Tensor products

In section 2.2 of his book, Eisenbud only does
tensor products over a commutative ring,
adopting a definition that does not apply in
generality, so we have to follow a different
source.

In my notes | denote a noncommutative ring
by R, and it would be more suitable if the ring
were called A, for instance.

We learn (for starters):

The definition of the tensor product of a right
R-module M with a left R-module N. M 5
What a tensor is.

What the tensor product looks like in

special cases.

The tensor product of two matrices.

The adjoint property of Hom and
Tensor Prod uct, o, = O@n +

'.' & \’_., ll' ',

Definition 2.1.1 (my notes) Given a right
R-module M, a left R- module N, Ve

(_ﬁvud\a,\ ct ‘Tt( 0 cleelt
loments %a;\Au N

ﬁws

%Méa T/

Ba5|c tensors De T

= ( ,n)+S An elemenl o
I\l a +enSod
mo% & :Z-I(ko_axw«bwc:ﬁm

WA
Distributivity etc of tensors.

M.+M,)® o= va N F“:IS(

m®(ﬂ\+"z) = mgn, +—M@("‘L
m(\@v\, = MmErn DJW“yg

Question: how difficult is it to see that

MRO =O= O®N___,_a"wa'(js 2 | O(Arf‘[r“l«l{

Soole Eagy 100



Definition. M is a right R-module, N a left
R-module, L an abelian group.
A mapping f: M x N -> L is R-balanced if
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Discussion. What is the difference between the
notion of being balanced and some concept of
R-bilinear?

Is it a problem that f(rm, sun) rf(m,sn) =
rsf(m,n) = srf(m,n)?




Theorem (Dummit and Foote Cor.11)

The balanced map MxN->M Qg N is
universal with respect to balanced maps.

The tensor product M &g N is defined up to
iIsomorphism by this property.

M x N £y L
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Theorem. (D & F Theorem 10).
Balanced maps M x N -> L biject with

group homomorphisms M&g_ N -> L.
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st o —| — .

True or false?:

The mapping Re,R —ROXR
specified by 2 By b +— (q, b>
is a group homomorphism.

A True

B False




Examples.
1. If f:R->S is aring homomorphism with 2. Let | be arightideal of R.Then
f(1_)R)=1_S then SQ@p R = S as left (TNE)® M = M /TIM
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Pre-clagg Warm-up!

True or false?
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The mapping
specified by
IS a group homomorphism.

A True /

B False.
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Theorem 1.8.
Tensor product distributes over direct i(ums: Question: Should this be easy or difficult

/ ~ NYeD (M to prove? ~
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and similarly on the other side.
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Tensor products of vector spaces

Example 1.10 Let U and V be vector spaces
over afield K with bases wty,-~-y4m
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Definition 1.11. Let f:M->M" and g: N >N’
be homomorphisms of right and left R-modules.
We define

feg : M N — MG N’

to be the group homomorphism determined by
the balanced map Mg;\] — Ml@t N’

given by (m,n) l—"-F(m) @j(")
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Question: Put the basis vectors U@V in the
correct order so that the above is the matrix
of +89 ?

What is the trace of ‘ng -



Definition 1.13 \f A, B are mgg, we

ol A@Z"B o 0‘*:‘3 {z‘j
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The tensor product on the left 1Is over Z but
f A and B are algebras over a commutative

ring R, we can take the tensor product over
R.



POre-clagg Warm-up!!

Which (if any) of the following matrices CANNOT be
expressed as a tensor product of two smaller
matrices?
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Adjoint property of Tensor Product and Hom

The set-up: if R and S are rings, and (S,R)-
bimodule is a left S-module A that is also a right
R-module, in such a way that the actions of R
and S comn;u/te; (ra)s = r(as) always.

- X3 .
If A isan (S,R)-bimodule, B is a left S-module
and C is a left R-module thenbAQK}Q s a left

S-module with actign_given b
B7dae gt agigaiven by
Hom_S(A:B) is a left

givefrigh)Xa) ;= plac

and Hom_S(B,A) isari ht R module with action

given by @() (h).__ cb(

-module with action

The operation of tensor product on bimodules is
associative.

What piece of theory allows us to say there is
a left action of S onthe temscm Jrod Ict? Is it

obvious? R—’S
E: o @lveb\ O\
S (§ an LS&\)

Tump shreughd to
Theorem 1.16. Let A be an (S,R)-bimodule,
B aleft S-module and C a left R-module.

Then ‘
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via an isomorphism that is natural in B and
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Corollary 1.7. Let f: R->S be aring

homomorphism, let B be a left R-module and

let C be aleft S-module. Then

ow, (865,B,¢) 2 o (B,C)

Proof.
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Lemma 2.4 of Eisenbud. Let U be a
multiplicatively closed subset of a commutative
ring R, and M an R-module. Then
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Wiwy M we adine & an
Pre-clagg Warm-up!!! Ry 40 e &4 J(f\%

N \ |
7" > Q' K
If you were giving an exposition of localization

(e.g. writing a book), how would you define the _. h

\
localization M[UA-1] of a module M at a Q D 7 = @

multiplicative set U ? Would you define it as Z

A R[U’\-1]®K/M %k _ 2*\@@ Zq

or
B  The way it was defined initially in
Eisenbud’s book.

Discuss some pros and cons of each approach.
Bear in mind that whatever you do you are
probably going to have to define tensor
products anyway.




Splitting and exactness

Definitions: split mono, split epi, exact, short
exact sequence. N
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Which of the following are short exact sequences?
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Lemma 2.2. Equivalent for a short
exact sequencep 9

S —A—B=C—O

1. f is split mono
2. g Is split epi

3. There is a commutative diagram

Definition. If any of the conditions hold we say
the short exact sequence is split.

We dron B =HAD G

We chede n@“ C, =0
\f‘ A —:F(«)é ‘F(f‘)f’cl '
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Then PO cvf O
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Ore-clage Warm-up

Let K[x] be the polynomial ring in a
variable x with coefficients in a field
K. Let J be the ideal J = (x"4).

1. Is 0-> J->K[x] ->K[x]/T >0
a short exact sequence?

AYes/

B No

2. Is it split as a sequence of
K[x]-modules?

A Yes/
B No B
Discuss ! Wkﬁfm/f Jrut

Wﬁ,




Lemma 2.4 A, B, C, M are left R-modules, N
IS a right R-module.

9

1. A->B->C ->0 isexactif and only if
3¥ F‘k
0 -> Hom(C,M) -> Hom(B,M) -> Hom(A,M)

Is exact for all M, if and only if
VA — N®B — N®C — O

Is exact for all N.
2. 0->A->B->C isexactif and only if

0 -> Hom(M,A) -> Hom(M,B) -> Hom(M,C)

Is exact for all M. k—*"B"‘C"‘ ®) |g
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Lemma 2.4 A, B, C, M are left R-modules, N
IS a right R-module.

1. A->B=>C->0 is exactif and only if
0 -> Hom(C,M) => Hom(B,M) -> Hom(A,M)

Is exact for all M, if and only if O
NGA — M@&B — NgC —

Is exact for all N.
2. 0->A->B->C isexactif and only if
0 -> Hom(M,A) -> Hom(M,B) -> Hom(M,C)

IS exact for all M.
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Lemma 2.4 A, B, C, M are left R-modules,
N is a right R-module.

£ .39

1. A->B->C ->0 is exact if and only if

0 -> Hom(C,M) -> Hom(B,M) -> Hom(A,M)

Is exact for all M, if and only if
N® A = N&B — IQ&C —30“0?&\‘(1\).
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Pre-clage Warm-up

Consider the short exact sequence
0->Z3%2z->2/2Z -> 0.

We can apply 27/21(92—- to each of its terms to
get a sequence

2 —O
O = 279,72 — 2y 5L ~4, B
222 2> 2/27 —s 7/27~0

1. Is this sequence exact? 150
18 &QC'S(’ ?\fo_,

Yes

No/

2 The same question with Hom. Is the
following sequence exact?

O-vio(t2,2) Hin(@s1) > #8282 20
D4 O =

— 2/22 <D

A o/Ig will
Moot ol G
Zaom l(ﬁhé,,

Clogg s Tdey 0[5 and

fo aling
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Pre-clagg Warm-up!!

Consider the following two functors

F, G : abelian groups -> abelian groups

FIM) = Z &, ZZQZM L MM
G(M) = Hom (Zz,M) HDMLCZ ) M>£ N\

QM) = Z7\'\691‘\. gafv\q_(\d::;i 6 (et

1. How easy is it to see whether or not F
Is exact?

Easy 1 23 456 7 8 9 10 Difficult

2. How easy is it to see whether or not G
Is exact?

What about ®®ZN\ ?

W;}cxoct‘
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QoA 5 Q

S.C\Sl

mono 1\
2

OB mons *
Yes .
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"M = MOM
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LT rpyvari on t
Definition 2.5. The functors\éHom( ,M) and

Hom(M, - ) are left exact, while N g ~ IS right
exact. A\ | v e ot

A covariant functor F is left exact, right exact,

e;‘acguand Qn 'é DAM[Q{' N q&/&m 3

g catun. cach R-wmodule M
) ei&m\ rbfgf F(M)
V R- wwM WMS

M I N\’

Example. F {'b‘wﬁ(u )

heve f T m (o o)

H(F
F widt %ij r(\?j)_ =§)-F6)
FE(L,}MQ chI-ct(MZ) \f(ja Ws O-hEC

b — F® A FE) A FE) % ownd

- tam ‘JIM)

Definition 2.6. The R-module P is projective if

and only if given any diagram Wi~ an £xo!
Q.Q 3 3
J/o&, ten 3%) B <o

BC 0 fead o= 9o

Lemma 2.7 TFAE for an R-
module P :

1. P is projective.

2. Every epimorphism M -> P splits.

3. There is a module Q such that
Q is free.

4. Hom(P, - ) is an exact functor.
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J 0
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F s %L\I’ exodd &)
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Definition. An functor abelian groups -> abelian P‘ﬂﬂg C F@\) ~ G e \
groups is linear if and only if g /&k@ xad N —
AT
bﬁ |, A N S
Weshaw  Im FE) = Rec H(g)

Application: For a chain complex

Proposition. TFAE for a linear covariant
functor F.

1. Fis both right and left exact.

2. For everyses O->A->B->C -0, the
sequence O -> F(A) -> F(B) -> F(C) -> O is

(C.d.)

we have H_i( F(C.)) = F(H_i( C.))

exact.
i-j:r-e)v:rieza-c:j e?::nsceequence O ’*FGM‘P - F(B) — JFUM3>~)Q
.. => F(A) -> F(B) -> F(C) -> ... is exact K o 5. %j @—3\
Aftewpt 42 pov& | =3 3 . Also F.Q%?)‘lw\l"tf> Y
Wnte Ttﬁ exadt fiwv\ce conpuctatv ity of \G}’l
— C
S i e me (e eleg).
T30 ket F(9 )

O ﬂré\ﬁ(%d\ai = ker )~ Fw j)



Definition 2.8. Injectlve and flat modules.

T s blevkhve € tom (T S
an. exocf fw cfor

A ﬂﬂ}\f R - W N tf‘flox—

\Q exazj :

& N&® —

Proposition 2.9. Projective modules are flat.

]
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M
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Pre-clage Warm-up

If you were trying to determine whether £ is
injective as an abelian group, which of the
following 3 criteria for injectivity would you
choose to use?

A The diagrammatic definition | Grden
wilk ‘f mono J jg “B~T
o 'H\_M ol = \{S‘F

B Every monomorphism T —B is

split mono.

I |
AN

0 — A++B

C Hom(-, 1) 1s exact.

D Something else.

Z LS aof



Proposition 2.5 of Eisenbud. R[U”-1] is flat as

an R-module. | o rlizadim \s an exod
Funder -
Proof.

e vesfy ot Rv')e- «
ool - Ruall M[U]2RUJEM.
We enow & n\9k,1’ exact
We chec . [ e howe & Moo

D*-SM"‘) \ ‘te’v\

- A
5! Ml[u £ X

AsQ[Z MM‘X[“ JQW, Jf M O

o M U] g weans JveV

wilh \/M?-Q;V\Mt -

Tws relation Ao hsld¢ /V\/

4O %\ -Own M. ]

Proposition. Let
F : abelian groups -> abelian groups be a

linear exact functor.
Let Ml DM£/~' ')Mi'/
be submodules of an R-module M. Then

E(Mo-0Mg) = FMYn ~nFMg),

Here F exact =) 1? M. €M Thaes
F()) esm be vegarled od o
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Definition. The support of an R-module M |s M S k30 -280 <= ah“zM #K

o pe o WMDK.F{ e, &> am, M SW %"W{
M, #O . T .
< IV QSuFP(M)

Corollary 2.7 of Eisenbud. If M is finitely
generated, P is a prime ideal of R, then P lies
in the support of M if and only if P contains the

annihilator of M. True or false?:
1. If M is a non-zero R-module then the
( )ﬂ;g ' R support of M is non-empty.
‘;i;,. § prng idoly © [??aM(M)§
“) > A True /

B False

?P_D_é m € M W‘7k .'-/-\%O 2. How difficult is it to establish your claim
M <—-'-> M (S "\O'f‘am\cl'\tlaféfﬂ in 12

_p =0 &) ahh ("">—C—P A Easy
3 QU\CL\ m <‘~> Vo LAY (/‘1>§ o'“n(M) B MOderately easy \/

C P C Moderately hard

0

D Quite hard




A similar question to the last one.

Suppose A{> B 59> C are two maps of R-modules.

True or false?
If gf #0 then there exists a maximal ideal ##so

that the composite A, -> By ,-> (;M/s non-zero.

M
A True \/

B False

T Greitin

What about: if gf # 0 then for all maximal ideals
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B e
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A stronger property than flatness This uses:
Lemma 2.8 Let m be an element of an R-

Corollary 2.9 A diagram of R-modules module M. If m goes to 0 in each localization
0>ATSB2 Cc>0 of M at a maximal ideal of R then m = 0.
is a short exact sequence if and only if for every (M =0 if and only if all its localizations at
maximal ideal M the localized sequence maximal ideals are 0.

O—+ Ay, — Dy, — Cy O
Is exact.
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Another property of localization

Proposition 2.10 Let S be an R-algebra. Let

M, N be R-modules with M finitely
presented. If S is flat over R then the

homomorphism

S Hougth W) o ton (G .5QN )

is an isomorphism.

Proof Do it 1. When M =R

2. When M = RAn
3. When there is an exact sequence
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The Snake Lemma.
Suppose we have a dlggram of modules

#4([0( k(fg) kﬁ\(
;
O-—-»A 4B -3'(: — 0
e B Y
0 -—-A”f—— > - ¢ ~0
(,a“ledo/ L,olﬂﬂ]& “3)&’?)’
O

in which the rows are exact. Then there is a Iong

exact sequence. ﬁ
Furthermore, if f is monoor g’ is ep| t
first map in the l.e.s is mono, or the last map is

epl.
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How to use the Snake Lemma to prove part 3 -
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