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Alternating Series

1X

k=1

(�1)k+1ak = a1�a2+a3�. . . or
1X

k=1

(�1)kak = �a1+a2�a3+. . . ,

where ak > 0 for all k � 1.

Theorem
If {ak} is a decreasing sequence of positive numbers such that
limk!1 ak = 0, then the alternating series

P1
k=1(�1)k+1ak andP1

k=1(�1)kak converge. For either of these convergent series,
if s is the sum and sn is the partial sum of the first n terms, then
|sn � s| < |an+1|.

Proof.
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Proof, Continued
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Proof, Continued
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Proof, Continued
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Alternating Geometric Series. Absolute Convergence

Example
1X

k=1

(�1)k+1 1
k
= 1 � 1

2
+

1
3
� 1

4
+ . . .

Theorem applies, and this alternating series converges.

Definition
Let ak be real or complex numbers. The series

1X

k=1

ak

converges absolutely (is absolutely convergent) if the series
with nonnegative terms

P1
k=1|ak | converges. The seriesP1

k=1 ak is said to be conditionally convergent if it converges,
but

P1
k=1|ak | does not converge.
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Absolute Convergence Implies Convergence

Theorem
If
P1

k=1 ak converges absolutely, then it converges.

Example
1X

k=1

(�1)k+1 1
k
= 1 � 1

2
+

1
3
� 1

4
+ . . .

Proof.
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Proof, Continued
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The Comparison Test

Theorem
Let ak � 0, ck � 0 and dk � 0 for each k. The following
statements are true:

1 If there is an N such that ak  ck for all k � N, andP1
k=1 ck converges, then

P1
k=1 ak converges.

2 If there is an N such that ak � dk for all kgeN, andP1
k=1 dk diverges, then

P1
k=1 ak diverges.

Proof.
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Examples
1X

k=1

5
2k + 3

,
1X

k=1

k
k2 + k + 3
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