Category Theory

Fisenbud’s Appendix 5 has the right topics
ut is brief with a shortage of examples.
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Pre-clagg Warm-up!!

Suppose f: M -> N isa
homomorphism of abelian groups.
Which of the following conditions
necessarily implies that f is one-to-
one’

A. For all pairs of homomorphisms
g h:L->M, if fg=th then g=h.

B. For all pairs of homomorphisms

g, h:N->Q, if gf =hf then g=h.

C. Neither of the above.
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Definition.
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Question. Why do we take this definition of

More examples: a group, a monoid
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More examples: weird categories.

Free categories

FI = the category with Objects = Finite sets,

et Q be « l\Vccfecl jvafk (D‘ j,“;"‘ﬂ id\cew‘o*‘\c O&Lﬁh&? @3{ f X,gg

MCs( —LL l‘) 2
C{N\S‘L""d“' C.J F@> VLU'L
og@q@») = verhat o Q

Mupiinst = alh posble wpeAC
r N\ e el“)o’a R whee
fhe cnd o @ Syibel = sl a(:\zx“c,

Exawsle Ob = 3Ny, 2
WFW: /'\{ 715)12'} 9‘3/ F/-,_X

=fe524

@x (4 3" C,

A worphumg « =y | End @)= Ca
E-M( &)"_C g 1] L
Question: 1 HM{Q‘:")

How many morphisms does F(Q)
have when

Q= X 7
A\ 5/y

A 3

B 4

C 5

D 6

E 7

F 8

G Infinitely many.






Pre-clage Warm-up!

How many morphisms are there in the free
category generated by the quiver
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A 3
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Constructions.
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Question: Let | be the poset Q—“'.)

How many morphisms does | x| have?
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6
8
9



Functors
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If M is aright R-module, L is a left R-module,
we have functors
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These are covariant functors. The functor

Hom_R(-, L) : R-mod -> Abelian groups
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Definition. A category C is small if Ob(C)
s a set.

Example:

SCat is the category of small categories,
whose objects are small categories, and
whose morphisms are functors.
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The functors between the category of
representations of a group G and the
category of RG-modules.



Pre-clage Warm-up!

Let F: C->D be a functor. Which of the
following do you think means that F is an
isomorphism of categories?

A For all objects x of C, x is
isomorphick F(x).

B For all pairs of objects x,y of C, F
induces an isomorphism

Hom_C(x,y) = Hom_D(F(x),F(y))

C There is a functor G : D -> C so that
FG=1D and GF=1_C.

D None of the above.




If Q is a directed graph (= a quiver), a
representation of Q over R is
cm?mw[’«w

\ 7
It is the same thing as a functor F(Q) -> R-mod

A homomorphism of quiver representations
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Natural transformations

These are morphisms between functors,
comparable to the notion of homotopy
between maps of topological spaces.

Definition. Let F, G : C -> D by functors.
A natural transformation
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Examples: Homomorphism of group
representations and of quiver
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Examples: Homomorphism of group Example: Hom(C,D) where C and D
representations and of quiver are categories. .
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Pre-clags Warm-up!!

Let M be an R-module. Is the operation
that sends

HML(@,M) o M
by senchn
U ¢ \? > P(1)

A a functor
B a natural transformation
C a category

D none of the above.




The double dual.

Let V be a finite dimensional vector
space over a field k. Let VA* = Hom (V,k)
be the vector space dual. X

Question: Is the operation that sends V
to VA*

A a functor?

B a natural transformation?
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Question:

s the functor V ->VA* naturally isomorphic
to the identity functor on finite-dimensional
vector spaces?

A Yes

B No ¢
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Example.

Given a finite set X and aring R we may
construct the free R-module RAX on X. Let N
be an R-module.

Cign ider the tw
f < A e
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Pre-clage Warm-up

Given a finite set X and aring R we may
construct the free R-module RAX on X.

Let f: M ->N be a homomorphism of
R-modules.

Fixing X, consider the two functors R-mod ->
Set specified by

FIM) = Homs&_t(X , M)

GM) = HomK_M&(R/\X, M)

On Wednesday we considered a bijection of sets
By :FM) > GM).

Does the square commute?
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Natural isomorphism, equivalence of
categories.
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Example.

Let C be the category with two objects
x and vy, and with only the identity
morphisms. Let k be a field.

We compare
the category of functors C -> k-mod

to the category of k x k -modules.
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Let U,V :C->D be functors. Suppose for
each object x of C we have a map of sets
(where z is some object of D)

 Homg (UB),2) — tong (V(3), 2)

Conditions A and B below both mean that f

is natural with respect to x.
Which of A and B fits better with your
understanding?

A For all morphisms g:x->y in C the
following diagram commutes.

H’D'V\m{U 0, Z) o ﬂ'DM‘b_(U(_‘j), Z>

B For all morphisms g:x->y in C,
whenever the next triangle commutes
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the following triangle commutes.
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Adjoints

Definition.
let F:C->D and G: D -> C be functors.

We say F is the left adjoint of G and G is
the right adjoint of F |f Mg o« a
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The unit and counit of an_adjunct ion.
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Pre-clagg Warm-up!!

Let U be a multiplicatively closed subset of a
commutative ring R and let M be an R-module.

Given that the functor
FM) = MIUA{-1}]
is left adjoint to the inclusion functor

RIUA{-T}]-mod -> R-mod, do you think the map

§,: M— M[u]

M—> M
l

IS

A the unit of the adjunction /

B the counit of the adjunction?




Lemma. The unit and counit are natural
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The unit and counit determine the adjunction.

Proposition. Let F: C -> D be left adjoint to
G : D -> C, so that we have a bijection

]f; W{(Fx,‘j) — H‘bﬂtﬁ,(Y, Gg)) V>:/j

Let h and € be the unit and counit of the

adjunction.
If u:F(x)->y in C then f(u) is
the composite
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Pre-clage Warm-up!!

Let F: C->D be left adjointto G:D -> C.

What does the unit of the adjunction look
like? Is it
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The triangular identities

Proposition. Let F: C->D be left adjoint
to G:D->C.

Let 1 and € be the unit and counit of the
adjunction.

Then the following two triangles commute.
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Proposition. A left adjoint preserves
epimorphisms. A right adjoint preserves
monomorphisms.
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Proposition. A left adjoint of a functor that
preserves epimorphisms (and monos) sends
projectives to projectives. Similarly, a right
adjoint ... injectives.
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Are any of the following functors R-mod -> Set
naturally isomorphic?

1. The forgetful functor F(M) = M regarded as
a set.

2. Homﬁmd(

3. HomZ—wl('
Answers:

A: 1 and 2

B: 1Tand 3

C: 2and3




Representable functors

Definition. A functor F: C -> Set is
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Extension of ' Yoneda’s lemma to R-
linear categories




Corollary. Representable functors
are projective







