
Pre-class Warm-up!
For a function  f : R -> R , which (if any) of the 
following is a correct definition that  f  is 
continuous at  x ?

a.  For all  e > 0  there exists d > 0 so that  
|f(x) - f(y)| < e  implies  |x - y| < d.

b. For all  e > 0  there exists d > 0 so that  
|x - y| < e  implies  |f(x) - f(y)| < d.

c.  There exists  e > 0  so that for all d > 0,  
|f(x) - f(y)| < e  implies  |x - y| < d.

d. There exists  e > 0  so that for all d > 0,  
|x - y| < e  implies  |f(x) - f(y)| < d.

Which (if any) of the following informal 
definitions expresses the property that  f  is 
continuous?

a. Whenever  x  is close to y ,  then  f(x)  is 
close to  f(y) .

b. Whenever  f(x)  is close to f(y) ,  then  x  
is close to  y .

c.  f  has no jumps.

Why, in mathematics, do we take the 
definition that we do, rather than something 
more intuitive?

How do you get to learn the definition of 
continuity?
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Chapter 1: Metric spaces Distance functions.

Definition.

(i)  d(a,b) = 0  if and only if  a = b.
(ii) d(a,b) + d(a,c) ≥ d(b,c)  for all  a, b, c in A
(iii) d(a,b) ≥ 0  for all  a, b in A
(iv) d(a,b) = d(b,a) for all  a, b in A.

(i)’ d(a,a) = 0  for all  a in A.

Examples. 1. The `usual metric’ on R^n.

2. The discrete metric

Activity: Worksheet 2, numbers 1 and 2.

9 : AxA Let AksetAfuctimd(x (y) =39FE
= it satisfies (i) - (iv) -

Proposition. This is a metic
Proof. 1) , (iii) , (iv)-

(ii) is called thethangle inequality
<
(ii) . Every numberin (ii) is O unless
some of a, b, a are different.

a Cal b = c v
b ↳so We

Ifa satisfies (i), kil ,iii) ,(iv) it is called a
pseudometa . [

A distance function is also called ametic .

d(x,j) = , (Xi -yi)
- IIx-yl)



NotDifficult No(b)
, d(b ,b) outan,e 50 50

2 d(a ,b) > O using only (i)
Most

(iv) d(a ,b) +d( ,a) <d) , a) taking a =c) b

d(b , a)+ d(b ,b) > d(a , b) C Most

Using (1) d( , b) > d, 9) · & Most

similarlyd(b,a) dla,b) ·



Continuity
Definition. Let  (A,d_A), (B,d_B)  be metric spaces.
A function  f : A -> B  is continuous at  x  in  A  if

Definition.  Given e > 0  the open ball  B_e(x)

A subset  U  of  A  is open if

Worksheet 2 qn. 7  Let  R  have the usual metric, 
let  (A,d)  have the discrete metric. Show 
a. All functions  f : A -> R are continuous,
b. There is no injective continuous  f : R -> A.

R(A, da)

VE>0 1870 so that

· ( ,y) & implies dis,Wesaycontinuou- so

the condition

Be() = EyeA/ ,j) < =3 theisso f(x) = f(j) ·

ExeU -30 sotatBU It follows that f (2) is openfor everyzeAand R = F-(2) is a disjoint union
,- ZEA

-⑪ dansettcannotbeunleshe
See nextpagecannothis be ?~Whyis correct, butashorterconclusion was suggested.



The above is correct, but proves something 
stronger than what is needed.

Because there exists  d>0  so that   |x - y| < d 
implies  f(x) = f(y), this immediately implies 
that  f  is not injective. This is sufficient to do 
this problem.

To show th =Wen F (2) is
-

impossible unlessf takes only me
gateRossite
Hencef takes only one value

Fix x #
. Define

g
: R- # by gy)=flipp

and is not injective 1

Claim :

g
is continuous

.

heckgweni
Now dp(y , x) < 8 => f(x) = fly)
soda(f( , f(y)) = 0 < E .

IfF takes more than one value

then g(x) = 0 and g(g) = 1,

forgone othery . By the intermediate


