
Pre-class Warm-up!!!
Let  X = {a,b,c}  with open sets
Ø, {a}, {a,b}, X

a. Is  X  connected?

b. Is  X  Hausdorff?

c. Is the mapping  f : X -> X  given by
f(a) = b, f(b) = c, f(c) = c  continuous?

d. Is the mapping  g : X -> X  given by
f(a) = b, f(b) = a, f(c) = c  continuous?
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Which isthe hardest question?



Exam 2 is about closed subset ofa compactcompactness set is compact .

Subsetsof R2 are compactEclosedandbonnaQuotient spaces
AA/->X gis continuous flompact) is compact

=giscents . 10 , 1) [I". R are not compact .
finite complement top is compactEisopens open
Fuhyspacesopen

setsare n,f mightor might notbe closed , open
Weird examples like R/v , xry EyeQ , Hausdorff ,
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T,
E) one-point sets areclosed .Baris for opensets : UX

#x , ity are continuous#3X e .g . If
A Es A/ , if fot isA I Y it4
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- is continuous- Y not closedthen Alw is notT
,
so notTe

= fix and fity are

compact subset ofa Hausdorff spacecontinuouse.g. (sint , et) is continuous is closed



Theorem 9.6  If  Y  is the union of connected 
subspaces that all intersect non-trivially, then  Y  
is connected.

Lemma. If  S  is a connected subset of a 
topological space  X  and  U  is a subset that is 
both open and closed, then either  S  is contained 
in  U  or else  S  has empty intersection with  U.
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loka If connected sets intersect non-trivially

⑰
their union is connected

.

his s
is not connected

.

Every to has non-empty intersection
with U so is contained in U.

Proof . S = (Snv)v(SnX-u)) disconnects
Therefore Y = U Y: U

unless Snu = $ or SnX-r) =6 . 7 LET
-

Y = U , and his connected . 1

Proof. Suppose Y=&Y and
The Y: are connected , ↑

Suppose U&Y Is open and closed.
①and Ut

Some Y: intersects U non-trivially soYIEU .YU -



Theorem 9.7. Spaces  X  and  Y  are connected 
<=>  X x Y  is connected.

Y

Proof ."E"The TX : XXY -X Xx2y3
EX

#y :XxY-Y are continuous and Ex3xYX
surjective . The continuous imageof
a connected set is connect ,

which is a union ofconnected sets
&

Therefore X=x (**T) and y Iwhichpairwise intersectnon
are connected if XY is

.

119 -Nivially ,=> Suppose X and" are connected By a similar argumentto 9 . 6 we
for each teX and yeY , see XXY is connected :
EXXY and, X + Eys are connected
Chomeomorphic to Y and X), Unopenandlordsubea&Now for any fixed x+X, Ex3xYnXx3y] pointof U, it is contained in U, soevery such

&is non empty , so [x]XY =X = <y] &

set contains of pointoff and is contained inis connected.
↑Y= 33YXg3U . tws UXY soxxis connect-
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