s Q(M/‘O/\OU\”O \0 IR
s (q) (D)
e Y, - _ 2¢ [3)- l{,
g (‘i) %7 ®T <“Vﬁv§.nf""’ (7) 26 (*) ( 2)
W o[22\ p= wg,> -
| (%) £ (> Q % 'E’)
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Math 4242
L(R™ R) be the dual space of R", defined as the space of linear maps from R" to

4. Let (RM)* =
R. Recall that (R™)* can be thought of as the space of length n row vectors

If vi, vy, ,Vy is a basis of R", the row vectors
* %k * ny*
Vi, Vo,V € (R )

1 =3
0 i#j

are defined by
vi(vj) = {

(a) (5 points) Let
A:(V1 Vg ¢ Vn)
n

be the matrix formed by taking the v; as columns. Express the row vectors v, Vi, o,V

in terms of A. Justify your answer: iy
The g e the rons o A

'ﬁ\//n

I g‘ A’\ . —CZ M\e'\ l - A"'A -

- -

—N

i
y

-
~+
[ G

:;;2 .Y = ) ‘
tJ \0

is a basis of (R™)*. (This is called the dual basis to

*

-2
-

(b) (® points) Show that vi,v3, -, vy
V1, V2, ,Vn)

A" (S ransing Ao
@ows o€ /N f\o/\;so«zjv‘of vvx(}\(;( J[oq\/\c«\c)Md
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a=(1)-(2)

Find v* and v4. (This may be done independently of parts a) and b), but part a) might
help.)

(c) ({points) Let
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2 -1 -2
K= -1 5 3 .
-2 3 T

(a) (5 points) For which values of z is K positive definite?

5. Let

\ ot werov L
,-(aw\‘i'r‘/
2_0

o[ 2 5 2 2 -2
c & 2\=p %2

O 2 .3(./2/ T 0 O x2

(ow 3 ngfw’ 2
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(b) (& points) Suppose x = 3. Find a basis of R3 which is orthogonal with respect to the

inner product (, )k, where

R ) j O
) ¢ - [ _[9 W, =
we ) me(f) ool

, W YD
Thon ﬁ\TV/\Il Y,m W, - <\A/2v ;z “ M
”’I'u L
(- = (8= ()
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6. (4 points) Suppose A is a 3 x 3 matrix such that tr(A) = —4, det(4) = —6, and there is some
vector v € R3 such that
Av =v.

What are the eigenvalues of A and their multiplicities?

P(.’:i:f‘,/ =D VoS an €Vvecl W\QM {\/o\\ |

Sc«J evals o N =1, A, Nz
N “’f}?_‘er’/ (M- = N+t -S
Mok Nz Atz NN
o Nzel =6 (e olhe wcj)
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7. (a) (3 points) Give a condition on a,b and ¢ for (a b ¢)T to belong to the range of

1 0
A=1{ 0 1
1 -1

Show that (4 2 —4)T is not in the range of A.

Let AT [y, v)
T"‘G’\ r‘g‘ (@) Xy, \+O ¥,

C
’M\AS‘} heve XA, \j: L
= ez a-b.  Thie ts the conditn

-4 k2 s (33 s ot the e

~

(b) (9 points) Find the pseudoinverse of A.

K=p"h= (27 HAT) = N
K=AA (-s ) el Ml
evals & It N3 )\, = = (NN

S‘V\j V‘;\}S Dj :\E o = |
“SV\J v g (S %‘: Q_}z - ) ‘]ii)
& 1
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Blank space for calculations.

] & '

Ay, _ . N
‘g“: .jd‘, ‘%Z fz — ’6—'; - Sé

So o dhe SVD A= PsQ’ Jhere

SN
R Lm0y o= 5
A 5= (%)) @7 (v
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(c) (3 points) Using part b), or otherwise, find the least squares approximate solution to the
linear system

=41
y=2
x—y=—4

N i




