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Proposition
If ais a real or complex number and |a| < 1, then

lim a" = 0.
n—oo

Proof.
Step 1: The a= 0 case.

&ﬁm Oh = ZA\A\ 0 = O
A n—=es
Step 2: If 0 < |a| < 1, then {|a"|} is monotone decreasing.
AL = limp0l@”| > 0.
"
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Continuing with lim,_, ., &"

Step 3: The limit L = 0. Idea: Suppose L > 0. Then

’an+1’ L
lal |4

|a" =

vn>1,
and L/|a|l > L is also a lower bound. 2}(55 —é—@wpw()
L?—lﬂ\:g {\@\\jy%ﬂﬁz_ﬂ_@é‘i&’ww ‘

Step 4: limp .| = 0 & limp o a"—=0. We sez A
(la"] —o| = lar) = |a” ~ 0| ¢

L are 6t .

Cf.: The textbook uses Bernoulli’s inequality (1 + h)” > 1 + nh
for h > 0, which we will use for the next special limit.
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Proposition
If a> 0, then limp_oo @'/ = 1.

Proof.

Step1: The a=1case. /¢ . (3/ = i | =1

ho—>ob

Step 2: If a> 1,then.a'/”" > 1. Set b, = a'/” — 1. Then
limn—o bn = 0, whicH is equivalent to limp_,o a'/" = 1.
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Continuing with lim,_,., v/a

Step3:1f0 < a<1,then1/a>1and éﬂ) é@ 2

lim (1/a)"/" =1.

n—oo
Use the quotient rule: va
Ly O =
L

N = o V
A S L

= (‘l/a\)t/h — \
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The Euler Number e

The sequence {(1 + 1/n)"} is increasing and convergent. The
limit is called the Euler number e: Tl 13 {/U onswer

| e

e:= lim
Proof. C M(*ﬁi 22)% yé»} = XM#@%

Let a and b be real numbers such that0 < a < b. Then

!/
Ll L (n+1)b". (Q{ &h%@*‘yg)

b—a

Proof of Lemma:
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Proof of the Euler Number Theorem

Step 1: Sequence is increasing. Seta=1+1/(n+ 1) and
b=1+1/nin Lemma.

(= y () < ooy (1))
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Continuing with Proof of the Limit for e

Step 2: Sequence is bounded. Seta=1andb=1+1/2nin

Lemma.
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