Some homological algebra

See Appendix A3 of Eisenbud, Rotmans’
Homological Algebra, and my notes.

Chain Complexes.

We learn: what is a chain complex,

it's homology.

Maps of chain complexes, homotopies
between maps.

The long exact sequence coming from a short
exact sequence of chain complexes.

Definitions. R is a not-necessarily-
commutative ring.

A chain complex # & é"\j‘! "z' ;aF s
M"’ ' ﬂMw‘- "F/PM_*“'

\(\QJ'C d; o L1 =0 aL"‘WjJ
Abbreneded A =O . M s

A degree
The boundary maps in the chain complex have

degree -1 M (ont el dnﬂm. {a:j -],

The homology group in degree i 1S

He (M,> becd, /I Aia
A(;G'e ch H Q’L> ®2H‘Q9

mstead § 117 () Vi & A

A Wfl‘* L+ — M-y

'L o caall X, lf" o
1% (Oﬁjm ample h
H‘ Qj,t) = M"(t /IW\ 0‘/1'(



POre-clage Warm-up

s the following specification a

chain complex?
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Question: what is the homology of the second
complex in degree 2? In degree 1?
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Definition. A chain homotop
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Pre-clage Warm-up

Consider the two chain complexes with non-zero
terms in degrees O and L 7Y 4
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1. Are there any non-zero chain maps a )
y och ps MW

2. Are there any chain maps M —N
that induce non-zero maps on homology?

No

A Yes

B No
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The snake lemma
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Example.




s the following chain complex contractible?




The long exact homology sequence.

Theorem 2.3.6. A short exact sequence of
chain compleQes— L SBns N=0O

gives rise to a long exact sequence in horgology.
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Pre-clags Warm-up!

Llet 0 ->A->B ->C->0 bea short exact
sequence of modules (for some ring), and let M be
some other module. Consider the sequence

0 -> Hom(M,A) -> Hom(M,B) -> Hom(M,C) -> 0 (*)
Which, if any, of the following statements is true?
A If (*) is exactthen M is projective.

B If (*) is exactthen M is injective.

C If (*) isexactthen M is flat.

D If M is projective then (*) is exact. \/

E If M isinjective then (*) is exact.

F If M isflat then (*) is exact.




Projective resolutions

Definition. Let R be aringand M an
R-module. A projective resolution of M _ k)(J
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A True. B False.
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Example. Let Z be a commutative ring and G

a group. The group ring ZG is h{:n,—’f\&
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Suppose a group G acts freely on a
contractible simplicial complex S with chain
complex C.(S). Then C.(S) -> Z is a projective
ZG-resolution of Z.
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Pre-clags Warm-up!

Let k be a field and k[x] the polynomial ring in
one variable. The ideal (x+1) is a k[x]-module.
True or False?:

The k[x]-module (x+1) is projective.

A True \/

B False
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Ext Groups

Definition. Let M and N be R-modules.
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Example: Z/ mZ.

Exty (Z/mZ,N)={xinN|mx=0]
Exty (Z/mZ,N)=N/mN
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Pre-clage Warm-up!!

The definition of Ext(M,N) was as follows:

1. Take a projective resolution of M : ¥ —M

2. Form the cochain complex Hom(P, N)

3. Take the degree n cohomology to get
Exbé‘CM;d)

How many things can you find in this definition
that seem arbitrary, and could perfectly well have

been different, for all we know. ¢
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Theorem 2.4.3. Let 0 ->A->B ->C->0 be an
exact sequence of R-modules and let M be
another R-module. There are exact sequences of
abelian groups

0 -> Hom(M,A) -> Hom(M,B) -> Hom(M,C)

e h.
-> ExtAT(M,A) -> ExtAT(M,B) ->
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and

0 -> Hom(C,M) -> Hom(B,M) -> Hom(A,M)
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Theorem 2.4.3. Let 0 ->A->B ->C->0 be an
exact sequence of R-modules and let M be
another R-module. There are exact sequences of
abelian groups

0 -> Hom(M,A) -> Hom(M,B) -> Hom(M,C)
-> ExtAT(M,A) -> ExXtAT(M,B) -> ...

and

0 -> Hom(C,M) -> Hom(B,M) -> Hom(A,M)

> ExtAT(C,M) -> ExtAT(B,M) -> ...
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Theorem 2.4.3. Let 0->A->B ->C->0 bean

pre‘O(agg warm'—up! exact sequence of R-modules and let M be

another R-module. There are exact sequences of
abelian groups

Should we go through a proof of the long

- : : 0 -> Hom(M,A) -> Hom(M,B) -> Hom(M,C)
exact sequence in the first variable of Hom? (MA) (

It is the sequence in the yellow box on the > ExtAT(M,A) -> ExtAT(M,B) -> ...
right.

and
A Yes

0 -> Hom(C,M) -> Hom(B,M) -> Hom(A,M)

B No
-> ExtAT(C,M) -> ExtAT(B,M) -> ...
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Corollary 2.4.4.

TFAE for an R-module P.

1. P is projective

2. For all modules M, ExtA1 (PM) =
3. For all modules M, ExtAn (PM) =
n=1.
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Corollary 2.4.4. Part 2.

TFAE for an R-module .

1. 1 is injective

2. For all modules M, ExtA1(M,1)=0
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Dimension shifting

Corollary 2.4.5. Let 0->A->B->C->0
be a short exact sequence of R-modules.
(1) If B is projective then for n > 2

~ -1
Ext (C,8) = Bt (R,m)
(2) If B isinjective then for n>2
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Pre-clage Warm-up

Let k be afield and let R be the ring
R= kDB3/ (x5

Let U_2 be the module Uzzk/ﬁ‘]/@(z)

What is the dimension of R)?
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Example. R =k[x] / (xA5). This ring
has modules
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Pre-clage Warm-up!

Which do you think is more successful:

A My use of iPad projected on a screen. 5('2

B Use of blackboard in pre-COVID style.j
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Techn 2

|

Which do you think is more successful:

A When | teach entirely online, and
everyone is on Zoom.

B When | teach in the classroom in the way
| have been doing.



Theorem 2.4.7. Let ®—M~0, G-N—=O

be complexes of R-modules, where the

modules in are projective and
Q—N—O

is an & cyclic complex.

Every homomorphism¢ : M -> N lifts to a

map of chain complexes

P — M

v
¥

Any two such mappings of complexes that
lift Sb are chain homotopic.
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Corollary 2.4.8. Let ?,-—"M L Pom
be two projective resolutions of M.

(1) They are chain homotopy equivalent.
(2) If F is any R-linear functor from R-
modules to abelian Eroups, then
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Theorem 2.4.7. Let ®—mM , G -4

be complexes of R-modules, where the
modules in & are projective and

Q—N—-O
is an a cyclic complex.

Every homomorphismp : M -> N lifts to a
map of chain complexes

— M
A
Q_—,I\I

Any two such mappings of complexes that
lift (P are chain homotopic.
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A quick summary of Tor

Definition 2.4.9. Let M be a left R-module,
N aright R-module, and —-N a
resolution of N by projective right R-
modules.

We put  To-~ (N,m) = H;\,(P@z’v\>

Properties:

2410 TorR(N,m) % NGeM

2411 If 0->A->B->C->0 isashort
exact sequence of right R-modules and L is a
left R-module, there is a long exact sequence

2.4.13. TorE(N,M) =0 if either of M or

N is flatand n > 0.

2.4.14 Sequence for computing Tor.

D— Tor  (N,M) — Kn S~ R G M
K ®pM — O






