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Rearrangements and Riemann’s theorem

Rearrangements

Definition

Let >, ; ax be a given series. Let {px} be a sequence in which
every positive integer occurs exactly once, thatis, p: N — N,

k — px, is bijective. Then {pk} is called a permutation of N and
the series >, ; ap, is called a rearrangement of 3" ; a.
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Rearrangements and Riemann’s theorem

Rearrangement Example
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Rearrangements and Riemann’s theorem

Rearrangement of Absolutely Convergent Series

Theorem

If >"4= 1 ax converges absolutely and S = >~} ; ax, and if
> k1 ap, s any rearrangement of > ° , ax, then we also have
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Rearran gements and Riemann ’s theorem

Proof, Continued
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Rearran gements and Riemann ’s theorem

Proof, Concluded
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Rearrangements and Riemann’s theorem

Riemann’s Theorem

Theorem

Suppose "~ 4 ax is conditionally convergent. Given any real
number S, there is a rearrangement ", ; ap, that converges to
S.

. . 2]
Given a series ), _ ax, let

aj := max{ax, 0} and a, := max{—ax,0}.

Then a = ai if ax > 0 and &} = 0 otherwise; a, = |ay| if
ax < 0 and g, = 0 otherwise.

Proposition

|

If S"r_; a is absolutely convergent, then the series > ; &,
and > %7, a, are both convergent If > e 8 is conditionally
convergent, then the series Y4~ a; and -, @, are both
divergent.
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Rearran gements and Riemann ’s theorem

Proof of Proposition
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Rearran gements and Riemann ’s theorem

Proof of
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