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Higher-Derivative Test for Relative Extrema

Contraction Mapping Theorem

Newton’s Method

Higher-Derivative Test for Relative Extrema

Theorem

Let I be an open interval and assume that f : I ! R has n + 1

derivatives, f 0, f 00, . . . , f (n+1) all defined on I, and f (n+1) is
continuous on I. Let x0 be a point in I such that

f 0(x0) = f 00(x0) = · · · = f (n)(x0) = 0 and f (n+1)(x0) 6= 0.

The following statements are true:
1. If n is even, then x0 is not an extreme point for f .
2. If n is odd, then x0 is an extreme point, which is a local
minimum point if f (n+1)(x0) > 0 and a local maximum point if
f (n+1)(x0) < 0.
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Higher-Derivative Test for Relative Extrema

Contraction Mapping Theorem
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Proof
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Higher-Derivative Test for Relative Extrema

Contraction Mapping Theorem

Newton’s Method

Example

f (x) =

(
e�1/x2

if x 6= 0,

0 if x = 0.

4 / 11

+
4 L;8 :: -:B' B

Z3*C >[ 6 +
4K L*8 <Q #) \ 2 '

,).5 #"5#
G*"5 $*# 1SS20 ? 15 $* +

4K K 2*8 #* '

O"A"3#)"2"55
? +D;2

)15 1
2*D12 C.$.CHC 1#Q

?

JD +
4
L ; 8 D * + ; : *

1$G #)"3"+*3"L +H2 .5 G"D3"15.$N *$ I :7
?
* 8
?
1$G +#]E*# ..^^B^^^^^^^BB^

L 1$G #)"3"+*3" H



Higher-Derivative Test for Relative Extrema

Contraction Mapping Theorem

Newton’s Method

Contraction Mapping

Definition

A mapping T : X ! X of a metric space X with metric d is a

contraction mapping if there is a number 0 < r < 1 such that

d(T (x),T (y))  r d(x , y) for all x , y 2 X . Such a constant r is

called a contraction constant for T .

Note that a contraction mapping is always continuous: indeed,

if for a given y , x ! y , i.e., d(x , y) ! 0, then d(T (x),T (y)) ! 0

by the contraction condition. Thus, limx!y T (x) = T (y).
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Higher-Derivative Test for Relative Extrema

Contraction Mapping Theorem

Newton’s Method

Contraction Mapping Theorem

Theorem (Contraction Mapping Theorem)

A contraction mapping T : X ! X of a complete metric space
X has a unique fixed point x⇤. Moreover, if r is a contraction
constant for T , then given any x0 2 X, the iteration
xk+1 = T (xk ), k = 0, 1, 2, 3, . . . defines a sequence {xk} that
converges to x⇤, and for each k, we have

d(xk , x⇤)  r k

1 � r
d(x1, x0).
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Contraction Mapping Theorem

Newton’s Method

Contraction Mapping Theorem for a Closed Subset

Corollary

Let Y be a closed, nonempty subset of a complete metric space
X. A contraction mapping T : Y ! Y has a unique fixed point.

Proof.
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