
Pre-class Warm-up!!!
Let  X  be the topological space  X = {a, b}  with 
open sets  Ø, {a}, X.
Do you think  X  is path connected?

Yes / No a b

Consider

f : 10, 13 - X where

fit = &9 If t
< En

b if +3
Then F is continuous , so is a path
from a to to



Theorem 12.4. The continuous image of a path 
connected space is path connected.

Corollary 12.5. If  X  and  Y are homeomorphic 
and  X  is path connected so is  Y.

Theorem 12.6.  If  X  is the union of path 
connected spaces that overlap, then  X  is path 
connected.

Theorem 12.7.  X and  Y  are path connected  
<=>  so is  X x Y.

Proof . Let g
: X -> Y be

continuous, where x is pathconnected- Proof. Suppose X = UY : and
We show g(x) is patt connected.

iEI

Let n , ve g(X) and write Certi ,whee arepa
u = g(a) , v = g(b) for some abeX

connected
. If a , b eX then

aEYK
' betj forsome -

,J.We canfind a path f : /0 , 1 - X find a pathfin ii from a to c and
ith fol = a , fi ) = b .

· patting in its from (to b ,

NowgLogD ptt Now get is a path infroma to b,

path connected. 1 Therefore Xis p .c . &



Theorem 12.7.  X and  Y  are path connected  
<=>  so is  X x Y.

"E" If XXY is p . c . so are

X
,
Y

because they are continuous
Proof. Same as for connectivity. images- * xY, □

="Assume X and Y are p2 .

Then for each aeX , be the spaces
la]xY and X + Eb3 are pic .

being homeomorphic to Y and X resp.

Therefore lasxr * x3b isp.a
丫

XXY is the union of
these connected subspaces,

a -

and each pair of them if
has non-empty intersection.=

Therefore XXY is p . C.



Theorem 12.8.  Every path connected space is 
connected.  Not every connected space is path 
connected.

The fleaand comb is a connected spaceHat is notpath connected .

Ol( ) .
is the union ofthe

℃

closed
shown ,

inesegmentytogethkernmithProof of the first sentence :
⑥ , 1 ) . ER2 .

X issuppose 台世恐所在 0 . 규볼 1「connected

disjoint union of non-empty open sets This is not path connected : there is noA and B
.

、

path yoiningthefeato therestot eeeLet at A and beB .
There I

a path f : 10 , 1) -X with

ThespacesconnectedSupposisets.↑ (0) = a and f(D = b
·

-

Now [0, 1j = f
-

(A) vf
"

(B) The comb is contained in one of A and
3) because it's connected

,

Thefleais a disgont union of non-empty open 、

must be contamed in the other - 、sets
, so 10, 17 is not connecteds which

this means we can an open set roulis absurd. I the flea , containing no pointofthe mainingsointIn fact every Be 10, 1) contains al
ofte coub . - contraduction

.
It's connecte





Worksheet 10 open
Λ Some solutionsto

ante questions
worksheet 10 are

posted online.

f(5) = g(sv) andtis isalsoWeshowtUS
i
a

comp:"scedinho
,

e'aemom앵NowCase 1 . en = 10.... 0,1)U ·

Then F" (U) =g() which is an Mis Hausdorff.
Itfollows tatf- ((H) = M- F

-

YS" v) isbet ofB . BecauseB is open inopen su
" en inM.어(U) is open in M.M

, g inus in both casesf 10) is open inM,soCase 2
.

en eW
.

Consider
- is continuous .

& U
,
which is a closed subsetofthe

compart space SY so it is compact .


