Category Theory

Fisenbud’s Appendix 5 has the right topics
ut is brief with a shortage of examples.
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Pre-clagg Warm-up!!

Suppose f: M -> N isa
homomorphism of abelian groups.
Which of the following conditions
necessarily implies that f is one-to-
one’

A. For all pairs of homomorphisms
g h:L->M, if fg=th then g=h.

B. For all pairs of homomorphisms

g, h:N->Q, if gf =hf then g=h.

C. Neither of the above.
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Definition.
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Question. Why do we take this definition of

More examples: a group, a monoid
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More examples: weird categories.

Free categories

FI = the category with Objects = Finite sets,
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How many morphisms does F(Q)
have when

Q= X 7
A\ 5/y

A 3

B 4

C 5

D 6

E 7

F 8

G Infinitely many.






Pre-clage Warm-up!

How many morphisms are there in the free
category generated by the quiver
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Constructions.

et 6 TWD ca(w:jom.ﬂ
i Hj;%
ﬁ EB wk brects (e, d)
ceOL(C) A€ Ob(ﬁ)
Mb(fWC (¢, d) @—9—2@ d’ )
'NL'JC, -F c=< i [ ja["“d \kﬁ

- J ﬁ i€ a ca\‘('ﬁjgﬁ
[S G N\TL DB@GP>

M)r\t\lé \i\ ﬁ

* - \L)"”*

2f

Question: Let | be the poset Q—“'.)

How many morphisms does | x| have?

1
2
4
6
8
9



Functors
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If M is aright R-module, L is a left R-module,
we have functors
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These are covariant functors. The functor

Hom_R(-, L) : R-mod -> Abelian groups
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Definition. A category C is small if Ob(C)
s a set.

Example:

SCat is the category of small categories,
whose objects are small categories, and
whose morphisms are functors.
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The functors between the category of
representations of a group G and the
category of RG-modules.



Pre-clage Warm-up!

Let F: C->D be a functor. Which of the
following do you think means that F is an
isomorphism of categories?

A For all objects x of C, x is
isomorphick F(x).

B For all pairs of objects x,y of C, F
induces an isomorphism

Hom_C(x,y) = Hom_D(F(x),F(y))

C There is a functor G : D -> C so that
FG=1D and GF=1_C.

D None of the above.




If Q is a directed graph (= a quiver), a
representation of Q over R is
cm?mw[’«w

\ 7
It is the same thing as a functor F(Q) -> R-mod

A homomorphism of quiver representations
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Natural transformations

These are morphisms between functors,
comparable to the notion of homotopy
between maps of topological spaces.

Definition. Let F, G : C -> D by functors.
A natural transformation
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Examples: Homomorphism of group
representations and of quiver
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Examples: Homomorphism of group Example: Hom(C,D) where C and D
representations and of quiver are categories. .
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Pre-clags Warm-up!!

Let M be an R-module. Is the operation
that sends

HML(@,M) o M
by senchn
U ¢ \? > P(1)

A a functor
B a natural transformation
C a category

D none of the above.




The double dual.

Let V be a finite dimensional vector
space over a field k. Let VA* = Hom (V,k)
be the vector space dual. X

Question: Is the operation that sends V
to VA*

A a functor?

B a natural transformation?
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Question:

s the functor V ->VA* naturally isomorphic
to the identity functor on finite-dimensional
vector spaces?

A Yes

B No ¢

Il fé (voh it

(-¥* % achavonant

b- wad-*‘h’“‘"“g

Example.

Given a finite set X and aring R we may
construct the free R-module RAX on X. Let N
be an R-module.

Consider the two functqrs Set -> Set specified b
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Natural isomorphism, equivalence of
categories.
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Example.
Let C be the category with two objects

x and vy, and with only the identity
morphisms. Let k be a field.

We compare

the category of functors C -> k-mod
to the category of k x k -modules.
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Adjoints

Definition.
let F:C->D and G : D -> C be functors.

We say F is the left adjoint of G and G is
the right adjoint of F if

Examples.







