Chapter 4: Integrality and some other things

Given a commutative ring R, we study R-algebras
A so that A is finitely generated (or finite) as an
R-module.
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We learn:

- What condition on elements of A produce
this finiteness condition

- What are the properties of integers.
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Definitions. Let S be an R-algebra.
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The algebra S is integral over R if.
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Goal: the integral elements form a sub ring. O{\S l S ¢ ) SZJ 95)

Corollary 4.6 plus. Let S be an R-algebra. l T(§> = O

TFAE for s in S N

(@) s is integral over R. C‘q - %” RN xh -+ By
(b) R[s] is contained in an R-submodule M of :F he | l

S, finitely generated over R, with sSMS M n ( & 4
! ! — S + - - .} a
(c) there exists an S-module N and a finitely '\-\,:z,\ S = bk - |

generated R-submodule M of N, not

annihilated by nonzero elementSof S, such that Co Sn o wst "d‘{d ak A ?’in l

sM & M. {'Eig) i ,\‘e;rb,ms ,$ .-

?"7{% (a) = b). Tak 3 R(s) p WJ b

M o= R[sJS (—: 4>(R> [SJ s st 0

“[hew S-K[Sj < TZ(S] ‘ (L>>;‘.'>(C—> ;n €) e N =S

. 'd, 4 A T(’«\e Sa . un l € R[Q]C_ M
S}\Z«r« RK (s)1U u_j‘h Lw’a““d JT:E ¢ ot can. by any non-z0 el of S-
N . ek I




Pre-clagg Warm-up!!!

Is 2 integral over Z ?

A Yes /

B No

Is 1/2 integral over Z ?
A Yes

/

Some further questions we might discuss
(or not!)

Is Z[x]/ (2xN\3)

Yes

(@) finitely generated as a ring?

(b) finitely generated as an abelian grou ?\\‘
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Another question: (a) and (b) for Z[x]/(x"3).
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Goal: the integral elements form a sub ring.

Corollary 4.6 plus. Let S be an R-algebra.
TFAE for s in S

(@) sis integral over R.

(b) R[s] is contained in an R-submodule M of
S, finitely generated over R, with sMS M

(c) there exists an S-module N and a finitely
generated R-submodule M of N, not
annihilated by nonzero element of S, such that

sM S M.
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re-claee Warm-u

Let R be a subring of S, u an element of S
and r an element of R.

s it obvious that if u is integral over R then
ru is also integral over R?

A Yes

B No
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Corollary = Theorem 4.2.
Elements of S integral over R form an

R-subalgebra.
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Proposition 4.1. Let R be armg, J'h‘wan ideal
of R[x], S=R[x]/].
Let s be the image of x in S.

a. S is generated by <n elements as an R-
module if and only if ] contains a monic
polynomial of degree <n.
In this case S is generated by
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b. S is a finitely generated free R-module if
and only if J can be generated by a monic

polynomial.
In thns case S is freely generated by
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Corollary. 3 is".ir;tegral over R if and only if
R[s] is finitely generated as an R-module.




Corollary 4.4. Let M be a finitely generated
R-module.

a. If f:M->M isan epimorphism of R-
modules, then f is an isomorphism.
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re-claee Warm-up!

True or false?

Let ] be a maximal ideal of a commutative

ring R and let u be an element of R not
In J.
Then u is a unit.

A. True ‘

B. False a

We might also consider:

Let u be an element of R not in any

maximal ideal. Then u is a unit.
A. lrue /
B. False
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Corollary 4.5. = W diwwsatodwe

An R-algebra S is finite over R if and only
if S is generated as an R-algebra by finitely
many integral elements.
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R i s .
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Definition. Let R be an integral domain.
Then R is normal if and only if it equals its
own integral closure in its field of fractions.
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The extra things in Eisenbud’s book:
Lemma 4.11 is used to prove:

Corollary 4.12.
If R is a normal domain then any monic
irreducible polynomial in R[x] is prime.

Proposition 4.13.

Normakzafion commutes with taking the
integral clofyre. . -
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Theorem 4.14 (Emmy Noether%)

If R is a finitely generated domain over a field or
over the integers, and L is a finite extension field
of the field of fractions of R, then the integral
closure of R in tis a finitely generated R-
module.




Nakayama’s Lemma Definition. The Jacobson radical of a ring
R is the intersection of the maximal ideals

First a lemma coming from the Cayley- of R.
Hamilton theorem again:

Corollary 4.7 Examples.

Let M be a finitely generated R-module, |
an ideal of R sothat JM = M.

Then there is an element r in ] that acts as
the identity on M; i.e. (1-)M = 0.

?@F ij\ Howet|[foa arLZO‘

. — N\ 31\42 )
Fotﬂwd F’({"B =t-+ QZ) R
a; e J) F('I > =

n-| n-|

True or false?
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the localization Zg) is zero.
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Corollary 4.8 (Nakayama’s lemma)

Let ] be an ideal contained in the Jacobson
radical of R, let M be a finitely generated
R-modul

a. If IM=M then M=0.

b.If m_1, ..., m_n in M have images in
M /JM that generate it as an R-module

then these same elements generate M as an
R-modul




Cohen-Seidenberg Lying Over and Going Up

Proposition 4.15
Suppose R C S is an integral extension of

rings. Given a prime P of R, there exists a
prime Q of S with RNQ =P Infact, Q
may be chosen to contain any given ideal
Q_1 that satisfies &0 &y <P

Proof.
Factor out Q_1 and RN Q_1 to assume

Q. 1=0.
We only need find a prime Q of S with

RNQ =P.
Localize: S_P is integral over R_P.
We may assume R is local with maximal

ideal P.




