
Theorem 8.5  A space is  T_1  <=> each point 
of  X  is closed.
Corollary 8.6  In a Hausdorff space, each point 
is a closed subset.

Theorem 8.7  A compact subset of a 
Hausdorff space is closed.

Proof . Let A X whereXis Hausdorf
and A is

↑ We show -Impactopen-
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U wit eU and UEX-A
1 . e UnA = 0Proof of 8 .

5 "E" is easy . Suppose For each yEx , 3 , Exz3 are closed .
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Pre-class Warm-up!!!
Can you remember what  T_0, T_1, T_2 say?
What about  T_{-1}?

Let  X = R  with the finite complement topology. 
Does  X  satisfy any of these separation 
conditions?

                Yes        No
T_0

T_1

T_2

Is the function  f : R -> R defined by
f(t) = (sin t, e^t)  continuous?

How do you know this?

2

Yes/No

Have you ever seek a proof ofHis
in a calculus course ?

Yes/ No

A E-Xx Y

To ⑭X
h is continuous

T
, ↳) both it andth

are continuous.

T2

-ausdarff .



Theorem 8.8  A continuous bijective mapping 
from a compact space to a Hausdorff space is a 
homeomorphism.

Applications. Weshow that ↑
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Part of worksheet 7 question 10.
Let  f : [0,1] -> R .  Show that the graph of  f  is 
compact <=>  f  is continuous.
Give an example of a discontinuous function  
[0,1] -> R  with a graph that is closed but not 
compact. Comments on worksheet 6 question 5: f : X -> Y  

is continuous <=> F is a homeomorphism 
between  X  and the graph {(x,f(x) | x in X}.

We can use his technique to show e.g. 10 , 1XV is clocdin (0 .%
. vi ToDev10 , 1)8ES'. thus/10 , 13 xVnois closed in t

wDefine a mapping f : 10, 18-5 by Thus/10 , DxDot is compact /
f() = Sos2πt, sinInt) if to 0 , 1) imusco

,
/O , DaV)of is f"()
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.

Show to is a continuous bijection - Thus itIf "Vis closed . 3 .

10 , % is compact, s' is Hausdorff, so~
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f is a homeomorphe. Example : f(t) =CPit
g(t) =S ·

We do
"
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byisconpartWeshocontinaclosed. Usetechnology ! FA) = (x ,f*) is
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xv] nM) continuous b/c X** and x+- f(x)
are continuous.



Theorem 8.9 A subspace of a Hausdorff space is 
Hausdorff.

Theorem 8.10 Let  X  and  Y  be topological 
spaces.
Then  X  and  Y  are Hausdorff <=> X x Y  is 
Hausdorff.

Question: Is either of these theorems obvious?
8.9  Yes / No
8.10  Yes / No

8. 10 Take points (Xi ,(1) +(x2 , Y &)
in XXY

If X,X2 , Take veU ,
xEUz

open Lets wit WinUz = 0 .

Now (t ,y , ) e U ,
XY UYcUY

(x2 ,])WexY
~ Y ·

(2 ,yel

↓israth
Fry , Eye its similar . A



Examples:  R / ~  where x ~ y <=>  x-y is rational.
X/A  where  A  is not closed.

Theorem 8.11 Let  Y  be a quotient space of  X  
determined by a surjective mapping  f : X -> Y.  If  
X  is compact Hausdorff and  f  is closed then  Y  
is (compact) Hausdorff.R/e has the indiscrete topology.

The quotient map R - RI goes We won't dohis.
from atHausdorff to a non-Haudorff
space .


