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Categories of interest

Let C be a k-linear triangulated category which is Hom-finite and
Krull-Schmidt, where k is a field. Most of the time I assume
Auslander-Reiten triangles exist. This is equivalent to the existence
of a Serre functor.
Main examples:

I the stable module category of a self-injective algebra. The
shift M[1] = Ω−1M.

I the homotopy category of perfect complexes of a Gorenstein
algebra.

I cluster categories.



Auslander-Reiten triangles

An Auslander-Reiten triangle in C is a triangle

U
α−→ V

β−→W
γ−→ U[1] in which

I γ 6= 0,

I U and W are indecomposable,

I whenever f : X →W is not split epi there is a factorization
f = γg for some g : X → V (and a dual condition).

Auslander-Reiten triangles were introduced by Happel, who
established their first properties. When they exist, the
Auslander-Reiten quiver is a translation quiver.



Example

Proposition

Let S be a simple kG-module, projective cover PS . The
Auslander-Reiten quiver of perfect complexes has the following
shape close to PS :

PS [−1] PS PS [1]

↘ ↗ ↘ ↗

· · · PΩ−1S [−1] PΩ−1S · · ·

↗ ↘ ↗ ↘

HS

...
...

Here PΩ−1S = (PS → PS) and HS = PS → PS → PS .



Basic lemma

This was observed by Erdmann-Skowroński in the case of stable
module categories.

Lemma
Let X → Y → Z → X [1] be an Auslander-Reiten triangle and let
W be indecomposable.

1. If W 6∼= Z [r ] for any r the long exact sequence obtained by
applying HomC(W ,−) to the triangle is a splice of short exact
sequences

0→ Hom(W ,X [n])→ Hom(W ,Y [n])→ Hom(W ,Z [n])→ 0.

2. When W ∼= Z [n] the corresponding connecting
homomorphism has rank 1.





Benson-Parker theory

Define A(C) := K0(C,⊕), the Grothendieck group with respect to
⊕.

Bilinear form:
〈 , 〉 : A(C)× A(C)→ Z

by 〈[C ], [D]〉 := dim HomC(C ,D).
Dual elements: if X → Y → Z → X [1] is an Auslander-Reiten
triangle in C we put Ẑ := [Z ] + [X ]− [Y ] in A(C).



Non-degeneracy of the dim hom form

Proposition

Let X → Y → Z → X [1] be an Auslander-Reiten triangle in C and
let W be an indecomposable object. If Z 6∼= Z [1] then

〈W , Ẑ 〉 =

{
1 if W ∼= Z or Z [−1]

0 otherwise.

If Z ∼= Z [1] then

〈W , Ẑ 〉 =

{
2 if W ∼= Z

0 otherwise.



Distinguishing objects by dimensions of homomorphisms

The following is similar to a result of Jensen-Su-Zimmermann with
different hypotheses.

Corollary

Let W be an indecomposable object of C. The values of
dim Hom(W ,Z ) as Z ranges over indecomposable objects
determine the shift orbit to which W belongs. If the shift orbit
containing W is either infinite or of odd length, then the
isomorphism type of W is determined by the values of
dim Hom(W ,Z ).



A more elaborate bilinear form

Recall A(C) := K0(C,⊕). We put

AQ(C)t := Q(t)⊗Z A(C)/〈1⊗ [M[i ]]− t i ⊗ [M]〉.

Thus t acts on [M] as the shift.
Suppose that for every pair of objects M and N in C,
Hom(M,N[i ]) 6= 0 for only finitely many i .
We define

〈 , 〉t : AQ(C)t × AQ(C)t → Q(t)

on basis elements M and N by

〈M,N〉t : =
∑
i∈Z

t i dim HomC(M,N[i ])

=
∑
i∈Z

t i 〈M,N[i ]〉.



The form is Hermitian

From the definition:

Proposition

1. 〈 , 〉t is a sesquilinear form.

2. When C = Db(Λ-proj) for a symmetric algebra Λ the form is
Hermitian.

3. When C = Db(kG -proj) for a group algebra kG we have

〈M ⊗k U,N〉t = 〈M,U∗ ⊗k N〉t

and
〈M,N〉t = 〈M∗,N∗〉t .



Dual elements in the Green ring of perfect complexes

Theorem
Whenever X → Y → Z → X [1] is an Auslander-Reiten triangle in
C and Ẑ = X + Z − Y in AQ(C)t we have

〈M, Ẑ 〉t =

{
0 unless M ∼= Z [i ] for some i ,

(1 + t) if M ∼= Z ,

so that the element 1
1+t Ẑ is dual on the right to Z . Similarly

1
1+t−1 Ẑ is dual on the left to X .





Another consequence

Theorem
Let Λ be a self-injective algebra of radical length at least 3. There
exist indecomposable perfect complexes with degree zero homology
of arbitrarily large dimension.

Wheeler showed that in this situation the Auslander-Reiten quiver
components are of type ZA∞. We exploit this shape and the basic
lemma.



A finiteness theorem

Theorem (Diveris-Purin-Webb)

Let C be connected, and let Γ be a stable component of the
Auslander-Reiten quiver of C that has Dynkin tree class. Then Γ
contains every indecomposable object of C.

Corollary (Diveris-Purin-Webb)

Let C be a connected triangulated category with a finite stable
component Γ of its Auslander-Reiten quiver. Then the tree class of
Γ is a Dynkin diagram and Γ contains every indecomposable object
of C.



Extended Dynkin theorem and conjecture

Theorem (Diveris-Purin-Webb)

Let C have stable Auslander-Reiten quiver components Γ1 and Γ2.
Suppose there are objects X ∈ Γ1 and Y ∈ Γ2 so that either
Hom(X ,Y ) 6= 0 or Hom(Y ,X ) 6= 0. If Γ1 has an extended Dynkin
diagram as its tree class then the tree class of Γ2 is either an
extended Dynkin diagram or one of the trees A∞, B∞, C∞, D∞ or
A∞∞.

Conjecture (Diveris-Purin-Webb)

Suppose that Γ1 and Γ2 have Hom(X ,Y ) 6= 0 for some X ∈ Γ1

and Y ∈ Γ2. If the tree class of Γ1 is a (finite) extended Dynkin
diagram then the tree class of Γ2 is either the same diagram or A∞.





Almost vanishing morphisms

We call the third morphism γ in an Auslander-Reiten triangle

X
α−→ Y

β−→ Z
γ−→ ΣX

almost vanishing. It determines the corresponding
Auslander-Reiten triangle by completing it to a triangle and
rotating.
Existence of almost vanishing morphisms is equivalent to existence
of Auslander-Reiten triangles.
Almost vanishing morphisms have been used by
Carlson-Chebolu-Mináč to construct ghost maps showing that
Freyd’s generating hypothesis fails in general for the stable module
category stmod(kG ).
They were also used by Linckelmann and Stancu to construct
elements of the graded center.



Linckelmann-Stancu elements of the graded center

For stmod(A) when A is a symmetric algebra Linckelmann
constructed, for each non-projective indecomposable module U, a
natural transformation ζ : IdC → Ω = Σ−1 such that
ζU : U → Ω(U) is almost vanishing and ζ(V ) = 0 when V is
indecomposable, not isomorphic to Ωn(U) for any integer n.
Linckelmann and Stancu then produced many nilpotent elements
of the graded center in degree 0.

Write Σ for the shift and assume C has Auslander-Reiten triangles.
It is equivalent to suppose C has a Serre functor S : C → C,
meaning HomC(X ,Y ) ∼= HomC(Y ,SX )∗ always.



Restrictions on the graded center

The natural transformations of the kind constructed by
Linckelmann are the only ones with small support.

Theorem (Carlson-Webb)

Let F : C → C be a k-linear endofunctor and suppose α : IdC → F
is a natural transformation. With some conditions, if α has
support contained in {Σr M

∣∣ r ∈ Z} then F (M) = S(M), and α is
one of the natural transformations constructed by Linckelmann.

Theorem (Carlson-Webb)

Let C = stmod(kG ) where kG has wild representation type. If
α : IdC → Σr lies in the graded center and has support on only
finitely many shift orbits then it is a sum of the natural
transformations constructed by Linckelmann.



Characterization of almost vanishing morphisms

Proposition

Assume there is a Serre functor. Let f : X → Y be a morphism
between indecomposable objects in C. Equivalent:

1. f is almost vanishing.

2. f is non-zero, and for all objects U, f factors through every
non-zero morphism U → Y .

3. dual of 2.

4. Whenever g : U → X is not a split epimorphism in C then
fg = 0.

5. dual of 4.

6. The map HomC(−, f ) : HomC(−,X )→ HomC(−,Y ) factors
through a simple functor.

Thus morphisms f satisfying any (and hence all) of the above
conditions are determined up to scalar multiple. For such a
morphism, Y ∼= S(X ).
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