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Limit superior and limit inferior
The root and ratio tests

Lim inf and lim sup, Continued

lm := inf{ak | k � m}
um := sup{ak | k � m}

lm�1  lm  um  um�1 ) [lm, um] nested intervals

Proposition
1. Subsequential limits of {ak} belong to [lim inf ak , lim supak ].
2. For L 2 R [ {±1}, lim ak = L , lim inf ak = lim sup ak = L.
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Limit superior and limit inferior
The root and ratio tests

Relation to Subsequential Limits

Theorem (See HW 6)
Let {ak} be a sequence of real numbers and S is the set of all
subsequential limits of {ak}, including ±1. Then

supS = lim sup ak and inf S = lim inf ak .
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Limit superior and limit inferior
The root and ratio tests

The Root Test

Theorem
Let

P
ak be a series of real numbers.

1. If lim sup|ak |1/k < 1, then the series converges absolutely.
2. If lim sup |ak |1/k > 1, then the series diverges.

Proof.
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Limit superior and limit inferior
The root and ratio tests

The Proof of Root Test, Continued
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Limit superior and limit inferior
The root and ratio tests

The Ratio Test

Theorem
Let

P
ak be a series of nonzero real numbers.

1. If lim sup|ak+1/ak | < 1, then the series converges absolutely.
2. If lim inf |ak+1/ak | > 1, then the series diverges.

Proof.
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Limit superior and limit inferior
The root and ratio tests

Relation between Root and Ratio Tests

lim inf

����
ak+1
ak

����  lim inf |ak |1/k

and
lim sup |ak |1/k  lim sup

����
ak+1
ak

����
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