
Pre-class Warm-up!!!
We can construct the circle  S^1  as  [0,1]/~  
where  ~  is the equivalence relation on the unit 
interval  [0,1]  given by  x ~ y <=> x-y is an 
integer.
Is the quotient map  [0,1] -> [0,1]/~

a. open
b. closed
c. neither

quotient map . Is f(V) closed
?

It is closedEt f
+f() is closed
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bost possibilities are closedin (0,1) .

Thus F is closed.
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S is notopen

* but (0, 2) is open in 10 , 1)
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.Take acloudsubsetVon



How to prove that different descriptions by 
quotient topologies give homeomorphic spaces
Theorem 5.2 Suppose we have topological 
spaces and mappings of sets

X -> Y -> Z
where  f  is surjective, Y has the quotient 
topology, and  g  is some mapping of sets.

Then  g  is continuous  <=> gf  is continuous.

Proof.

Theorem.
Let  N = northern hemisphere of  S^2.
RP^2 constructed as a quotient of  S^2  is 
homeomorphic to  RP^2 constructed as a 
quotient of  N.

RP^2 is constructed as the set
Pairs = { {v,-v} | v in S^2}
with topology coming as a quotient of either 
S^2 or N.  Why are these topologies the same?

↑ 9

" is easy Ifgis continuous, weknow of is continuous , so go is continuous ,

&

"Suppose go is continuous .To showg is
continuous, let VIZ be an open subset-
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Then g"(V) is open E f
+

(gN) is

open (defu oftopology anY)But
is opet ang)
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Theorem.
Let  N = northern hemisphere of  S^2.
RP^2 constructed as a quotient of  S^2  is 
homeomorphic to  RP^2 constructed as a 
quotient of  N.

RP^2 is constructed as the set
Pairs = { {v,-v} | v in S^2}
with topology coming as a quotient of 
either S^2 or N.  Why are these topologies 
the same?

Let Pairs = [3v-v3 /llvll = 1
, veR]

The quotient maps shown are v=>3,23
-

notientThe two sets "Pairs" have&
= EveR3(Irk= 1

, > 03
topos comingfrom pottoSN

, To showhey are the same we showW continuous.f and gave⑪
&

-

The previous theorem says : g is
continuous

Es gG is continuous.
is continuous /2 b andregious

-

-g is continuous
We construct RP2 as a quotient space ↑ is continuous #) Fo is continuous -Also
- &

↓ V = Pairs is open in theTopology from NIn 2 ways
① (O-N) is open) I claimhat

Pairs-52
#6)" (v) = 0"No-ECV) - This isid =fg = id see pictureinclusion i
open so ft andhencef are continuous.&N Pairs- Thus the two constructions of RP2areS

homeomorpha,
Worksheet 5 question 4 ?
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2.Do we wantto useTheorem 5
.
2 ?

3. Where is allHis onthe difficulty scale? In K 2F1z
21 choice of E ?1 111111111 ↓

↳ So1234567 Better : EIE3impossible .Easy manysome-

Becausef sends 3123-3224. Have I just now done the problem ?
-

&

- induces a mapping F :RI-> SYes / No.
-

- is continuous take the composite-

f : S-> RP1E> S is continuous
,&quotient

using Therem 5. 2.

Presumably something similar inthepostea



Worksheet 4, 7b
Show that a subset  U  of a topological space  X  is 
open  <=>  U  contains no point of its boundary.

Worksheet 4, 6a Show that a B = {{a},{a,b},{c}} 
is a basis for a topology on  X = {a,b,c}. Show 
that the open sets are:

solution : do His by first verifyingBis a Vasis
(1)VV = X
VeB

(ii) Fx = B , nBz withBi ,B2-B

5) BztB with xeBy[BinB2

Check (ii) .
The only non-emply & is

[a3n[a , b3 (apart from (abudazete)
= [a3 . Take By = 393 Se

(ii) holds,

It followshat the unrowt ofsets in B
are topology.


